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__. The last issue of the TRANSACTIONS included a notice 
_ from the Editor that some papers which had been orig- 
_inally scheduled for publication in that issue of the 

TRANSACTIONS had been deleted and rescheduled for the 

current issue because “the funds of the PGAP were 
_ temporarily depleted.” 

_ This decision was not easily achieved and represents 
_ the outcome of considerable discussion among interested 
parties in the PGAP and IRE headquarters. The alter- 
_ nate possibilities included the extremes of deleting the 
_ material permanently and publishing it all immediately 
through the assistance of funds from IRE Headquart- 
_ ers. Publication of the issue was held up while this mat- 
ter was being resolved. 
| A delay of this kind is, of course, most regrettable 
' and is to be ascribed to the fact that the Professional 
Group system is still very new and that many important 
problems bearing, not only on the internal operations of 
_ the Groups, but also on their relations with the parent 
_ organization, are as yet unresolved. One of the knottiest 
_ is the matter of Group financing which, of course, under- 
lies the delay discussed above. 

IRE expects that all Groups will be self-supporting 
eventually. The Professional Groups Manual states: 
_ “Basically each Group once established must assume 

full financial responsibility for its own operation.” Until 

recently, however, IRE policy discouraged and severely 
- restricted advertising in the Group TRANSACTIONS. Rec- 
- ently this was changed. On December 18, 1956 the chair- 
man of the Professional Groups Committee, Dr. 
W. R. G. Baker, issued the following notice: 


a ee 


“To: All Professional Group Administrative 
Committees 


_ There have been complaints regarding the advertising 
— applying to the Transactions. I am glad to 


advise you that with the approval of the Executive 
Committee, these policies have been changed as follo 


1) The present restrictions on TRANSACTIONS adve: 
tising are removed. It is permissible for all Groups’ 
to accept advertising i in any category, subject to ts 
the following conditions: N 
a) The advertising rates for the TRANSACTIONS — 

shall be not less than twice the current rates 
for the PROCEEDINGS. The rates for the TRANS- | 

ACTIONS are subject to the approval of the ~ 

Executive Secretary. 

In order to maintain a high order of advertising 

copy, all advertising material must receive the — 

approval of the Executive Secretary or his ap- 
pointed representative. 5 eg 


b 


— 


I feel sure that this Enon in policy will be of assist- 
ance to your operations.” : ; 

This is a most significant change, the ultimate impli- 
cations of which are difficult to predict. For PGAP with — 
its present financial difficulty, it can be an important © 
step toward obtaining the means to solve some of its © 
problems independently. There is little doubt that had — 
the funds been available, the regular issues of the PGAP _ 
TRANSACTIONS would have appeared four times last year 
instead of twice. . 

The next meeting of the PGAP Administrative Com- 
mittee is scheduled for January 11, 1957 and will have 
been held by the time this issue is published. It is antici- 
pated that this subject of advertising will be an impor- 
tant item on the agenda. Your News and Views Editor 
believes that the TRANSACTIONS constitute a very at- 
tractive place for many kinds of advertising, and that 
development of this source of revenue can assist sub- 
stantially in the development of PGAP itself. 

The IRE Board of Directors has just approved an- 
other policy change which can have considerable effect 
upon PGAP. It relates to the matter of “Affiliate” 


iu 
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membership in the Professional Groups. This subject 
has been discussed before by this department. Briefly, 
the plan is to permit qualified non-[RE members to 
join the Professional Groups (on an affiliate basis). This, 
like the change in advertising policy, also will be recog- 
nized as a most significant step toward the development 
of the individual Groups as true societies in themselves. 

The workings of the plan can be seen from the follow- 
ing rules (approved by the Board of Directors on Janu- 
ary 4, 1957): 


1) Each Group interested in initiating such a plan shall 
submit to the Chairman of the Professional Groups 
Committee a list of accredited organizations which has 


been selected and approved by its Administrative Com- . 


mittee, for official approval by the Executive Commit- 
tee of the IRE. 

2) Group affiliation may be maintained only so long as 
the individual continues membership in an accredited 
organization approved by the Group and the Executive 
Committee. 

3) An “affiliate” will receive the TRANSACTIONS of the 
Group with which he is affiliated and that Part of the 
IRE National Convention Record pertaining to his 
Group. 

4) An individual may affiliate with more than one 
Group, provided the accredited organization of which 
he is a member is recognized by the Groups with which 
he wishes to affiliate. 

5) An “affiliate” cannot serve in an elective office in the 
Group or Group Chapter. 

6) An “affiliate” shall not have a vote on any of the 
elective offices of a Group or Group Chapter. 

7) An “affiliate” can serve in any appointive Group or 
Group Chapter office. 

_. 8) An “affiliate” may attend any local or national meet- 
ings of the Group by payment of charges assessed Group 
members. 

9) An “affiliate” may not receive any IRE benefits that 
are derived through IRE membership. 

10) An “affiliate” is eligible to receive a Group award. 
11) Each Section of the IRE is to receive support for 
mailing and meeting costs based on the number of 
“affiliates” residing in the Section, at the rate of fifty 
cents annually for each such “affiliate.” 

12) The manner of soliciting individual members of ac- 
credited organizations will be left to the discretion of the 
individual Group management. 

13) The annual fee for “affiliates” shall be the Group 
assessment fee, plus $4.50. The latter covers IRE sub- 
sidies to the Group, Professional Group overhead ex- 
penses borne by IRE Headquarters, and fifty cents 
which is to be rebated to the Sections. 

14) An applicant for “affiliate” membership shall not 
have been an IRE member during the five years previ- 
ous to his application. 


LocaL CHAPTER NEWS 


Washington, D. C. 


January 
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On December 11, PGAP, PGMIL, PGVC, PGCS, — 


and PGBTS Chapters held a joint meeting in Tompkins 
Hall, George Washington University, at 8:30 p.m. E. W. 
Allen and H. E. Dinger presented joint papers entitled 
“Impressions of Poland from the CCIR Warsaw Con- 
ference.” The International Radio Consultative Com- 
mittee (CCIR) held its Eighth Plenary Assembly at 
Warsaw, Poland, between August 9 and September 13, 
1956. The conference facilities were described and some 
of the results discussed. Experiences and impressions 
gained in and around the cities of Warsaw, Danzig, and 
Krakow were related, with the assistance of numerous 
color slides. 

A paper entitled “Discussion of NRL Ionospheric 
Studies with Rockets and of Associated Radio Propaga- 
tion Problems in the 4 to 50 MC Range,” by John E. 
Jackson, is tentatively scheduled for presentation late in 
January, 1957. 


Los Angeles 


The November meeting of the Los Angeles Chapter — 


of the PGAP featured a talk on “Radio Astronomy” by 
John Bolton, Senior Research Fellow in physics and 
astronomy at the California Institute of Technology. 
Mr. Bolton discussed the advantages of radio astronomy 
over optical methods in detecting and observing ex- 
tremely distant sources; in more accurately determining 
the linear dependence of the “red shift” on wavelength 
(this establishing the phenomena as a Doppler effect in 
an expanding universe); and in contributing to the 
understanding of the nature of our own galaxy and the 


mechanisms by which radiation occurs. He also pre- — 


sented slides of a number of radio astronomy antennas 
including some early paraboloids which he constructed 
at the Commonwealth Scientific and Industrial Re- 
search organization in Australia. 

The next meeting of PGAP will be held on January 
29, 1957 (4th Tuesday in alternate months, I.A.S. 
Building, 7660 Beverly, 8 p.m.) and will be preceded as 
usual by a dinner at the Encore Restaurant. 


PERSONAL AND INDUSTRIAL NOTES 


O. G. Villard, Jr., professor at Stanford University, 
Stanford, Calif., will be awarded the Morris Liebmann 
Memorial Prize Award for 1957 “for his contributions 
in the field of meteor astronomy and ionosphere physics 
which led to the solution of outstanding problems in 
radio propagation.” 

Burt J. Bittner is leaving Sandia Corporation after 
eight years and will form an antenna division of Gulton 
Industries in Albuquerque. He is past chairman and one 
of the founders of both the Albuquerque-Los Alamos 
Section and the Albuquerque Chapter of PGAP. The 


“67 


¢ division will design and build telemetry antennas includ- 
_ ing aline of high temperature miniaturized ceramic slots. 


David Bowman, well known for his work in the an- 
tenna design field for many years, has recently joined 


_ the ITE Circuit Breaker Company, Special Products 


Division, designers and manufacturers of antennas. 

Robert Feller, formerly of NRL has resigned to teach 
at the University of South Carolina. 

Donald D. King, a member of the PGAP Administra- 
tive Committee, has resigned as Director of the Radia- 
tion Laboratories of Johns Hopkins University to join 
the new firm, Electrical Communications, Inc. in Balti- 


~ more, Md. | 


Raymond H. DuHamel, formerly assistant professor 


_ at the University of Illinois, where he was active in the 
_ antenna research program of that organization, has re- 
signed to join the Collins Radio Company of Cedar 
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Rapids, Iowa. 

Herbert A. Finke became Manager of Operations of 
the Polytechnic Research and Development Corp. Mr. 
Finke who was previously Director of Engineering for 


_ the same organization, is a former member of the PGAP 


Administrative Committee and Editor of this Depart- 
ment. 

A number of firms active in the antenna field have 
recently opened, or are currently opening, new facilities 
to accommodate expanded activity. These include: 
Dalmo-Victor, Belmont, Calif., Dorne and Margolin, 
Inc., Westbury, N. Y., Granger Associates, Palo Alto, 
Calif., and Wheeler Laboratories, Smithtown, N. Y. 


CALL FOR PAPERS 


- Tore N. Anderson, of the PGMTT has sent the fol- 
lowing publicity release in order to encourage the con- 
tribution of papers by PGAP members to their annual 
meeting: 


1957 Annual Meeting of the Professional Group on 
Microwave Theory and Techniques 


“Microwave Ferrites and Related Devices and 
Their Applications” 
May 9-10, 1957* 
Western Union Auditorium 
New York, N. Y. 


* If enough contributed papers are received, this may be extended 
to May 8-10. 


News and Views 8 


On recent advances in the microwave art with special 
emphasis on microwave ferrite devices and their applica- 
tions, nonreciprocal propagation in gas media, and 
microwave solid state devices. 


Invited Papers—May 9, 1957 


1) State of the Microwave Ferrite Art 

2) Review of Nonreciprocal Media Other Than Fer- 
rites 

3) Microwave Semiconductors and Ferroelectrics 

4) Solid State MASER (Microwave Amplifier). 


Contributed Sessions 


It is tentatively planned that there will be two ses- 
sions of contributed papers. 


Round Table Discussion 


The last day of the conference will be a round table 
discussion led by a noted panel on the subject of design 
limitations of microwave ferrite devices covering the 
following: 


High power effects 
Low frequency limits 
High frequency limits 
- Anomalous propagation in ferrite loaded waveguides 
Below saturation behavior of ferrites 
“Fast” ferrite devices (depending on relaxation time) 
Bandwidth problems 
Materials and losses 


Call for Contributed Papers 


The deadline date for contributed papers to this meet- 
ing is March 1, 1957. All papers should be forwarded to 
the Technical Program Chairman, S. Weisbaum, c/o 
Bell Telephone Laboratories, Murray Hill, N. J. 


Committees 


Technical Program Committee—S. Weisbaum, Bell 
Telephone Laboratories, Murray Hill, N. J. 

Publicity Chairman—T. N. Anderson, 1539 Deer Path, 
Mountainside, N. J. 

Local Arrangements Committee—M. Wind, Micro- 
wave Research Institute, 55 John St., Brooklyn, N. Y. 
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contributions 


The Impedance Properties of Narrow Radiating Slots 
in the Broad Face of Rectangular Waveguide* 


Part I—Theory 
ARTHUR A. OLINER} 


Summary—Theoretical results, valid at and away from reso- 
nance, for the impedance properties of the rotated series slot, the dis- 
placed series slot, and the longitudinal shunt slot have been derived 
by the use of variational expressions coupled with certain stored 
power considerations. The additional influence of finite wall thick- 
ness, an appreciable factor, is taken into account by a microwave net- 
work treatment. The results for the zero-thickness resistive ele- 
ments become identical with those of Stevenson when the slot length 
is made equal to a half wavelength. 

The theoretical derivations are presented in Part I. In Part II, 
comparison is made with experimental data both previously available 
and specially taken in this connection. The effect of wall thickness 
and the distinction between slots of rounded and rectangular ends 
are also considered. The agreement between theory and measure- 
ment is reasonably good. 


A. INTRODUCTION 
eee slots cut in the walls of rectangular 


waveguide are widely employed as radiators of 
microwave energy, relatively little theoretical 
material is available on their impedance properties. 
The well-known results of Stevenson! for the slot re- 
sistance or conductance apply only at resonance. The 


* Manuscript received by the PGAP, September 28, 1955; revised 
manuscript received, October 13, 1956. 

{+ Microwave Res. Inst., Polytechnic Inst. of Brooklyn, Bklyn., 
N. Y. This work was begun at the Hughes Aircraft Co. during a three- 
month leave of absence, and completed as part of consulting services 
since that time. 

1A. F. Stevenson, “Theory of slots in rectangular wave-guides,” 
J. Appl. Phys., vol. 19, pp. 24-38; January, 1948. 

S. Silver, “Microwave Antenna Theory and Design,” vol. 12, 
M.I.T. Rad. Lab. Ser., McGraw-Hill Book Co., New York, N. Y., 
pp. 291-295; 1949, 


less well-known calculations of Pounder,? based on 
Stevenson’s formulas, for the resonant length of a longi- 
tudinal shunt slot are admittedly extremely tedious and 
must therefore be considered impractical. Analytical 
expressions have been obtained by several authors, in- 
cluding Lewin* and the group at the Polytechnic Insti- 
tute of Brooklyn,**® for the impedance properties of 
centered slots of arbitrary aspect ratio located in various 
positions. Centered slots are not useful as radiators, 
however, since the conductance changes little with slot 
shape and therefore does not permit the control that is 
available with a shift or rotation of the slot. The addi- 
tional influence of the slot wall thickness on its imped- 
ance properties is a significant factor and has been ac- 
counted for by the Polytechnic group® for certain 
centered slots. There remains the need, therefore, for a 
reasonably simple analytical procedure for determining 
the impedance properties of slots in actual use, includ- 
ing, of course, the effect of wall thickness. 
_ *J.R. Pounder, “Theoretical Impedance of a Longitudinal Slot 
in the Broad Face of a Rectangular Wave Guide (Numerical),” 
Special Comm. on Appl. Math., Natl. Res. Council of Canada, Radio 
Rep., September, 1944. Quoted in W. H. Watson, “The Physical 
Principles of Wave Guide Transmission and Antenna Systems,” 
Clarendon Press, Oxford, England, pp. 199-200; 1947. 

§L. Lewin, “Advanced Theory of Waveguides,” Iliffe and Sons, 
Ltd., London, England, pp. 88-97, 121-128; 1951. 

“N. Marcuvitz, “The Representation, Measurement and Calcu- 
lation of Equivalent Circuits for Waveguide Discontinuities with 


Application to Rectangular Slots,” Polytechnic Inst. of Brooklyn; 
1949. The report was a group project. ; 

5A. A. Oliner, “Equivalent Circuits for Slots in Rectangular 
Waveguide,” Polytechnic Inst. of Brooklyn; August, 1951. The report 
was a group project. 
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It is attempted here to furnish such an impedance 
description for radiating slots located in several posi- 
tions in the broad face of rectangular waveguide. The 
three slot types considered are the rotated series slot, 
the displaced series slot, and the longitudinal shunt slot, 
illustrated in Fig. 1. Variational expressions are used to 
obtain the slot equivalent circuit parameters; the slot 
conductances are determined directly, while the sus- 
ceptances are related by certain stored energy considera- 
tions to the corresponding centered slot result, the latter 
being obtained from the work of the Polytechnic group.5 
The effect of wall thickness is accounted for by micro- 
wave network considerations. It should be added that 
all theoretical results presented herein assume that the 
slot radiates into a half space (i.e., bounded by an in- 
finite baffle), and that the slot has rectangular ends. The 

effects of deviations in practice from these idealized 
conditions, particularly for rounded rather than rec- 
tangular slot ends, are discussed in Part II. 


(a) (c) 

Fig.1—Top view of slots located in the broad face of rectangular 
waveguide. (a) Rotated series slot, (b) displaced series slot, (c) 
longitudinal shunt slot. 


{b) 


The variational expressions are derived by following 
the standard procedure of first obtaining expressions for 
the magnetic field in the regions inside and outside of 
the waveguide, and then imposing the condition of con- 
tinuity of the magnetic field in the slot aperture to ob- 
tain the appropriate integral equation. Restricted in- 
tegral equations are then deduced, following a procedure 
due to Marcuvitz,® by applying antisymmetrical and 
symmetrical voltage (or electric field) excitation to 
series and shunt networks, respectively. These restricted 
integral equations are then cast into variational form in 
standard fashion. The resulting variational expressions 
__ are of the aperture type, thus requiring the insertion of a 
trial electric field in the slot aperture. The trial field 
chosen in all cases was cosinusoidal and is expected to 
be an excellent approximation. The stationary property 
of these expressions is not proved here since they are in 
standard form. 

Since the conductance and resistance portions of the 
variational expressions are related only to the radiated 
power, and do not require the consideration of the rec- 
tangular guide Green’s function, their determination is 
relatively simple. The results obtained are valid both at 
and away from resonance, and reduce identically to the 
results of Stevenson! when the slot length is made equal 
to a half wavelength. 


6 N. Marcuvitz, “Variational Calculations of Longitudinal Dis- 
continuities,” orally presented at URSI-IRE meeting, San Diego, 


~ April, 1950. 
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The direct evaluation of the variational expressions 
for the reactances and susceptances becomes a formida- 
ble task in view of the complexity of the waveguide 
dyadic Green’s function. However, since the susceptance 
of a centered slot is already available,® an approach in- 
volving so-called “small” aperture or “stored power” 
considerations is used instead. These considerations re- 
late the susceptance or reactance of the slots of Fig. 1 to 
the susceptance of the centered slot. The considerations 
are expected to be very good for rotated and displaced 
series slots, but are only approximately valid for longi- 
tudinal shunt slots. 

Under the “small” aperture assumption, the numera- 
tors of the variational expressions for all three slots are 
identical and equal to that corresponding to the 
centered slot. The denominators, which are always posi- 
tive definite, vary with the slot location. The implica- 
tion is, therefore, that all three slots of Fig. 1 possess the 
same resonant length and the same Q value. A change in 
slot width will, of course, alter both the Q value and the 
resonant length. In the case of the rotated series slot, 
the validity of this conclusion is borne out by the fact 
that experimentally’ one finds the resonant length inde- 
pendent of the angle of rotation. Experience with dis- 
placed transverse slots coupling identical waveguides 
indicates that the “small” aperture assumptions should 
also be very good for the displaced series slot. The de- 
pendence of the resonant length on displacement for the 
longitudinal shunt slot, however, implies that for this 
case one cannot neglect the influence of the closer side 
wall and that the “small” aperture results will be valid 
for small displacements only. Since the present theory 
does not account for this dependence, there remains the 
need for an improved theoretical expression for this 
case. A more detailed evaluation of the usefulness and 
validity of these theoretical expressions is presented in 
Part II in connection with the comparisons between 
these expressions and the measured results. 


B. DERIVATION OF THE VARIATIONAL EXPRESSIONS 


Basic to the derivation of aperture type variational 
expressions are representations for the magnetic fields in 
the regions interior and exterior to the waveguide. 
Assuming the slot to radiate into a half space, the mag- 
netic field in the exterior region is given by 


H(t) = f J BX Erynds 


where E is the electric field in the slot aperture, n is the 
normal pointing out of the guide into the half space, and 


(1) 


7L. A. Kurtz, “Design Applications of Series Slots,” Hughes 
Aircraft Co. Tech. Memo. No. 273, Fig. 2 or p. 1; December, 1951. 
Also, see Sec. C, 3, of Part II of the present work. ; 

8 Since the completion of this work the author has been informed 
that Dr. W. K. Saunders of the Diamond Ordnance Fuze Labs. has 
obtained an expression for the longitudinal shunt slot which takes this 
dependence into account but contains slowly convergent infinite 
sums. 
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Y, is the half-space dyadic Green’s function,® or spatial 
admittance, 
e) en tkle-t'| 


WE 
ycja(st— 


24 k? @) 


Ir — 2] 


where & is the unit dyadic, and k=27/X. 
The representation chosen for the magnetic field in 
the interior region is!° 


Hi(r) = 3(7, + 12)8(r) — 78V0(Vi + VD (2) 


a f (ax Brads (3) 


where the composite (standing wave type) mode func- 
tions §™ and §® are 

HM(r) = h(e) cos xz — 7h,(@) sin xz 

§@(r) = h(g) sin xz + jh,(9) cos xz (4) 
with 9=(x, y) and k=27/),. The ordinary mode func- 


tions are 
Ey ae 
h(o) = = COSi-= Xo) 
aD yp ee 


TT: 
— — sin — Zp 
ab ax a 


(5) 
h(o) = j 


where the geometry is indicated in Fig. 2. 


es : 
a 4 = * 


Fig. 2—Geometry of rectangular waveguide. 


The voltages and currents V and J are discussed by 
Marcuvitz and Schwinger! and defined in their (3.1) 
and (3). Yo is the characteristic admittance of the 
dominant mode. The guide (internal) dyadic Green’s 
function, or spatial susceptance, @, is given in (3.41).1° 

Upon application of the condition of continuity of 
magnetic field in the slot aperture, the following integral 
equation for the electric field in the aperture is obtained. 


aa + 12) HOH) — j2¥o(Vi + V2) G(r) 


s ff» X E+ (Ys + j@)dS = 0. (6) 


9H. Levine and J. Schwinger, “On the Theory of Electromag- 
netic Wave Diffraction by an Aperture in an Infinite Plane Conduct- 
ing Screen,” in “Theory of Electromagnetic Waves, A Symposium,” 
Academic Press, New York, N. Y., pp. S31, S32; 1951. 

10 N. Marcuvitz and J. Schwinger, “On the representation of the 
electric and magnetic fields produced by currents and discontinuities 
in wave guides,” J. Appl. Phys., vol. 22, pp. 806-819; June, 1951. 
See (3.38b), (3.39), and (3.41). 
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The variational expressions are most conveniently de- 
duced from a reduced form of the integral equation ob- 
tained by appropriate symmetric or antisymmetric volt- 
age excitation. If the slot is representable by a purely 
shunt network as in Fig. 3(a), the application of sym- 
metric voltage excitation produces an open circuit bisec- 
tion of the network, with 4=—h, Vi=V2=V. The 
integral equation then becomes 


~jvvor= ff ax Bart jads. 
slot 


G 


——— OO 
(a) (b) 


Fig. 3—Shunt and series networks. (a) Shunt network, (b) 
series network, 


The variational form follows upon multiplication by 
nXE in dot product fashion and integration over the 
slot aperture, employing"™ 


py s = ive ff n X E-§@dS (8) 
slot 
and dividing by (2J)? 
: = R+ 7X 
vee i 
te ek n X E+(%U + j8)*n X E’dSdS’ 
slot 
za (9) 


vel ff n S< B-peas | 
slot 


where all integrals are taken over the slot aperture. 
The normalized value is obtained by dividing both sides 
by the characteristic impedance Zo(Z)=1/Y). 

If the slot is representable by a purely series network, 
as in Fig. 3(b), the application of antisymmetric voltage 
excitation, with Vi=—V2, =I2=IJ, yields a short 
circuit bisection of the network so that the integral 
equation reduces to 


Fare f f BX E(Ys + j8)d5. (10) 


Again, the multiplication by n XE and integration over 
the slot aperture, together with the employment of!! 


ay eof [ nX E:$dS 
zlct 


1 Ibid. See (3.42b). 


(11) 
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and division by (2V)? casts the integral equation into R “Power Radiated” 
variational form, viz., pie 2 
Yel f f me Ble) -S()dS| 
slot 


where the numerator is given in (14). Using (4) and 


pee es 
eens n X E-(Y, + j®)+n X E’dSds’ Sed tote Giveniby 
slot 


(15) 


= =G-+ 7B 
OV 


. (12) 2 rx 
iff ay, B-9%as | G(x, z) = 7 en k& Xo 
slot 
. ) ae a Trim 
gain, the normalized value is obtained upon lfivision — — — sin — COS kz Zp. (16) 
by Y> on both sides. ab ax a 
_C. THE RESISTANCE AND CONDUCTANCE EXPRESSIONS 
The resistance and conductance expressions, obtain- x 
able from the variational expressions (9) and (12), are R 
particularly simple to evaluate as only the real part of ¢ 2 


the total dyadic Green’s function (Y,+j@) need be con- 
sidered. Since all the slots treated here radiate into a 
_ half space, the numerators of the variational expressions 
_ for all of the slots will be identical, namely, 


{fff n X E(r)*G,°n X E(r’)dSdS’, (13a) Since the dominant mode is an H mode, the character- 
slot 


(b) 


Fig. 4—Longitudinal shunt slot. (a) Physical structure, (b) 
equivalent network. 


istic admittance Yo is 


_ where _ 
: K e WX i 
we VV sin k| r — r’| Yoo ~~ 4/~—. (17) 
G.(r, r’) = “s &+ SI Se ape (13b) alae Lael . 
u e i a. The trial aperture electric field E must be chosen as 
f and is the real part of Y,. The integral (13a), which is a 
related to the power radiated by the slot, has already n X E = 2 cos — (18) 
a 


_ been evaluated in previous work at the Polytechnic 
Institute of Brooklyn” in connection with a transverse since that was the value chosen for the numerator in the 
slot radiating from the end of the guide into a half space. ;egult (14). For slots in general use this is expected to be 
The result is an excellent approximation. 
The integration over the slot aperture indicated in the 


d inator of (15) proceeds in straightforward fashion 
“Power Radiated” = — cet Aen * (a's)? enominator ( ) p g 


nu» to yield 
a\? a \* (2) ; 

| a _ an(2) + 0.130 (=) | (14) ff n X E*O$OdS 

f nN nN slot 
wd Re eas 

neglecting terms of the order of (b’/a’)?, where a’ and Seats Cosa 

b’ are the slot length and width, respectively. Eq. (14) A 2 | 2n%b e 2 Ao) 
_is expected to be quite accurate for all narrow slots in ab L aa’k NIMs 

general use. (=) DAS 


The denominators of the various variational expres- ’ 
sions, representing the square of the voltage or current, When (19) is combined with (17) and (14), the result for 


depending upon the slot in question, will vary with the . the normalized resistance becomes 


slot location. R Sab 


1) Longitudinal Shunt Slot Z 3X, 


The equivalent network of Fig. 4(b) is valid at the da!\?7? a? a\! 
terminal plane 7. Appropriate variational expression for E HS (=) | E SOR 74 (=) 9.430 (<) | 
normalized resistance R/Z» follows from (9) as a d 


(20) 


/ 
Ta 
F : ee M (ie aie 
12 A, A. Oliner, op. cit. The particular integral in question was sin (“) cos (= ) 
evaluated by H. Kurss. 
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Stevenson! presents a result for the normalized con- 
ductance of a longitudinal shunt slot at resonance, 1.é., 
when the network element is purely real, but with the 
slot length indicated as a half wavelength. If one takes 
the reciprocal of (20) after substituting a@’=A/2 and 
simplifying, one obtains 


G ay UNV TT 

— = 2.09 ——:cos* |—— } sin? | — 

Yo bd 24 a 
in exact agreement with Stevenson as quoted in (47) of 
Silver.! Even though the slot is generally not resonant at 
exactly a half wavelength, Stevenson’s result is quite 


accurate because of the relative insensitivity of (20) 
with a’. 


(21) 


2) Displaced Series Slot 


The equivalent network of Fig. 5(b) is valid at the 
terminal plane T. The appropriate variational expres- 
sion for the normalized conductance G/ Yo follows from 
(2) as 


G “Power Radiated” 


as ff aX Be) Sods | 
0 slot 


where the numerator is given in (14), and the mode 
function §“ is obtained from (4) and (5) as 


aie rx 
SZ) = —| cos — COS kz Xo 
ab a 


(22) 


Toye ma 
Sart SID SIN) KE Zo Ls (23) 
ax a 
G 
B 
OS 
T T 


Fig. 5—Displaced series slot. (a) Physical structure, (b) equiva- 
lent network. 


The trial aperture electric field has the same form as for 
the longitudinal shunt slot but is oriented at right 
angles so that 


TX 
BES Begs 5 C08 (24) 


With this trial field, the denominator, which is essen- 
tially the square of a voltage, becomes 


ff x Bp ds | 


January 
phan eh * bent 8) 
nr? a%b L1— (a’/a)? 


and, when combined with (14), yields the following re- 
sult for the normalized conductance 


Gia Bae 1— ee) 


eS Ne 397 4 cos (ra’/2a) 


a’\? a'\4 rd 
[i — 0,374 (=) + 0.130 (<) sec —: 
r nN a 


As with the longitudinal shunt slot, agreement with 
Stevenson’s resonant resistance for the displaced series 
slot is obtained by inverting (26) after a’ is set equal to 
d/2. The result is 


(26) 


2 


Ne Tr awd 
— = 0.522 —— cos? — cos? — 
Zo a 4a a 


(27) 


in agreement with (48) of Silver! (the factor there is 
given as 0.523). 


3) Rotated Series Slot 


The equivalent network of Fig. 6(b) is valid at the 
terminal plane T. The appropriate variational expres- 
sion for the normalized conductance is the same as (22) 
for the displaced series slot, with the numerator again 
given by (14) and the mode function §™ by (23). The 
trial aperture electric field has again a cosinusoidal 
form, but is oriented in the v direction [see Fig. 6(a) ], 
so that 


TU 


nox: =Atycos ee (28) 
a 


A a B 
: BEX. 
b | 


| Vv 


! 
Uh) (b) 
Fig. 6—Rotated series slot. (a) Physical structure, (b) equiva- 


lent network. 


The angle of rotation of the slot is defined by the angle 
6 between the wu and zg axes, with 
x = u sin 6, 2=ucos@ 


so that the voltage term in the denominator of the vari 
tional expression becomes 


ih n x E-9@ds 
slot 


§) vf =| , (= 
= sue cos — | sin @ cos | — sin @ } cos(xu c 
t os 8 
Fis Raed I ; ( ) 


T . VilRteen 
+ —cos @ sin | —sin@ } sin (xu cos | du. 


aK a 


a- 
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Upon performing the integrations and employing (14) 
the following result is obtained for the normalized con- 
ductance 


E 0.374(2.)’ SN. 


ay pone 


Ag 
E (9) sin @ + — B(6) cos | 
2a 


B(6) 1— 2 Le 
and 
7 ree 2a’ 
= = sind * cos). 
4 a MG 


Again, the result of Stevenson for the normalized re- 
sistance at resonance may be checked by inversion of 
(29) after the substitution a’=)/2 is made. The result 


R r3 Ay. 2 
— = 0.131 —— | 4@ sin 8 + — B(@) cos | (30) 
0 ,ab 2a 
wih A(@) and B(@) defined as in (29), but with 
n ON d 
\ == ——"sin 0’ = cos 0 
E 2a 9 


is in exact agreement with (49) in Silver,! upon noting 


that A and B above are identical with 7 and J used 


nA 


™ 


mere: 
D. THE REACTANCE AND SUSCEPTANCE EXPRESSIONS 


The evaluation of reactances and susceptances via 
the variational expressions is generally a rather difficult 
task. In particular, the difficulty is associated with the 
integrations in the numerator of the variational expres- 
sions, involving the guide (not half space) dyadic 
Green’s function, ®. However, with the recognition that 
the imaginary portion of the numerator is related to the 
stored power in the vicinity of the slot, it is sometimes 
possible to obtain the reactance or susceptance of a slot 
in a particular location from the corresponding already 


evaluated result for a slot in some other location. In 


particular, the available result for the susceptance of a 
centered transverse series slot, located in the broad face 
of rectangular waveguide, is related below to the corre- 
sponding quantity for a rotated series slot, a displaced 
series slot, and a longitudinal shunt slot. 


1. Rotated Series Slot 


The physical structure and the equivalent network 
for this slot are given in Fig. 6. The susceptance of this 
slot will be obtained from that of a centered transverse 
series slot; the two slots are sketched in Fig. 7. The 
variational expression for the normalized slot admit- 


tance for either slot is obtained from (12) as 
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(a) KNOWN: Y, (b) DESIRED: Yg 


Fig. 7—The centered and rotated series slots. 


“Power radiated” + “Power stored” (31) 
= u(y 


r[ff axeors] 


With the highly reasonable assumption that the slot 
field is of the same form for either slot (a) or (b) of 
Fig. 7, the “power radiated” and the “power stored” in 
the external region are identical for both cases, since the 
slots are assumed to radiate into a half space. The 
denominators are quite different for the two cases as 
© is a function of angle. 

The assumption in the present treatment relates to 
the “power stored” in the interior, or guide, region. The 
“stored power,” or, considered loosely, the distortion of 
the field lines in the neighborhood of the slot, will be 
most strongly affected by the guide walls closest by, 
which, for both of these slots, is the bottom wall di- 
rectly opposite the slots. As the slot is rotated through 
angle 6, the influence of the bottom wall remains con- 
stant while that of the side walls changes somewhat. 
Since the side walls are relatively far away, we assume 
that the latter effect is negligible. The assumption that 
the interior “stored power” is independent of the angle 
of rotation of the slot therefore means that the varia- 
tional expressions (31) for the two slots have identical 
numerators, and differ only by the denominators. 

With this assumption, the susceptance for arbitrary 
6 is related to the known susceptance for the centered 
slot (0=7/2) by equating the numerators in the expres- 
sions (31) for the two slots and taking only the imagi- 
nary parts 


non LES axe sess] 
Yo Yo ff n X B-Gyivas | 


The voltage terms multiplying B,/ Yo have already been 
evaluated in connection with the conductance expres- 
sions. Their ratio is denoted in Part II by V»? and pre- 
sented as (16). The expression for B,/Yo for a zero- 
thickness slot is!* 


(32) 


rh’ 6-3 fb? 
E eee aids -(-) | (33) 
Ghat A ANY 


1% A. A, Oliner, op. cit. The result presented here for B,/Yo is a 
modification of the original result evaluated by J. Blass. 
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where B,/ Yo, B,;/Yo,. and 1/n,? are presented in Part II es Be ate md (34) 
as (8), (6), and (4), respectively. In contrast to the yan ef a 


above, the symbol B,/ Yo in Part II refers toa centered 
series slot for which the slot thickness has been taken 
into account. An expression, analogous to (32), can be 
written for conductances, but this is unnecessary since 
the separate conductance expressions for zero-thickness 
slots are given in Section C. 

The quantity B,/Y») represents the normalized sus- 
ceptance of a zero-thickness transverse slot coupling 
identical waveguides. It is seen in (8) of Part II that a 
closed form expression is presented for this quantity 
despite the fact that the waveguide dyadic Green’s 
function, which occurs in the numerator of the varia- 
tional expression, involves infinite sums. This result, 
derived previously,® was obtained by first expressing the 
dyadic Green’s function in the form of a dyadic operator 
operating on a scalar function. This scalar function, an 
infinite double sum, separates naturally into a sum cor- 
responding to what is obtained for a slot of full width 
(capacitive), and a sum over the remaining higher 
modes. The latter sum is then converted by means of a 
Poisson transformation into a series of Bessel functions 
of the second kind of imaginary argument; as a result, 
it converges rapidly enough to be approximated by a 
single, rather than a double, infinite sum. This trans- 
formed kernel, when employed in the variational in- 
tegrals, will again contribute an infinite series whose 
sum, however, can be readily approximated. One there- 
by otains a closed form result which expresses the slot 
susceptance as that for the full width slot plus correc- 
tion terms. Lewin’s derivation® for the same slot also 
employs a Poisson transformation, but effects an in- 
ductive rather than a capacitive separation. The result 
(8) of Part II for B,/Vo is therefore approximate but 
has yielded quite good agreement with measured data. 


2. Displaced Series Slot 


The physical structure and equivalent network are 
given in Fig. 5; one notes that the centered series slot is 
the centered position of the displaced series slot, 7.e., 
when d=0. The variational expression for the admit- 
tance of the displaced series slot is also given by (31), 
and the associated remarks given there apply here also. 
Since little of the stored field associated with the slot 
extends beyond the ends of the slot in its long dimension, 
the proximity of the side wall as the slot is displaced has 
relatively little influence on the numerator of the varia- 
tional expression. The assumption made in subsection 1 
concerning the constancy of the numerator as the slot 
is moved, in this case displaced, is therefore applicable. 

An expression relating the susceptance of the dis- 
placed slot to that of the centered slot is obtained in a 
fashion similar to that for the rotated slot. The result, 
identical to (32) with rotated quantities replaced by 
displaced quantities, becomes, after the appropriate 
voltage terms are evaluated using (25), 


The susceptance B./ Yo of the zero-thickness centered 
series slot is given in (33). 
3. Longitudinal Shunt Slot 


The physical structure and equivalent network are 
given in Fig. 4; the variational expression for the nor- 


malized slot impedance may be written from (9) as 


R XG “Power radiated” + “Power stored” 
tee -" (39) 


a + = : 
Zo Zo vel ff Bk, E-S0ds | 


Eq. (35) is to be compared to the corresponding re- 
lation (31) for the normalized admittance of the cen- 
tered series slot in an attempt to relate the reactance 
of the former to the susceptance of the latter. Since the 
slot fields are assumed identical for the two cases, the 
“power stored” in the exterior region and the “power 
radiated” are identical for both slots since they both 
radiate into a half space. The assumption will be made 
now that the “power stored” in the interior region is 
also identical for both slots. This assumption is not as 
valid here as it was in the case of the rotated and the 
displaced series slots since here the side walls exert a 
nonnegligible influence on the stored power. Since the 
stored field extends out some distance away from the 
slot in its narrow dimension, the nearer side wall is 
expected to exert a noticeable effect here in contrast to 
the case of the displaced series slot. The effect of the side 
walls can be accounted for by considering appropriate 
image terms in the Green’s function, but this has not 
been attempted. The influence of the side walls should 
manifest itself in a small shift in the resonant fre- 
quency of the slot as it is moved off-center; the con- 
stancy of the numerator in the case of the rotated and 
displaced series slots implies a constancy of resonant 
frequency with angle of rotation or displacement. These 
effects are borne out by the available experimental data. 

With the assumption that the numerators of (31) and 
(35) are identical, one obtains, upon equating the nu- 
merators and taking the imaginary parts (the denomina- 
tors are always purely real) 


Stes LSS ai B-9.045 | 


Z (36) 


Zo 3 Yo 2 
Sf nx B-9ids | 


The voltage terms multiplying B,/Y) have already 
been evaluated and are given in (19) and (25), the latter 
for the case of d=0. Their ratio is denoted in Part II 
by Vz? and presented as (12). The susceptance Bee 
of the zero-thickness centered series slot is given in (33). 
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E. Errect or WALL THICKNESS 


The variational expressions and the various slot 
parameter results obtained above are based on the as- 
sumption that the slot walls are of zero thickness. Since, 
in practice, the finite thickness of the walls exerts a 
noticeable effect on the slot admittance, this effect is 
theoretically taken into account here by microwave 
network considerations. The thick slot is viewed as a 
composite structure, consisting of a length of wave- 
_ guide, equal to the slot wall thickness and of cross- 
sectional dimensions equal to those of the slot, connect- 
ing two junctions, one a radiating junction between the 
slot waveguide and a half space, and the other a Tee 
junction between the slot waveguide and the main 
guide. Since the slot wall thickness is usually compara- 
ble to the slot width, we can assume negligible higher 
mode interaction between the junctions and consider 
them as isolated. 

For slots of the same cross-sectional dimensions and 
thickness, it is evident in this microwave network pic- 
ture that the radiating junction and the connecting 
waveguide are identical for all three slot locations, since 
the slots radiate into a half space. Only the Tee junc- 
tions will be different for each. 

The radiating junction, common to all three slot loca- 
tions, is shown in Fig. 8. The Tee junction for the thick 
centered series slot is the centered £ plane Tee pictured 
in Fig. 9 together with an equivalent network whose 
simple form is valid since the slot width is small com- 
pared to its length. When the component junctions are 
connected by a length of transmission line equal to the 
slot thickness, the composite representation of Fig. 10 
is obtained for the complete thick centered series slot. 
In Fig. 10(a), the slot width 6b’ and the thickness ¢ are 
exaggerated for clarity. The subscripts j signify “junc- 
tion.” 

It can be shown’ that the parameter B;/ Yo of the Tee 
_ junction of Fig. 9 is given by variational expression (12) 
_ when Yy, is replaced by j®,, the dyadic Green’s function 
for the stub guide of the Tee, which corresponds here to 
the slot guide. The term G/ Y» then drops out, of course. 
Since the trial aperture electric field was chosen as a 
cosine, it is orthogonal to all the terms composing ®,, and 
the stub guide contribution to B;/ Yo vanishes. The ex- 
pression for parameter B;/Y» then becomes identically 
equal to the interior contribution to B/ Yo in the zero- 
thickness case. It is evident that the stored power con- 
siderations discussed above apply here in the same 
fashion, so that we may use the expressions derived in 
Section D to relate the admittance or impedance of the 
thick slot of interest to the admittance of the thick 
centered series slot. 

The parameters of the composite representation of 
Fig. 10(b) are related to those of the over-all representa- 
tion, the latter being a series network such as that in 
Fig. 3(b) with parameters G, and B,, the subscript sig- 
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Fig. 8—Radiating junction. (a) Physical structure, (b) equiva- 
lent network. 
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Fig. 9—E plane Tee junction. (a) Physical structure, 
(b) equivalent network. 
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Fig. 10—The thick centered series slot. (a) Physical structure, 
(b) composite equivalent network. 


nifying “centered,” by comparing the two networks and 
using transmission line relations to reduce the former 
to the latter. By inspection, one finds 


een B, slp pa 
Yo int yy, Hy Yo 
pt ag ? 
Vy oe ge cot Kt 
Ce te ae (37) 
ni (= Br; N= 
cot 
AA NG ae i Bk 


Upon rationalization, the separate expressions presented 
in the summary, Section B of Part II, for the conduc- 
tance G./ Yo and the susceptance B./Yo are obtained. 
Y,’ and x’ are seen to be the characteristic admittance 
and propagation wavenumber of the connecting slot 
waveguide. Theoretical expressions for the component 
parameters employed above are presented in (4) to (8) 
of Part II. The relations between G,/ Yo and B,/ Yo and 
the parameters of the other slots are also presented in 
Pare 11% 
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The Impedance Properties of Narrow Radiating Slots 
in the Broad Face of Rectangular Waveguide 


Part II—Comparison with Measurement 
ARTHUR A. OLINERt 


A. INTRODUCTION 


N THE companion paper, Part I, theoretical ex- 
if pressions are derived for the equivalent circuit pa- 

rameters of the slots shown in Fig. 1 of Part I. 
These slots are the rotated series slot, the displaced 
series slot, and the longitudinal shunt slot, all located in 
the broad face of rectangular waveguide. They possess, 
respectively, a series, a series, and a shunt equivalent 
network. Both the series and the shunt networks may 
be put into two alternative forms, as indicated in Fig. 1, 
below. 


G 
Sa ay 
a Sete 
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(a) (b) 


THE SERIES SLOT 


B G es 
R 
2 
(a) i i (b) x 


THE SHUNT SLOT 


Fig. 1—Alternative forms for the series and shunt slots. 


Form (a) for each case is the one that exhibits the reso- 
nance properties, and is therefore the one commonly 
used. The variational expressions of Part I, however, 
correspond naturally to form (b) in both cases. All pa- 
rameters in form (b) exhibit monotonic behavior with 
frequency or slot length; in the neighborhood of reso- 
nance the reactances and susceptances have the fre- 
quency variation implied by the Foster reactance theo- 
rem since they are directly related to the slot stored 
energy. Whenever network parameters are mentioned 
in connection with the variational expressions, form (b) 
is implied. The two forms are, of course, simply related. 
It is suggested that whenever measurements are taken 
they be plotted in form (b) since the monotonic be- 


t is Microwave Res. Inst., Polytechnic Inst. of Brooklyn, Bklyn., 


havior of the parameters in this form permits a ready 
check on the precision of the data. 

The section following this introduction presents a 
summary of theoretical results in the form required for 
the direct calculation of the equivalent circuit parame- 
ters of a slot with finite wall thickness. Included are 
comments on the simplifications obtained for zero wall 
thickness. Section C contains the comparison between 
these theoretical results and the available experimental 
data for the rotated series slot and the longitudinal 
shunt slot. The quantitative effect of wall thickness and 
the difference between rounded and rectangular ends is 
included. 

The measurements to which the theoretical calcula- 
tions are compared in Section C are obtained from three 
separate sources. The first source, discussed under C, 1, 
is the rather comprehensive Hughes Aircraft Company 
experimental study! of the longitudinal shunt slot; the 
comparison with theory includes the effect of finite wall 
thickness in the theoretical calculations. The second set 
of measurements, compared with theory under C, 2, was 
taken at the suggestion of R. M. Barrett at the Air Force 
Cambridge Research Center with the purpose of deter- 
mining the difference between slots of rounded and rec- 
tangular ends. These measurements were performed at 
L band so as to permit careful machining of the slot 
ends, and in addition furnish a hitherto unavailable 
systematic set of off-resonance data for a 45° rotated 
series slot. The third group of measurements was per- 
formed at the Polytechnic Institute of Brooklyn on 
rotated series slots using precision techniques. These 
measurements, discussed under C, 3, were taken to an- 
swer a few remaining questions. 

The major conclusions which follow from the discus- 
sion under Section C are as follows: 

1) Comparison with measurements indicates that the 
theory is rather good for rotated series slots, and ade- 
quate for longitudinal shunt slots of small displacement. 
For longitudinal shunt slots of large displacement the 
theory predicts a resonant frequency or slot resonant 
length which is several per cent too low. Although no 
measurements were taken on the displaced series slot 
the theory as applied to this slot is presumed to ba 
reasonably good. 

2) The effect of finite wall thickness is significant. At 
x band, where the wall thickness is 0.050 inch, its effect 
is to produce a slot resonant length which is approxi- 


_ 1 R, J. Stegen, “Longitudinal Shunt Slot Ch istics,” 
Arte Co. Tech. Memo, No, 261, Culver City, Calif Novens 4 
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mately 2 per cent longer than that obtained for zero wall 
thickness, and also a slightly larger Q value. The slot 
wall thickness must therefore be included in any calcu- 
_ lations based on the formulas given in Section B. 

3) The effect of rounding the slot ends is significant. 
For slots with a length-to-width ratio of about ten, the 
resonant frequency of slots with rounded ends is about 
2 per cent higher than that for slots with rectangular 
ends but with the same over-all dimensions. The Q 
value, however, is not influenced by rounding the slot 
ends, nor is the value of G/Y or R/Z, [in form (b) of 
Fig. 1]. Since the theory presented herein applies to slots 
with rectangular ends while most slots in general use 
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the slot stored power has been made for all three slots, a 
portion of the calculations for all of the slots will be 


identical, and this portion is given first. 
Let 


A\=free space wavelength = 27/k 
\, =guide wavelength =27/k 
a =waveguide larger dimension 
b=waveguide smaller dimension 
a’=long dimension of slot 
b’ =narrow dimension of slot 
t=slot wall thickness. 


We wish to compute G,/ Yo and B,/ Y, as follows: 


(1) 


possess rounded ends, this distinction must be kept in 
mind. 

4) The resonant length of the rotated series slot is 
substantially independent of the angle of rotation, in 
accord with the theory presented herein. In contrast, 
the resonant length of the longitudinal shunt slot may 
increase by 5 or 10 per cent as the slot is moved from the 
guide center out to one of the side walls. Because of these 
effects, the variation of the admittance of a given ro- 
tated series slot with angle of rotation may be accurately 
predicted theoretically, while the corresponding situa- 
tion does not hold for the longitudinal shunt slot. 

5) It is warranted, except for second order effects, to 
characterize the rotated series slot as a purely series 
network; i.e., the shunt arms of the more general pi net- 
_ work may be neglected. Further discussion of this point 
is given under C, 3 and 4. 

When the first order effects of finite slot wall thickness 
and the rounding of the slot ends are taken into account, 
the theory holds according to the conclusion under 1) 
above. If an accuracy of better than 1 or 2 per cent in 
resonant length is desired, it is necessary to consider a 
number of second order effects. Some of these are dis- 
- cussed under C, 4. 


B. SUMMARY OF THEORETICAL RESULTS 
1. Results for Finite Slot Wall Thickness 


The three slots considered here are the longitudinal 
shunt slot, the inclined or rotated series slot, and the 
displaced transverse series slot, all located in the broad 
- face of rectangular waveguide. The results are valid for 
narrow slot widths, and include the influence of slot wall 
thickness. Since the same basic assumption concerning 
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k’ is given by (3) 
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The quantities above have the following physical 
meanings: G,/Yo and B,/Yo are the normalized con- 
ductance and susceptance of a centered transverse series 
slot in the broad face of rectangular waveguide, when 
the slot has thickness t; B;/ Yo is a susceptance element 
and u,;? a turns ratio in a particular network representing 
an E plane Tee; G,;/ Yo and B,;/ Yo are the conductance 
and susceptance of the radiating junction between rec- 
tangular waveguide and a half space; finally, B;/Yo is 
the susceptance of a zero-thickness transverse slot 
coupling identical waveguides. 

a) Longitudinal Shunt Slot: The slot shown in Fig, 2 
is assumed to be of thickness ¢. Both equivalent net- 
works are valid at the terminal plane T. Network (b) 
is the one in standard use for this slot; however, the 
parameters below apply to network (a) and are related 
to those of network (b) by 


(b) 


PHYSICAL STRUCTURE EQUIVALENT NETWORKS 


Fig. 2—Longitudinal shunt slot. 


The parameters R/Z) and X/Z» are given by 
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b) Rotated Series Slot: The slot shown in Fig. 3 is 


PHYSICAL STRUCTURE EQUIVALENT NETWORKS 
Fig. 3—Rotated series slot. 


assumed to be of thickness ¢. Both equivalent networks 
are valid at the terminal plane 7. Network (b) is the 
one in standard use for this slot; however, the param- 
eters below apply to network (a) and are related to those 
of network (b) by 


G B 
R Yo i Bais 
Zo (G\* (BI fun Gee 
eae) eae 
The parameters G/Y» and B/ Yo are given by 
Go. bs 
Y, = VY, 8°, (14) 
B f- B, V2 
Y, oe vy, 8 (15) 


where G,/ Yo and B,/ Yo are given by (1) and (2), 
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c) Displaced Series Slot: The slot shown in Fig. 4 is 
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PHYSICAL STRUCTURE EQUIVALENT NETWORKS 


Fig. 4—Displaced series slot. 


assumed to be of thickness ¢t. The remarks presented 
about Fig. 3 concerning the equivalent networks, and 
including (13), apply here also. The parameters G/ Yo 
and B/Y> are given by 


Gt &Gée 
—= — /,? (17) 
oak Cael 
B Ds 
—= — J; (18) 
Yo Yq 
where 
Va = sec (rd/a). (19) 


G./Vo and B,/Yo are given by (1) and (2). 
2. Results for Zero-Thickness Slots 


Results have been obtained for the same three slots 
considered above when the slots have zero thickness. 
Since the case of zero-thickness slots is of lesser interest, 
due to the appreciable influence of slot wall thickness, 
these results will not be repeated here. Instead, reference 
will be made to the appropriate equations in Part I. 

For the longitudinal shunt slot, parameter R/Zp is 
given by (20), and X/Zp by (36). The relations between 
these parameters and G/Yo and B/ Yo are presented as 
(9) of Part II. Parameters G/Yo and B/Yo for the ro- 
tated series slot are given by (29) and (32). G/Yo and 
B/Y> for the displaced series slot appear as (26) and 
(34). The relations between these parameters for the 
last two slots and R/Z) and X/Zp for these slots are 
presented as (13) of Part II. The results for X/Zo and 
B/Y» are expressed in terms of the normalized suscep- 
tance of a zero-thickness centered series slot; the ex- 
pression for the latter is given as EIB 
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3. Restrictions 


All the results are based upon variational expressions 
and are therefore approximate. However, the choice of 
a cosinusoidal trial slot electric field is considered to be 
very good. It is expected that all results for resistances 
or conductances are quite accurate. The susceptance or 
reactance results are somewhat more approximate, 
since they are based on the assumption that the stored 
power is the same for all three slots. This assumption is 
expected to be better for the rotated and the displaced 
series slots than for the longitudinal shunt slot. The 
results for the latter slot will be better for smaller off- 
center shifts. The above-mentioned assumption implies 
that the resonant frequency of the slot, or alternatively 
the dimensions of the slot for resonance at a given fre- 
quency, will be independent of off-center shift or angle 
of rotation. Further discussion of this point is presented 
below. 

Small slot thickness exerts a negligible effect on the 
resistance or conductance, for whichever a theoretical 
expression is directly available. (For example, for the 
longitudinal shunt slot, small thickness exerts a negligi- 
ble influence on the resistance, but has an appreciable 
effect on the conductance.) Both the slot susceptance 
and reactance are noticeably affected by small slot 
thickness. 


C. CoMPARISON BETWEEN THEORY 
AND MEASUREMENT 


In addition to the straightforward comparison be- 
tween the theoretical and measured results for a number 
of slots, the discussion below considers such effects as 
the influence of slot thickness, the distinction between 
rounded and rectangular slot ends, the variation of 
resonant length or frequency with off-center shift or 
angle of rotation, and the presence of small shunt arms 
in the equivalent pi network of a slot usually character- 
ized as purely series. 

While a considerable amount of experimental data 
exists for slots at resonance, relatively little systematic 
material is available for off resonance conditions. This is 
especially true of the rotated and the displaced series 
slots. Therefore, although the theory described herein is 
expected to be most reliable for the rotated or displaced 
series slots, comparison will be made first with the 
available longitudinal shunt slot data. The remaining 
portions of this section describe the comparison between 
the theoretical values and measurements specially taken 
in connection with this study. These additional measure- 
ments also serve to investigate some of the other effects 
referred to just above. 


1. Hughes Longitudinal Shunt Slot 


The measurements to which the theory is compared 
are abstracted from the rather comprehensive Hughes 
Aircraft Company experimental study! of the longitudi- 
nal shunt slot. One finds, experimentally, that the 
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resonant length of the longitudinal shunt slot, shown in 
Fig. 2, varies with the off-center location of the slot. 
The theory presented herein, however, does not take 
this variation into account, although, if the off-center 
displacement is small, the theory is still expected to be 
reasonably good. 

The off-resonance behavior as a function of slot 
length of a longitudinal shunt slot in X-band waveguide 
with an off-center displacement of 0.074 inch, and a slot 
width of 0.0625 inch, at a frequency of 9375 mc, is pre- 
sented in Fig. 1 of footnote 1, and is chosen as a typical 
slot for comparison with theory. The experimental and 
theoretical comparison for the impedance parameters of 
this slot is given in Figs. 5 and 6. Fig. 5 presents the 
parameters in form (b) of Fig. 1, while Fig. 6 indicates 
the behavior for the parameters in form (a). In all 
curves, the experimental points are indicated and are 
connected by the dashed curve; the solid lines refer to 
the theoretical results taking wall thickness into ac- 
count, while the broken lines correspond to the zero 
thickness theoretical results. In the curve for R/Zo, 
however, the dashed curve is omitted since the experi- 
mental points essentially scatter about the theoretical 
results. 

One can infer several interesting results from the 
curves of Figs. 5 and 6. First, it is clear that the effect of 
wall thickness is significant, except for R/Z», and that 
substantially better agreement with measurement is ob- 
tained when thickness is considered. Quantitatively, the 
zero-thickness resonant length is approximately 4 per 
cent shorter than the measured one, while that for the 
theoretical result including thickness is only 2 per cent 
shorter. Second, one notes (from the slope of the X/Zo 
curves and from the insensitivity of R/Z to wall thick- 
ness) that the Q value for the zero-thickness theoretical 
result is lower than that for the result including thick- 
ness, and that the latter value agrees well with the ex- 
perimental value. Third, the monotonic behavior of 
R/Z, and X/Z implies that it is preferable to first plot 
any experimental data in this form as a check on its re- 
liability. Furthermore, a quantitative check is afforded 
by the insensitivity of R/Z) to wall thickness, slot 
length, etc. It is this insensitivity that permits the 
Stevenson formula for the conductance at resonance to 
be valid even though resonance generally does not occur 
when the slot length is equal to a half-wavelength. One 
notes, however, that the conductance G/ Y» is sensitive 
both to slot length and wall thickness. 

The fourth and last point to be noted here is that 
there still remains a discrepancy between the experi- 
mental data and the theoretical results which account 
for thickness. However, the theoretical results are valid 
for slots with rectangular ends while the measurements 
were taken on slots with rounded ends. One would ex- 
pect that the slot with rounded ends would behave as a 
somewhat shorter equivalent rectangular-ended slot, 
thereby requiring a slightly higher frequency or greater 


January 


THEORY: ZERO - THICKNESS ——-———=- ———" 
THEORY + INCLUDING THICKNESS 
Q---0----0--=— 


EXPERIMENT: 


Fig. 5—Impedance of longitudinal shunt slot vs normalized 
slot length. 
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Fig. 6—Admittance of longitudinal shunt slot vs normalized 
slot length. 
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slot length for resonance. According to this reasoning, 
the measurement-theory discrepancy is in the proper 
direction. As a quantitative check on this effect, the 
measurements discussed below were taken, and it was 
found that the above-mentioned discrepancy is almost 
completely accounted for in this manner. If, however, 
comparison were to be made with a slot with a much 
larger off-center displacement, a residual discrepancy 
would be found due to the variation of slot resonant 
length with off-center displacement. Further discussion 
of this point appears in the following section. 


2. AFCRC Rotated Series and Longitudinal Shunt Slots 


As a quantitative check on the distinction between 
slots of rounded and rectangular ends, measurements 
have been taken at the Air Force Cambridge Research 
Center at the suggestion of R. M. Barrett, who made its 
facilities available for these measurements. The meas- 
urements, taken by G. Forbes under the supervision of 
F. J. Zucker, were performed at L band so as to permit 
careful machining of the slot ends. Three pairs of slots, 
one of rotated series slots and two of longitudinal shunt 
slots, were fabricated and their impedance properties 
determined as a function of frequency. One slot of each 
pair possessed rectangular ends; the other slot, of 
identical over-all dimensions, had rounded ends. Each 
slot was 4.50 inches in length and 0.45 inch in width, in 
a rectangular waveguide of dimensions 6.50 inches by 
3.25 inches, and of wall thickness 0.080 inch. The meas- 
urements on the rotated series slots, of angle 45°, serve 
the additional purpose of furnishing a hitherto unavail- 
able systematic set of off-resonance data for this slot 
type. . 

The experimental data for both of the 45° rotated 
series slots and the theoretical calculations for the 
rectangular-ended slot, including the effect of the 0.080 
inch wall thickness, are presented in Figs. 7 and 8 (next 
page). Fig. 7 presents the network parameters in form 
(b) of Fig. 1, while Fig. 8 indicates the behavior for the 
parameters in form (a). In all curves, the solid line refers 
to the theoretical calculation; the measured points for 
the slots of rounded and rectangular ends are indicated 
by circles and squares, respectively, surrounding the 
points, and these points are connected by broken and 
dashed lines, respectively. An exception is noted in the 
case of G/ Yo, where the measured points simply scatter 
about the theoretical values. 

It is seen from Figs. 7 and 8 that the rounding of the 
ends of the slot exerts a decided effect on the resonant 
frequency of the slot, increasing it by about 2 per cent 
in this case. Furthermore, the experimental curves seem 
to be almost identical apart from this frequency shift. 
In line with the insensitivity of R/Zo of Fig. 5, one notes 
from Fig. 7 that the rounding of the slot ends produces 
a negligible difference in the G/Y» values. In addition, 
from the slopes of the B/ Yo curves and the insensitivity 
of G/Yo, one concludes that the Q is relatively unaf- 
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fected by the rounding of the slot ends. This observation 
agrees with that above concerning the curve shapes. 

The theoretical curves of Figs. 7 and 8 are seen to 
agree very well with the measured values for the rec- 
tangular-ended slot. While the theory is expected to 
agree to within 1 per cent or so, the particularly good 
correlation here is fortuitous. One should note, finally, 
in connection with these measurements, that the per- 
centage increase in resonant frequency due to rounding 
the slot ends is roughly the same as the percentage dis- 
crepancy in the resonant lengths obtained between the 
measurements and the theory, including thickness, in 
Figs. 5 and 6. 

The results for the longitudinal shunt slots exhibit 
similar differences between slots of rounded and rec- 
tangular ends. Again, the slots with rounded ends pos- 
sess an approximately 2 per cent higher resonant fre- 
quency, for both off-center shifts (0.635 inch and 2.00 
inches). It is indicated, therefore, that for a slot length 
to width ratio of ten a 2 per cent increase in resonant 
frequency is found for rounded as compared to rec- 
tangular ends, independent of the slot location in the 
top wall of the guide. 

As regards comparison with theory, the theoretical 
resonant frequencies as compared to those found for the 
slot with rectangular ends were 1 per cent high for the 
0.635 inch shift and 5 per cent low for the 2.00 inch 
shift. These results are in agreement with the well known 
behavior of longitudinal shunt slots, and indicate that 
the theoretical results will predict resonant frequencies 
(or lengths) which are slightly high for very small off- 
center shifts and rather low for very large shifts. 


3. PIB Rotated Series Slot 


Precision measurements were taken on several ro- 
tated series slots at the Microwave Research Institute 
of the Polytechnic Institute of Brooklyn for three 
reasons: a) to determine whether a purely series net- 
work representation for the slots is warranted, or 
whether the shunt arms of the more general pi network 
may not be neglected, b) to verify the accuracy of the 
theoretical expression for the variation with angle of 
rotation, and c) to check the constancy of resonant 
length with angle of rotation. In brief, the results of 
these measurements indicate that a) it is warranted to 
employ a purely series network for the rotated slot, ex- 
cept for second order effects, b) the theoretical expres- 
sion accounting for variation with angle is very good, 
and c) the resonant length is independent of angle of 
rotation except for very large angles. 

In order to maintain the exact slot dimensions as the 
slot was rotated, the slots were fabricated in a rotatable 
plate which served as a length of the broad face of the 
waveguide and which made good electrical contact with 
the rest of the guide with the aid of a vacuum chuck. 
The set-up was such that the same slot could be meas- 
ured for angles of rotation of 0°, 36°, and 72°. In order 
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Fig. 7—Admittance of 45° rotated series slot vs frequency. 
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Fig. 8—Impedance of 45° rotated series slot vs frequency. 


to go through resonance, the length of the slot was 
changed by filing the slot with the aid of a mandrel 
which maintained the slot width constant. Measure- 
ment runs were taken on these slots using the variable 
shorting plunger technique, and the resulting data were 
analyzed by semiprecision procedures. 

The equivalent network results for these measure- 
ments were expressed in pi form with terminal planes 
located at the geometrical symmetry plane of the slot. 
Although the slot is generally characterized as purely 
series at these terminal planes, small but nonvanishing 
shunt arms were found in the pi network representation. 
These shunt arms contained almost negligible conduc- 
tive portions and small susceptive contributions which 


were consistently inductive. While the precision of the 
measurements was insufficient to permit reliable quanti- 
tative interpretation of the results, one can safely con- 
clude that the neglect of these shunt arms would produce 
errors of second order only. (If the slot length were no 
longer much greater than the slot width these errors 
would, of course, become serious.) It is therefore war- 
ranted to neglect them in engineering applications, and 
the discussion that follows assumes a purely series net- 
work representation. 

As a check on the theoretical expression (16) for the 
variation of the network parameter values with angle of 
rotation, the measured values obtained for the unro- 
tated slots (in the transverse position) are inserted as 
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G./ Yo and B,/ Yo in (14) and (15), and Vp in each case is 
computed from (16). The resulting theoretical predic- 
tions for G/ Yo and B/ Y» for any other angle of rotation 
is then compared with the measured values. To be con- 
sistent with the notation for @ in (16) and in Fig. 3, the 
slot in the transverse position corresponds to §=90°. 
As a result, the curves on Figs. 9 and 10, which present 
this comparison between measurement and theory, are 
plotted with 90°—6 as the abscissa. 
Figs. 9 and 10 indicate clearly that (16) is reliable. 
The experimental values for large angles of rotation 
(large values of 90°—@) are less trustworthy because of 
the steepness of the curves in that range and because of 
the higher conductance and susceptance values ob- 
tained there. It is of interest to note the insensitivity 
exhibited in the region of small angles of rotation, and, ‘ 
in contrast, the high sensitivity found for large angles. 
The curve for B/Yo for a’=0.584 inch is omitted be- 
cause for this case the value of B,/Yo is almost zero, 
thereby destroying the precision of the comparison. 
The experimental data presented in Figs. 9 and 10 
are replotted as a function of slot length in Figs. 11 and 
12 (next page). From Fig. 11 it is seen that the conduct- 
ance values for small angles of rotation are relatively 
insensitive to changes in slot length; the variation with 
slot length increases with the angle of rotation. Of 
greater interest, however, is Fig. 12, in which it is seen 
that the resonant length is substantially constant for 
small angles of rotation, and increases very slightly as 
the angle of rotation is increased. For the 90° —@=72° 
case, the resonant length has changed by less than 0.004 
inch, or about 0.6 per cent. L. A. Kurtz? also found the 
resonant length for this slot type to be substantially in- 
dependent of 9. For engineering purposes, it is therefore 
safe to regard the resonant length of the rotated series 
slot as independent of the angle of rotation, in accord 
with the theory presented in Part I. 


4. Further Discussion 


Discrepancies between the theoretical results and 
measurements on slots in general use may be due to four 
factors: 

1) The theory is valid for slots with rectangular ends 
while most slots in general use possess rounded ends. 
The effect of this difference is considered under sub- 
section 2 above, and its quantitative effect estimated for 
slots with length to width ratios of ten. 

2) The theory assumes the existence of an infinite 
baffle attached to the slot, while in practice this baffle is 
absent. However, rough tests made by various people 
indicate that the effect of a baffle on the impedance is 
negligible, except for large displacements of the longi- 
tudinal shunt slot. 

21. A. Kurtz, “Design Applications of Series Slots,” Hughes 


Aircraft Co. Tech. Memo. No. 273, Culver City, Calif.; December, 
1951. See Fig. 2 or p. 1. 
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Fig. 9—Conductance of rotated series slot vs angle of rotation. 
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Fig. 10—Susceptance of rotated series slot vs angle of rotation. 
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Fig. 11—Conductance vs slot length for rotated series slot. 
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Fig. 12—Susceptance vs slot length for rotated series slot. 


3) Both the theory and the measurements assume 
that the slot is rigorously characterized by a purely 
shunt or purely series network, depending on the slot 
location, rather than a complete Tee or pi network, re- 
spectively. If the other arms are not negligible, the 
measured values will be affected differently depending 
on the method of measurement. The theory would still 
correctly describe the behavior of the dominant arm, 
but the evaluation of the other arms, corresponding to a 
symmetric or antisymmetric electric field excitation of 
the slot for a basically series or shunt slot, respectively, 
would be rather formidable and probably not worth- 
while. The influence of these other arms increases with 
an increase in slot width, and will be different for differ- 
ent slot locations. A discussion of this point is given 
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under 3 above for the case of the rotated series slot; it is 
concluded that while small but nonvanishing shunt 
arms are present their effect would be of second order. 

4) The theory may be inaccurate or inadequate in 
certain ranges. All of the theoretical reactance and sus- 
ceptance results are related to the susceptance of the 
centered slot, which itself may be somewhat in error. 
Since the result for the centered slot consists essentially 
of a capacitive term, an inductive term, and correction 
terms such that at resonance appropriate-cancellation 
occurs, it is easy to see that small errors in any of the 
constituent terms manifest themselves most critically 
at resonance. An error of 1 per cent, say, in the resonant 
length due to this effect is not unreasonable. 

It seems, therefore, that a number of second order 
effects must be considered and taken into account if 
agreement better than 1 per cent in resonant length is 
desired. However, one must still check whether or not 
some of these effects are truly of second order only. It is 
suggested, for example, that more careful measure- 
ments be taken to determine the effect of an attached 
baffle, and whether or not the neglected arms in the 
rigorous equivalent network are truly insignificant for 
the case of the longitudinal shunt slot. The first order 
effects that must be considered, and which are dis- 
cussed herein, are the slot thickness and the distinction 
between rounded and rectangular slot ends. 

Since the theory presented herein neglects the pres- 
ence of the side walls in the longitudinal shunt slot case, 
it does not account for the experimentally observed 
variation of the slot resonant length (or frequency) with 
off-center displacement. There remains, therefore, the 
need for a theoretical expression which accounts for this 
variation. 
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A Luneberg Lens Scanning System* 
J. S. HOLLIS} anp M. W. LONG} 


Summary—A 16,000-mc scanner is described which scans a 40° 
azimuth sector alternately with each of two beams.at a rate of 17 
scans per beam per second. The beams have half-power vertical and 
horizontal beamwidths of 0.76° and 1.06° respectively and are sepa- 
rated vertically by an angle of 1.85°. Horizontal collimation of each 
beam is achieved by a geodesic analog of the two-dimensional Lune- 
berg lens. The lenses feed a section of a semiparabolic cylinder for 
effecting vertical collimation. Feeding the lenses is a switching sys- 
tem, consisting of two four-way turnstile waveguide switches and a 
waveguide chopper switch, which gives a scan-time dead-time ratio 
of 8:1. 


INTRODUCTION 


designed for use with an experimental K,-band 
mortar-location radar. The purpose of this an- 
tenna is to alternately scan two pencil-shaped beams of 


; Al dec SCANNING antenna shown in Fig. 1 was 


Fig. 1—Luneberg lens scanning system. 


i i 7 6. This work 
* Manuscript received by the PGAP, July 26, 195 
was supported Ee the Signal Sere Labs., Ft. Monmouth, N. J., 
tract DA-36-039 SC- ; 
ae bert Sta., Georgia Inst. Tech., Atlanta, Ga. 


microwave energy across a 40° azimuth sector at a rate 
of 17 scans per beam per second. The principle of 
scanning is based on a form of the Luneberg lens. Typi- 
cal vertical and horizontal beam patterns are shown in 
Figs. 2 and 3. In Fig. 1 the antenna is shown in the 
operate position; the reflector folds down over the 
scanner for storage or transit. 


FREQUENCY 16,000 MC 
0° SCAN ANGLE ~ 20° SCAN ANGLE 


LOWER BEAM 


POWER LEVEL. 
(db) 


LOWER BEAM — UPPER BEAM UPPER BEAM 
= y 


T 


-3 


Fig. 2—Typical far-zone vertical-plane beam patterns of 
the Luneberg lens scanning system. 


0° SCAN ANGLE 
FREQUENCY — 16,000 MC 
POWER LEVEL 
(db) 


LOWER BEAM UPPER BEAM 


Fig. 3—Typical far-zone horizontal-plane beam patterns 
of the Luneberg lens scanning system. 


Quantitative measurements have not been made of 
system breakdown power; however, the system has 
been operated without pressurization at a nominal peak 
power of 75 kw. The system characteristics are listed 


in Table I. 


22 IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


TABLE I 
SysTEM CHARACTERISTICS 


Frequency range 


16,000 mc +1 per cent 
Number of beams 2 


Beam separation, vertical 1852 
Beamwidth, vertical 0.76° 
Beamwidth, horizontal 1.06° 
Polarization Vertical 
Scan rate 17 scans per beam per second 
Scan sector 40° 
Maximum side-lobe level —23 db 
Gain 43.6 db 
Scanner loss (input waveguide to line- 
source feed) 1.6 db 


1250 pounds 
130 pounds each 
295 pounds 


Weight of complete system 
Geodesic lenses 
Scanning mechanism 


THE LUNEBERG LENS 


If the refractive index of a dielectric sphere varies 
with the normalized radius p according to the relation 


——__—_ 


n(p) = V/2 oF p; (1) 


parallel rays striking the sphere are brought to a focus 
at a point on the periphery diametrically opposite the 
tangent plane of entry. A sphere of this type is called a 
Luneberg lens after R. K. Luneberg.! Fig. 4 is a section 


Fig. 4—Luneberg lens geometry. 


through the center of such a sphere showing the paths of 
typical rays. The polar angle @ subtended by a ray in 
going through the lens is given by the expression 


6=7— a, (2) 
where a is the angle which the ray makes with the lens 


diameter at the focal point. 


1 R. K. Luneberg, “Mathematical Theory of Optics,” Brown Uni- 
versity Press, Providence, R. I., pp. 189-212; 1944. 
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The spherical symmetry of the Luneberg lens permits 
scanning of a radar beam without deterioration over Arr 
steradians by moving a feed horn over the surface. This 
makes the principle of the Luneberg lens applicable to 
wide-angle rapid scanning. Three-dimensional lenses in 
which the refractive index approximates that of (1) have 
been developed, and results of electrical tests are en- 
couraging.2-* It is apparent from Fig. 4 that (1) also 
applies to lenses which focus in a plane. In such lenses, 
which are called two-dimensional or modified Luneberg 
lenses, the energy is constrained between two closely 
spaced conducting plates. Focusing can be accomplished 
by an actual variation in the index of refraction like that 
in the three-dimensional lens, by a variation in the 
effective index of refraction by altering the phase ve- 
locity in a dispersive medium,' or by application of the 
geodesic analog principle.*-® In the geodesic analog of 
the modified Luneberg lens the physical lengths of rays, 
which are along geodesics of the mean surface, are 
equivalent to the optical lengths of rays in the other 
two-dimensional Luneberg lenses. 


- In the antenna? of Fig. 1, focusing is accomplished in 


two steps: a cylindrical reflector brings the incident rays 
to a line focus, and a geodesic analog!® of the modified 
Luneberg lens focuses the line of rays to a point where 
they are intercepted by a sectoral horn. The lens, of 
which a plan view and a cross section are shown in 
Fig. 5, consists of two closely nested aluminum spin- 
nings. Each spinning is made of two sections: a main 
spinning, and an insert which replaces a section of the 
main spinning between the periphery and the reinforc- 
ing ring. This insert forms an internal feed are which 
permits the sectoral feed horns to rotate in a plane about 
the lens axis. The insert subtends 110° of the periphery 
of the lens to permit the lens to focus all intercepted 
parallel rays over the 40° scan sector. Complete circular 
symmetry, as in ordinary Luneberg lenses, is not re- 
quired of the lens because only a sector is scanned. Rays 


2G. P. Robinson, “Three dimensional microwave lens,” Tele- 
ae and Electronic Industries, vol. 13, pp. 73, 124-25; November, 

3 W. W. Wright, J. E. Rhodes, and G. P. Robinson, “A Three-Di- 
mensional Luneberg Lens,” Final Rep., Contract DA-36-039 SC- 
56712, Scientific Associates, Inc., Atlanta, Ga.; December 15, 1955. 

4 “Three Dimensional Microwave Luneberg Lens,” Tech. Bull. 
6-2-3, Emerson and Cuming, Inc., Canton, Mass. : 

5 oe D. Ne Reser on ae Archer, “A Two-Dimensional Micro- 
wave Luneberg Lens,” ep. 4115, Naval Res. Lab., Washing- 
ton, a o March 2, 1953. ety 2 

6 R. F. Rinehart, “A solution to the problem of rapid s ing f 
oe antennas,” J. Appl. Phys., vol. 19, pp. 860-862: Sen! 

7™F. G. R. Warren and S. E. A. Pinnell, “The Tin Hat Scanni 
Antenna,” Tech. Rep. No. 6, RCA Victor Co., Ltd., Montres Gee 
ada ; ay ne 1951. 

. S. Kunz, “Propagation of microwaves between a parallel pair 
of doubly-curved conducting surfaces,” J. Appl. Phys., vol. 2 
642-653; May, 1954. BIOS Se ae 

*R. M. Goodman, Jr., M. D. Harris, and J. S. Hollis, “A Two- 
Beam 16,000-Mc Modified Luneberg Lens Scanning System,” Final 
Rep., Vol. II, Contract DA-36-039 SC-42707, Georgia Inst. Tech. 
Atlanta, Ga.; June 15, 1955. : 
‘ Lak, Culbreth, Jr. M. W. Long, and A. H. Schaufelberger 

Two-Dimensional Microwave Luneberg Lenses,” Final Rep., Vol. L 
Contract DA-36-099 SC-42707, Georgia Inst. Tech., Atlanta, Ga.: 
une 10, ; 
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Fig. 5—Geodesic analog of the Luneberg lens. 


from the focal line of the reflector are guided to the 
curved periphery of the lens in the TEM mode by non- 


_ focusing parallel-plate extensions. The parallel incident 


rays propagate in air along the mean surface between 
the spinnings of the lens in such a manner that they are 
brought to a focus at a point on the focal arc. 

The parallel extensions which connect the lenses with 
the reflector focal line are folded upward to permit 
mounting the lenses beneath the reflector. To produce 


_ the vertical separation angle between the beams, the 


_ feed horns are displaced to either side of the focal line 


a 


of the reflector. The horns are covered by a sandwich- 


type radome. 
The fabrication tolerance for the lens surfaces was set 


at +1/32 inch. Although the lenses are within this | 


- tolerance over most of the surface area, deviations exist 


which are greater than these values. Far-zone beam- 
pattern measurements of the prototype lens without the 
reflector indicated a maximum side-lobe level of 25 db 


below the peak of the main lobe. 


THE SCANNING MECHANISM 


The scanning mechanism is located in the cavity 
formed between the two lenses (see Fig. 1). A functional 


diagram is shown in Fig. 6 and a side view in Fig. 7. 
Four sectoral feed horns are spaced at intervals of 90° 


on each of the two feed wheels. The wheels are mounted 
coaxially and are oriented so that the feed horns of one 


wheel are spaced at angles of 45° to those of the other. 
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Fig. 6—Functional diagram of the scanning mechanism of 
the Luneberg lens scanning system. 


CHOPPER GaTCH” 


LOWER FOUR-HAY Batch” 


Fig. 7—Scanning mechanism of the Luneberg lens 
scanning system. 


At the center of each feed wheel there is a four-way 
switch which connects the feed horn that is passing 
across the feed arc with a two-way chopper switch. The 
chopper switch rotates at four times the speed of rota- 
tion of the feed wheels. Thus, the feed horns of the 
upper and lower feed wheels are energized sequentially 
as they pass the internal feed arcs of the lenses. As the 
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feed wheels rotate, the upper and lower beams alter- 
nately scan the 40° azimuth sector at a rate of 17 scans 
per beam per second. To minimize the lubrication prob- 
lem, sealed ball-bearings are used throughout and nylon 
pinions are mated with stainless steel gears on the feed 
wheels. 

The switching system is interesting because the 
switching angle, the angle through which a feed horn 
moves during the time that the system is electrically 
inoperable, is one-fourth that of the chopper switch. 
The actual chopper switching angle is 14°, which gives 
an effective switching angle of 33°. To limit the active 
scan sector to 40° the switching angle is increased to 5° 
by blanking the magnetron. This gives a scan-time to 
dead-time ratio of 8:1. 


THE WAVEGUIDE SWITCHES 


An exploded view of the chopper switch is shown in 
Fig. 8. This type of switch™ is composed of an E-plane 
waveguide tee, two output waveguides, and two semi- 
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Fig. 8—Exploded view of the waveguide chopper switch of 
the Luneberg lens scanning system. 


1G, L. Ragan, “Microwave Transmission Circuits,” McGraw- 
Hill Book Co., Inc., New York, N. Y., vol. 9, pp. 533-534; 1948. 
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circular chopper disks. The choppers alternately short 
each arm of the tee, connecting the input waveguide to 
the unshorted arm. In addition to its function as a wave- 
guide switch, the chopper serves as a generator for syn- 
chronization pulses. Steel inserts in the periphery of the 
nonmagnetic chopper disks perturb the magnetic fields 
of reluctance pickups, generating electrical pulses which 
are synchronized with the beam position. 

The four-way waveguide switches are of the turnstile 
type.!2 Each switch is composed of a stator, a rotor with 
four waveguide arms, and a thin cylindrical barrier 
which is attached to the stator and located in a gap be- 
tween the rotor core and rotor housing, as shown in 
Fig. 9. A slot in the barrier, called the window, faces the 
feed arc of its associated lens. The height of the window 
is that of the E dimension of the waveguide and the 
length subtends a 90° angle. During the interval in 


Fig. 9—Exploded view of one of the four-way waveguide 
switches of the Luneberg lens scanning system. 


2M. W. Long, “A high-speed K-band switch,” Proc. IRE 
39, pp. 1566-1567; December, 1951. mae 
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which a four-way switch is energized by the chopper 
switch, three of the waveguide outlets of the rotor core 
are shorted by the barrier. The fourth moves across the 
window and connects the center waveguide to the feed 
horn which is passing across the feed arc of the lens. 

The vswr of the two-way switch is 1.02 at 16,000 mc 
and has a maximum value of 1.08 within the two per 
cent band centered at 16,000 mc. The loss is less than 
0.1 db. The maximum vswr of either four-way switch, 
including two cast E-plane bends, was less than 1.15 
over the band. The loss through a four-way switch is 
about 0.3 db. 


CONCLUSION 
The geodesic analog of the modified Luneberg lens is 


_ theoretically free of aberration and is not extremely 


critical with respect to fabrication tolerances. Since the 
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focusing properties of the lens are obtained by the 
equalization of physical path lengths in a medium which 
is nondispersive over a wide range of frequencies, it is 
inherently broadbanded. The scanning system which is 
described demonstrates that this type of modified 
Luneberg lens is peculiarly suited to the problem of 
wide-angle sector scanning. 
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A Design Procedure for Dielectric Microwave Lenses 
of Large Aperture Ratio and Large Scanning Angle* 
F. S. HOLT} anp A. MAVERt 


Summary—Methods are given for designing point-source three- 
dimensional aspheric rotationally-symmetric dielectric lenses and for 


zoning such lenses. Designs for scan angles and aperture ratios much 


larger than conventional may be achieved and all computations can 
be done on a desk calculator. The three-dimensional lens is obtained 
by first designing an exact two-point corrected cylindrical dielectric 


_ lens and then rotating a section of the cylindrical lens about the axis 
of symmetry of the section. The design procedures for the cylindrical 


s 


ve 


’ scanning characteristics. 


} 
‘ 
. 


_ manuscript received August 12, 1956. 


lens are based on ray-tracing techniques. Experimental results indi- 


cate that the three-dimensional lenses possess good wide-angle 


INTRODUCTION 


angle lenses of the metal-plate constrained type 
have been given by Ruze! and procedures for 
designing cylindrical wide-angle dielectric lenses have 


He) ere) procedures for building cylindrical wide- 


- been given by Gent.? In general, the procedures for de- 


signing wide-angle dielectric lenses are mathematically 
much more complicated than procedures for the corre- 


* Manuscript received by the PGAP, February 7, 1956; revised 


Lab., Bedford, Mass. 
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1J. Ruze, “Wide-angle metal plate optics,” Proc. IRE, vol. 38, 
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sponding metal-plate lenses. Until recently, metal-plate 
lenses were preferred to dielectric ones not merely be- 
cause of the simpler design mathematics, but also be- 
cause of the lack of availability of suitable dielectric 
materials. With recent advances in the development of 
lightweight, low-loss dielectric substances, the simpler 
fabrication techniques (machining) required for dielec- 
tric Jenses as compared to metal lenses recommend the 
use of the former. A wide-angle dielectric lens design 
procedure recently introduced by Sternberg’ has been 
successfully applied in the design of many dielectric 
lenses and has created much interest in this field. The 
lens design procedures to be presented in this paper are 
important in that they represent further significant 
simplifications in wide-angle dielectric lens design theory 
with resulting appreciable reductions in associated nu- 
merical computation. These procedures are based on 
optical ray-tracing techniques and are capable of high 
accuracy. Similar techniques have been concurrently 
and independently worked out by others,‘ but have not 
as yet been published. 


3R. L. Sternberg, “Elementary methods in the numerical design 
of microwave dielectric lenses,” J. of Math. and Phys., vol. 34, pp. 
209-235; January, 1956. ad; Oe 

4 A. E. Marston and R. M. Brown, Naval Res. Lab., Washington, 
D. C.; and M. J. Hunt, Gen. Elec. Advanced Electronics Center, Ith- 
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UNZONED BINORMAL LENS® 


Fig. 1(a) shows a transverse section through a bi- 
normal cylindrical dielectric lens. The foci are marked 
F’ and F’’; feeds located at the foci produce beams 
which emerge at the “design scan angles” +6, these 
being directions measured from the axis of symmetry of 
the section, that is, the x axis. Fig. 1(b) shows a zoned 
version of this lens, and Fig. 1(c) is a cutaway view of 
the spherical lens obtained by rotating the section in 
Fig. 1(b) about its axis of symmetry.® 


Fig. 1—(a) Unzoned binormal lens. 
(b) Same lens zoned. 
(c) Spherical lens derived from (b). All, cross sections pos- 
sess mirror symmetry in the X axis. 


For the binormal cylindrical lens we define the focal 
length, F, to be the distance between a line joining the 
focal points and a line joining the edges of the lens in 
the same transverse section [see Fig. 1(a)]. Given the 
four design parameters, focal length /, diameter D, 
index of refraction n, and design scan angle @, it is not 
always possible to design a binormal lens having these 
specified values. With D, n, and @ given there exists a 
minimum physically realizable F. We do not know at 
present how to calculate this minimum F. We merely 


5 Binormal (or two point corrected) means that two symmetrically 
placed focal points exist in any transverse section of such a lens [see 
Fig. 1(a)]. A cylindrical binormal lens as a whole therefore will have 
two symmetrically placed focal lines. 

6 ie two focal lines have coalesced into a focal ring (see foot- 
note 9). 
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remark in passing that using polystyrene for design scan 
angles of as many as 10 half-power beamwidths, F/D 
values as small as 0.35 are achievable. In the following 
discussion we will assume that the four parameter 
values specified in the design problem will lead to a 
physically realizable lens. To distinguish the unzoned 
lens from the ones discussed later in connection with 
zoning, we will use the subscript zero, and define 


ga 


fro=F, 2 


Fig. 2 shows a transverse section through the cylindri- 


Fig. 2—Coordinate system and reference plane Wo 
parallel to wavefront W. 


cal lens with the « axis in the plane of symmetry and the 
y axis passing through the foci. The foci F’ and F’’ are 
shown with coordinates (0, +y,), and the lens edge 
points with coordinates (fo, +59). Requiring that the 
optical path length LZ, for the upper edge ray be equal to 
the optical path length ZL» for the lower edge ray, each 
path length being measured from the focal point F’ to 
the reference plane Wo (see Fig. 2),7 it can be shown 
that 


vp = — VW fo? tan? 6 + so? sin? 6 (2) 


7 The plane Wp in Fig. 2 is for algebraic reasons more convenient 
to use than the wave front W. 
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and that 
Wo = Li = Io = — yy csc 8, (3) 


_ where wy is the optical path constant. 
We now have the seven quantities, fo, so, 7, 6, x; (the 
* coordinate of the foci which is zero in the present co- 
ordinate system), ys, and wo, which are used in de- 
termining points on the lens surfaces. We determine 
such points by a development of ray lattices. 


Ray Lattices? 


_ A ray lattice is a set of points and associated slopes 
which lies on the surfaces of some binormal lens. The 
points and associated slopes of a ray lattice are de- 
termined by ray-tracing techniques which involve direct 

~ use of six of the seven quantities listed above. The 
seventh quantity, so, is used only as a goal or target to 
shoot at, as described below. Using the remaining six 
quantities, an infinite number of ray lattices may be 
constructed each of which satisfies exactly the optical 
requirements of the given problem. However, we believe 
that only one particular lattice out of this infinite num- 
ber has the additional property that it converges to a 
knife-edge at the stipulated edge points (fo, so), and 
we shall call this hypothetical lattice the “ideal lattice.” 
We know of no formal mathematical proof of the 

- existence of such a unique ray lattice; but belief that 
such an ideal lattice exists is based on our observations 
of the behavior of the many ray lattices we have com- 
puted. We now show how by a method of successive 

trials we may approach what appears to be the hypo- 
thetical ideal lattice. 

To each point P,, of a ray lattice (see Fig. 3) there will 
be associated three coordinates, as follows: two space 
coordinates, x, and y, (the rectangular coordinates of 

_ the location of P,), and one angle coordinate, WY, (the 
_ angle measured positive in the counter-clockwise direc- 
tion that the outward normal to the lens at the point 
_ P, makes with the horizontal). We assume that the 
inner (focal side) surface of the lens intersects the 
) x axis at x=c(>fp), a trial value, and that there exists 
; a unique value of c=C associated with the ideal lattice. 
- The x axis, being the axis of symmetry of the cross 
section, is normal to the lens surfaces. Therefore, for 
: the coordinates of the first, we have determined point 
_ Py of the ray lattice: xo=c, yo=0, and yo =0. We now 
_ proceed to trace alternately “outgoing” rays which leave 
the focus and “incoming” rays, which enter the focus, 
_as shown in Fig. 3, all rays being subject to the funda- 
mental condition that their optical path lengths meas- 
ured from the focal point, through the lens, and thence 
to the reference plane Wo shall each be equal to the 
: optical path constant Wo. Tracing the outgoing ray 


= Ray lattices were originally used by F. S. Holt in a somewhat 
different way than here described to design binormal lenses of un- 
specified F/D. 
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through Po, we determine the coordinates (x1, ¥1, Wo) of 
the lattice point P,, a point on the outer surface of the 
binormal lens. Snell’s law plus our knowledge of the six 
quantities referred to earlier suffice to fix these values; 
only elementary algebraic calculations are involved. 
Because of cross-sectional mirror symmetry we now 
know that the lattice point P,, which is the mirror 
image of P; (see Fig. 3), has coordinates #, =, = 


yi 


Ps (x5 ¥, Wg) 


OUTWARD 
NORMAL TO 
LENS 


Fo (%pr¥p» Vp) 


F(x, Yo) 


Fig. 3—Development of a ray lattice. 


and %=—yY. We next trace the incoming ray that 
makes an angle 6 with the positive x axis and is incident 
on the outer surface of the lens at the point P. Snell’s 
law, the path length condition, and the numerical data 
on hand again suffice to determine, by elementary 
algebra, the coordinates #2, f2, and Y of lattice point Pa, 
a point on the inner surface of the binormal lens. We 
then know by symmetry the coordinates of lattice 
point P2, the image of P, and may proceed to trace the 
outgoing ray passing through P2; etc. Outgoing rays are 
traced through the upper half of the lens (y>0), in- 
coming rays through the lower half (j<0). The ray- 
tracing of all outgoing rays is describable by a single set 
of formulas which may be conveniently tabulated for 
desk machine computations; likewise, the ray-tracing of 
all incoming rays is describable by a single set of 
formulas. These sets are given in the next section. 
Experience shows that if for a particular trial value 
c¢, the extremities of the lens bend toward the negative 
x axis, then C—the value of ¢ we associate with the 
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ideal lattice and assume exists—must be greater than ¢. 
Conversely, if for a particular trial value c, the extremi- 
ties of the lens bend toward the positive « axis, then 
C must be less than c and hence «4. <C<c.. These two 
cases are illustrated in Fig. 4. The more closely that 


(f,,8,) 


oo 


cic, 


1 
1 2 
C 
Fig. 4—Bending of ray lattices. 


c: and c, approach each other the more nearly do the 
corresponding ray lattices condense on the edge points, 
that is, approach what appears to be the ideal lattice. 
It is, however, advantageous to approximate C with 
trial values c> C rather than c<C, because in the former 
case fewer lattice points need be computed in order to 
determine whether or not the lattice is a good approxi- 
mation to the ideal. In practice we strive for minimum 
lens weight—which means, roughly speaking, minimum 
lens edge thickness—but not necessarily for a true zero 
edge thickness, as this would be impractical from the 
point of view of lens mounting. 


Ray TRACING FORMULAS 


It simplifies the computation of lattice point co- 
ordinates to work in the X, Y coordinate system which 
is related to the x, y system by X =x—c and Y=y; this 
means placing the origin of the X, Y coordinates at the 
point Po in Fig. 3. Then the focal point coordinates. be- 
come X;=—c, and Y;=y4, (see Fig. 5). It becomes con- 
venient to use the plane Do, which is parallel to Wo, as 
the optical reference plane. The optical path constant 
for the lens computed with respect to this plane then 
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tan71 ( 
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Xeni = Xen = 


n sec (2x + 2x) — cos 0 — sin 6 tan (Woz + dex) 
Vorti = Vox + (Xenqi = Xor) tan (Wer — dor) 
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Fig. 5—Symbol meanings for ray tracing formulas. 


becomes 
dy = wy + (c — fr) cos 8, 


for the ray lattice corresponding to the trial value c. In 
Fig. 5, the symbols for coordinates of lattice points 
lying in the lower half-plane have bars over them; those 
for lattice points lying in the upper half-plane do not. 
Inside the lens, the angle between a ray and the inward 
normal at a lens surface point is denoted by @¢, and is 
measured positive in the counterclockwise direction 
from the surface normal. a, denotes the angle a ray | 
makes with the horizontal at the focal point F’ and is 
also measured positive in the counterclockwise direc- 
tion. 

Starting with the point Py with coordinates Xo= Vo 
=o =0 we apply alternately the formula sets 1) and 2) 
below for successive values of R=0, 1, 2, +--+, etc. 

1) Outgoing Ray Formulas for determining the co- 
ordinates of lattice points P24: and Poz1,; knowing the 
coordinates of lattice point Pox. 


(4) 


Xoz + ¢ (Sa) 
sin (aex = co 
a (Sb) 
do + X ok cos 0 + Vor sin @ — VJ (Xo ae Xe) + (Vox = ¥;)2 
(Sc) 


(Sd) 
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Yer = tan- aoe 

n COS (Pox + 2x) — cos 8 (Se) 

Neehy = A ot (5) 

con (52) 

Ports = — Pours (5h) 


2) Incoming Ray Formulas for determining the co- 
ordinates of lattice points Py, and Py, knowing the co- 
ordinates of lattice point Po,_4. 


The optical path through the interior lens when meas- 
ured to plane W,, may readily be shown to be 


$ox—1 = sin-} een (6a) 
nN 
pa pil — B+ /B? — AC 
Xap = Xop 
2k 2k—1 + F (6b) 
Von = Vanes + (Xap — Xox-1) tan (Wor-1 + Gex-1) (6c) 
_ [sin (Dora + Gans) V/(Kox — X/)? + Vor — V/)? — (Vr — Vy) 
had 1 a Ey 2k f 
Vax er B cos (Wena ia $2%—1) V (Kor — Xy)? oh (Vox oes Ys) 7 (Xox = =a oe 


where 
A = (n? — 1) sec? (Wor-1 + Gers) (6e) 
B= n(do + Xox-1 COS O + Vox_1 in 9) tan (Yor_1 + Gex—1) 
+ (Xor1 — Xy) 
— (Yous — Vy) tan (Por1 + 2x1) (6f) 
= (dp + Xox_1 cos 6 + Yor_i sin 0)? 
— (Xox-1 — Xy)? — (Vora — Vy)? (6g) 
Xor = Xox (6h) 
Vor = — Vx (6i) 
vor = — Yor. (6)) 
ZONING 


To zone the lens which has been designed for the pre- 
scribed F, D, n, and 6, we must find other bifocal lenses 
which are interior to it. The family of lenses, consisting 
of the original or parent lens as well as the interior lenses, 
_must satisfy the condition that the optical path traced 
from the focus through the mth interior lens to the 
wave front labeled W (see Fig. 6) differ from the optical 
path through the parent lens by the amount mi, where 
-) is the wavelength, and-m is an integer denoting the 
zone. In Fig. 6, the x, y coordinate system is used again. 
The interior lens shown is assumed to come to a knife- 
edge at edge points labeled (fm, +5m). It has its own 
‘reference plane W» which is parallel to Wo. Since the 
‘distance between planes W,» and Wp is required to be 
mx, it follows readily that 


“fm = fo — md sec 0 (7) 


and 


Sa Sy csc2 8 = fn? sec? 0. (8) 


Fig. 6—Zoning procedure. 


As indicated in (8), the edge points of the interior lenses 


lie on an ellipse. The maximum number of interior 
lenses which may be fitted into the parent lens is 


wo cos 6 + fo 


10 
d sec 0 Me) 


Mnax = 


which follows from (7) and (8). Once fm and s» are com- 
puted (wm, 2, and 6 are known), the interior lens desig- 
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nated by subscript m is designed in the same manner as 
was the parent lens. 

In the final stepped version of the parent lens, the 
mth interior lens contributes the portion (mth zone) 
lying between ordinate values Rn and Rn4i. The quanti- 
ties R» and Rn4 are shown in Fig. 7 and selected by 


m =O (PARENT LENS) 


Fig. 7—Stepped lens showing overlap of edge points 
of interior zones. 


the designer on the basis of mechanical as well as optical 
considerations. Because the points (fm, +5m) are over- 
lapped by the (m—1)th zone it is not essential to go to 
an excessive number of approximations to determine 
the ray lattice which will adequately converge on 
(fm, 5m) and serve as the mth interior lens “skeleton.” 
Once the acceptable ray lattice has been found for the 
mth lens, interpolating polynomials are fitted to only 
those lattice points which will lie between R, and 
Rm, that is, which will lie on the zone surfaces ulti- 
mately to be used. 


INTERPOLATION 


Usually there are many lattice points falling between 
Rm and Rn, permitting the use of very high order poly- 
nomials in the interpolation process. In the design of 
lenses of a few feet diameter, with Rm —Rm4 of the order 
of several inches, it was found convenient to use five 
lattice points to fix the interpolating polynomial. The 
polynomials used were therefore of fourth order in y? 
(only even powers of y were required because of sym- 
metry). Interpolation calculations were initially done 
on desk calculators, but with several lenses to be com- 
puted the many repetitions of similar numerical pro- 
cedures made it economically expedient to accomplish 
most of this interpolation work on a high-speed auto- 
matic computer.? The numerical computations associ- 


9 These interpolation calculations were performed on an IBM 701 
by the Datamatic Corp. of Waltham, Mass. 
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ated with the calculations of the ray lattices can also 
be programmed for high-speed calculators.’ If a digital 
curve plotter were used in conjunction with a high-speed 
computer the approximating ray lattices could be auto- 
matically plotted as the points are computed and the 
characteristics of each ray lattice could be clearly and 
quickly observed. 2 


RESULTS 
Theoretical 


A three-dimensional rotationally-symmetric poly- 
styrene X-band lens, designed by Sternberg,’ was re- 
computed by our procedure and substantial agreement 
was found. This lens had F/D=0.5, D/A\~15, and 
6~4.5 half-power beamwidths. 

Several lenses have been designed by the procedures 
described above, and the calculations have been checked 
by ray tracing in the principal plane. To give an idea 
of the kind of design accuracy achievable with relative 
economy, we mention briefly a three-dimensional K- 
band lens obtained by rotating the cross section of a 
binormal cylindrical lens about its « axis. This lens was 
designed to have 4 zones, an F/D <0.48, an aperture of 
36 wavelengths, a beam offset of about 11 half-power 
beamwidths, and an index equal to that of polystyrene. 
A few rays for each zone were selected for ray-tracing 
on the basis that they would show the worst or largest 
deviations from the design angle 6. The maximum devia- 
tions of the emergent rays were ~0.01 6 over the 3 outer 
zones and 0.08 @ over the innermost zone. 


Experimental 


The X-band lens was manufactured and_ tested 
and found to have very good two-dimensional scanning 
characteristics, despite the fact that it exhibited about 
two inches of astigmatism.'!! On the basis of this per- 
formance, we expect our K-band lens to exhibit corre- 
spondingly good performance, which we hope to be able 
to report in the future. 

A small unzoned K-band lens of F/D=0.5, D/A ~12 
designed for polystyrene and a beam offset of over 4 
half-power beamwidths exhibited very good scanning 
characteristics in preliminary tests. 
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10 This has been done by R. M. Brown at the Naval Res. Lab. and 
reported on at the IRE meeting at New York, N. Y., March, 1956. 

"’ Rotationally symmetric single element lenses necessarily exhibit 
astigmatism except on axis. The two inches mentioned in the text is 
an experimental determination of astigmatism at the design angle 6 
and refers to the difference in feed location for best azimuth pattern 
and for best elevation pattern at the design angle 6. 
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Circularly Polarized Slot Radiators* 
ALAN J. SIMMONS} 


Summary—A pair of narrow slots crossed at right angles and 
located at the proper point in the broad wall of a rectangular wave- 
- guide will radiate a circularly polarized wave. Some of the results of 
a study of the properties of such slots is presented. The study was 
undertaken with the aim of obtaining information useful in design of 
a circularly polarized linear array. 
Some of the properties of the slot pairs are as follows: 
1) They are inherently matched, independent of the slot length. 
2) When the slot arms are made resonant, approximately 75 per 
cent of the incident power is radiated, with a vswr of 1.12. 
3) When fed from one end of the waveguide, the slots radiate 
right-hand circular polarization; from the other end, left-hand. 
} In using these slots in linear arrays the power radiated is varied 
by changing slot length, since position and orientation are fixed by 
the requirements of circular polarization. The slots must be sepa- 
rated by a guide wavelength, so waveguide loading or other compli- 
cated schemes must be used to reduce the slot spacing. 


INTRODUCTION 


; HE circularly polarized waveguide slot radiator is 
a novel microwave antenna, consisting of a circu- 
lar hole or a pair of crossed slots cut into the broad 

wall of a rectangular waveguide at the proper spot to 

give circular polarization (Fig. 1). This kind of radiator 
was mentioned briefly by Watson! but has received 
little attention from those in the microwave antenna 
field. This report presents the results of a study of the 
properties of such slots and some possible applications. 
To explain the fact that these slots radiate circular 
polarization, we note the equations for the transverse 
and longitudinal magnetic fields of the dominant (TEo1) 
mode in rectangular waveguide (Fig. 2, next page): 


H; 


g r THX 
“4 H,= — jt (~) cos—— 


where 


II 
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o 
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H, is the transverse magnetic-field intensity, 
H, is the longitudinal magnetic-field intensity, 
Hy is a constant, 

X is the free-space wavelength, 

a is the waveguide width, and 

x is the transverse coordinate. 


Two values of « can be found for which |H,| =| H,|: 


d 


2 Bianuarript received by the PGAP, May 15, 1956. : . 

+ Microwave Antennas and pee a Branch, Electronics Di- 
visi 1 Res. Lab., Washington, D.C. 

vis Pe Watcout “The Physical Principles of Wave Guide Trans- 

mission and Antenna Systems,” The Clarendon Press, Oxford, Eng., 


p. 103; 1947. 


Fig. 1—A typical X-slot radiator. 
These points are given by 


-torfi¥-} 


At points on the interior broad face of the waveguide 


for which (1) holds, the magnetic-field vector, H, is 
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circularly polarized since the x and z components of this 
vector are equal in magnitude and in phase quadrature. 


eae ee ae 
From the boundary condition, J=n XH, it follows that 


oa 
the vector-current distribution, J, is likewise circularly 
polarized at these same points. A small circular hole cut 
through the wall at such a point will accordingly be 
excited by the circularly polarized current and radiate a 
circularly polarized wave, right-hand circular from one 
side of the waveguide and left-hand from the other, as 
shown in Fig. 2 for propagation in the +2 direction. 


Fig. 2—Field configuration, TEm mode. 


For a wave propagating in the —z direction, the direc- 
tion of rotation is reversed and the slot which previously 
radiated right-hand circular polarization now radiates 
left-hand and vice versa. 

Instead of a circular hole, a pair of narrow radiating 
slots at right angles to each other may be cut in the 
waveguide wall, the center of the pair being at the 
circularly polarized spot. The pair will then radiate 
circular or near-circular polarization. The orientation of 
the crossed-slot pair is arbitrary, but for convenience 
they have been cut at +45° to the zg axis. This orienta- 
tion permits slots of resonant length to be cut without 
running over the side wall. Fig. 3 shows the actual 
geometry which has been studied at X-band frequen- 
cies. The center of the slots is chosen halfway between 
side wall and center line of the waveguide, a value of 
«x =a/4, which gives circular polarization at a frequency 
for which \/2a =1/4/2. (This frequency is 9273 mc.) As 
the frequency changes, the radiated polarization be- 
comes slowly more elliptical, the axial ratio being simply 


VG) 

= \ Peet 

r 

or its reciprocal, whichever is greater than 1. This 
theoretical axial ratio is plotted in Fig. 4. As shown 


there, the polarization remains reasonably close to 
circular over a fairly large frequency band. 
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Fig. 4—Theoretical axial ratio for x=a/4; dimensions 
are in inches, 


The slots are cut with a tapered cutter to facilitate 
accurate machining, giving a varying slot width (Fig. 3) 
which averages 1/16 inch. X slots were used instead of 
the simpler circular holes because it was possible to 
make the X slots resonant and thus radiate a large 
amount of power from a single slot. 


SOME PROPERTIES OF X SLOTS 


One of the most interesting properties of this kind of 
slot radiator is that of radiating one sense of circular 
polarization when excited by a wave traveling in one 
direction in the waveguide and the opposite sense for a 
wave traveling in the opposite direction. Alternatively, 
when used as a receiving antenna, an incident wave of 
right-hand circular polarization will generate a wave 
traveling toward one end of the waveguide, while an 
incident left-hand wave will give a wave traveling in the 
opposite direction toward the other end. (This directive 
property is made use of in waveguide directional 
couplers.”) Thus, the circularly polarized slot radiator 


* M. Surdin, “Directive couplers in wave guides,” J.IEE, vol. 93, 
pt. IITA, p. 725; March-May, 1946. 
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may be used as a polarization detector, separating the 
two circularly polarized components of an incoming 
elliptically polarized wave. 

Because of their directional properties, these slots 
have the property of being reflectionless—for if viewed 
as a scattering obstacle in the waveguide, a slot which 
is excited by a wave propagating in the +z direction 
will be excited in that sense of circular polarization 
which causes it to reradiate energy only in the +2 direc- 
tion, not in the —2z direction. This reflectionless property 
may also be predicted if one assumes that each of the 
two legs of the slots acts independently, that is, there 
is no coupling between the two legs. Then, on the basis 
of Stevenson’s theory of slots in rectangular wave- 
guide,’ the reflection coefficients of the two legs taken 
individually are equal in magnitude but opposite in 


_ phase and so cancel. This holds true for any slot length, 


assuming slots whose width is much less than their 

length, and is borne out quite well in experiment. 
EXPERIMENTAL FINDINGS 

Resonant Slots 


Power Radiated: For use as a simple circularly polar- 
ized radiator, the x slot may be made of resonant length. 


_ Fig. 5 shows the power radiated as a function of fre- 


quency for a resonant X slot in a standard 1 by 3 inch 
X-band waveguide. Note that at the resonant peak the 
power radiated is close to 80 per cent. (In comparison, 
the largest amount of power radiated from any circular 
slot which we measured was 9} per cent, obtained from 
a 0.437-inch-diameter slot.) The vswr for the X slot at 
resonance is only 1.12, in accordance with the reflection- 
less property mentioned previously. These measure- 
ments of power radiated were made by measuring the 
transmission coefficient of the slot as a lossy waveguide 
obstacle and calculating the power radiated as the 
apparent loss of the obstacle. This point is mentioned 
because there is some evidence that at resonance some 
power is lost in increased copper loss, causing a possible 


' error of a few per cent in this curve. 


Because of the virtually reflectionless character of 
the X slot, it is characterized most simply by its scatter- 
ing mattix rather than by an impedance description. 
The only term of importance then is the transmission 
coefficient. The coefficients were measured by means of 
a movable short-circuit technique, using Deschamps 
construction.t This work was facilitated by use of a pre- 
cision X-band automatic impedance recorder developed 
at the Naval Research Laboratory by William F. 
Gabriel.’ This recorder automatically plots complex 
impedance on a Smith chart and thus reduces the 


3 A. F. Stevenson, “Theory of slots in rectangular wave guides,” 
J. Appl. Phys., vol. 19, pp. 24-38; January, 1948. : 

4G, A, Deschamps, “Determination of reflection coefficients and 
insertion loss of a wave guide junction,” J. Appl. Phys., vol. 24, p. 
1046; August, 1953. “ “ 

5 W. F. Gabriel, “An automatic impedance recorder for X-band, 
NRL report 4204; August, 1953; PRoc. IRE, vol. 42, pp. 1410-1421; 


_ September, 1954. 
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Fig. 5—Power radiated vs frequency, resonant slot. 


amount of data taking and plotting necessary in the 
Deschamps method. 

The large amount of power radiated from the reso- 
nant slot can be predicted on the basis of Stevenson’s 
theory® again assuming no coupling between the indi- 
vidual legs. In fact, by adjusting the waveguide height, 
b, each leg may be made to radiate 50 per cent of the 
incident power so that the total radiated power is in 
theory 100 per cent. To calculate the proper height 3, 
the slot is treated as a scattering obstacle in the wave- 
guide. Then the field beyond the slot in the +2 direction 
may be thought of as made up of three components: the 
initial field which would be there if there were no slot 
plus two components of scattered field due to reradiation 
down the waveguide from each of the two slot legs. The 
fundamental-mode components of the scattered field, 
which is all that concerns us, will be proportional to the 
original field, the constants of proportionality S; and Se 
(S; referring to one leg, S, to the other) depending on 
the slot geometry. The total field transmitted past the 
slot will then be Ho(1+.5S:+S2) where £ is the original 
fundamental-mode field. Now for resonant slots cen- 
tered at x=a/4 at an angle of +45° and with A= va, 
we can calculate, following Stevenson, that 


1 


(=) (=)« b) ( =) ate 

alin, W (aaa We 
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where \,=guide wavelength=2a in this case. This 


theory assumes vanishingly thin slots cut in zero-thick- 
ness metal walls. 


Si = Se 
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Since S,=S2, the total fundamental-mode field in the 
waveguide beyond the resonant X slot is now Eo(1+25;) 
and it is possible to adjust b so that S, equals — 3. Then 
E,(1+2S;)=0 and no energy is transmitted past the 
slot. Since no energy is reflected, all the power must be 
radiated. 

Setting S;=—4, we obtain an equation for 6 which, 
when solved, gives a height-to-width ratio of b/a =0.185. 
For normal X-band waveguide of dimension a=0,900 
inch, this formula indicates a height of 0.167 inch to get 
total power radiated. Experiments with different height 
waveguides, however, indicated that this dimension is 
relatively uncritical, and so data were measured on a 
slot cut in a waveguide half-normal height (6=0.200 
inch). It was found that at resonance 90 per cent of the 
power is radiated and 3 per cent is reflected (vswr = 1.4). 
This represents fair agreement with the theory, based 
as it is on the questionable approximation of no coupling 
between the two slot legs. 

Axial Ratio and Pattern: The axial ratio of the main 
beam radiated from a resonant slot in normal X-band 
waveguide is about 2 db when the waveguide is termi- 
nated in a matched load, indicating that the resonant 
slot perturbs the initially circularly polarized field to 
some extent. However, by a procedure exactly analogous 
to impedance matching, the axial ratio may be made 
unity by varying the reflection coefficient of the load. 
The load can be varied with a tuning screw so as to 
reflect back just enough signal to radiate opposite sense 
circular polarization and make the net radiation from 
the slot perfectly circularly polarized. Axial ratio as a 
function of frequency for slots with and without tuning 
screws and resonant at about 9375 mc is shown on 
Fig. 6. This slot was mounted at the center of a 7-inch 
ground plane in an attempt to eliminate the effect of 
the presence of the feeding waveguide. With the rela- 
tively small ground plane, the edge effect perturbs the 
pattern for one polarization more than for the other and 
so the axial ratio varies over the main beam of the slot 
pattern. Fig. 7 shows a typical antenna pattern for both 
horizontal and vertical polarization, with the axial ratio 
at various angles indicated by straight vertical lines. 


Nonresonant Slots 


Power Radiated: For the design of a linear array of 
circularly polarized X slots it is necessary to be able to 
control the power radiated from each slot. The power 
radiated may not be varied by changing the orientation 
of the slot or its position, since these parameters are 
fixed by the requirement for circular polarization. Thus, 
the only remaining parameter is the length of the slot 
legs. By making the X slot nonresonant, the power 
radiated may be reduced. (Fortunately, the slot re- 
mains matched—the highest vswr occurs at resonance 
and decreases for the nonresonant slots.) Fig. 8 shows 
measured values of power radiated for slots of different 
length. All measurements were made by using the movy- 
able-short technique mentioned previously. 
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Fig. 7—Typical pattern, resonant slot on ground plane. 


The nonresonant slot is somewhat more frequency- 
sensitive than the resonant as shown in Fig. 9 which 
gives the power radiated vs frequency for a typical non- 
resonant slot. Values for other length slots may be ob- 
tained approximately from this curve by scaling in 
terms of wavelength, though this is not quite accurate 
unless slot width is scaled too. 

Axial Ratio: The axial ratio asa function of frequency 
for a 0.500-inch slot mounted on a 7-inch ground plane 
is shown in Fig. 10. The nonresonant slots give more 
nearly circular polarization at the design frequency than 
the resonant slots, probably because the perturbation 
theory which is used to predict their behavior is more 
nearly accurate. 

Phase: With the nonresonant slots, phase shift be- 
comes a problem. There are two sources of phase shift 
of concern. One is the phase angle Y2 connected with the 
transmission coefficient: (This is the phase shift suffered 
by the wave passing by the slot.) Another phase shift, 
Wr, is that suffered by the radiated wave as it passes 
through the slot from the waveguide into space. If We 
and Wr differ from slot to slot a nonlinear phase front 
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Fig. 8—Power radiated vs slot length. Length is measured as center- 
to-center distance of the rounded slot ends. 
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Fig. 9—Power radiated vs frequency, nonresonant slot. 
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Fig. 10—Axial ratio vs frequency, nonresonant slot. 


may arise, even if the slots in an array are uniformly 
spaced. Both of these phase shifts were measured, Wy» by 
Deschamp’s method and Wr by means of a microwave 
phase bridge incorporating a magic Tee and a calibrated 
phase shifter. The results are shown in Fig. 11 where the 
resonant slot is arbitrarily chosen as having a zero value 
of Wz and all other slots compared to it. The value of We 
plotted is the average for all polarizations. 
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Fig. 11—Phase shift in radiation and in transmission 
vs slot length. 


If the slots are made less than 0.520 inch in length, the 
phase shifts are small, and have been neglected in array 
design. Fortunately, a reasonably efficient array may 
usually be designed in which all slots are less than 
0.520 inch, 


Linear Array Design 


The design of an array of X slots is straightforward 
and must be of the nonresonant type because of the re- 
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flectionless character of the slots. One serious difficulty 
remains: there is no way to reverse the phase of the 
slots as is usually done in order to reduce the slot-to-slot 
spacing to a half-guide wavelength. Thus, a spacing of a 
full-guide wavelength must be used for a broadside 
array, which gives rise to secondary maxima in the 
array pattern. These are equal in amplitude to the main 
beam. Several methods have been used to get around 
this difficulty, none entirely satisfactory. In one method 

‘two arrays are used, one on top of the other with the 
slots staggered to give an effective spacing of less than a 
free-space wavelength. 

Another method of reducing interelement spacing is 
to load the waveguide so as to reduce the effective guide 
wavelength. Half-wavelength high-dielectric-constant 
slugs between each pair of slots were used for this pur- 
pose. Both of these methods gave antenna patterns 
with reasonably low side lobes and reasonable antenna 
gain. 
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CONCLUSION 


In conclusion, we have shown that a pair of narrow 
slots crossed at right angles and located at the proper 
point in the broad wall of an ordinary rectangular 
waveguide will radiate a wave very nearly circularly 
polarized. Such X slots may be used as polarization de- 
tectors, being able to separate right-hand from left- 
hand circular polarization. They have unusual imped- 
ance properties, presenting a near match to the wave- 
guide. They provide a means of obtaining a simple 
circularly polarized radiator, since they radiate up to 
90 per cent of the incident power at resonance, as well 
as the possibility of designing a circularly polarized 
linear array. 
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The Effect of Mutual Impedance on the Spacing 
Error of an Eight-Element Adcock* 
DOUGLAS N. TRAVERS} 


Summary—An eight-element Adcock array has the advantage of 
reduced spacing error as compared to four element arrays of the same 
size. If this error is calculated when the mutual impedances between 
elements are neglected, spacing error curves result which are poor 
approximations and may not be attainable in actual measurement. 
New relationships are derived for the two-phase eight-element array 
which include the effect of mutual impedance. Curves are plotted to 
show that earlier published values for the angular spacing between 
elements are probably too high to result in the best performance. It 
is shown that the value of p=27°15’ which results when the mutual 
impedances are neglected may result in an appreciable spacing error. 
It is apparent that the selection of an antenna becomes quite im- 
portant since the mutual impedance is determined thereby. Evalua- 
tion of the error in a particular case will depend on the antenna se- 
lected. It is also shown that, if the goniometer impedance is high, the 
spacing error will be reduced. 


List oF SYMBOLS 


§=minus azimuth of signal arrival. 

S =diagonal spacing of elements. 
b=27rS/r. 
2p =angular separation of paired elements. 
 =phase of the emf induced in antenna 1. 
a =phase of the emf induced in antenna 2. 
6 =phase of the emf induced in antenna 3. 
¢=phase of the emf induced in antenna 4. 


* Manuscript received by the PGAP, August 10, 1955; revised 
manuscript received, April 24, 1956. 
t Southwest Res. Inst., San Antonio, Texas. 


E;=terminal voltage of ith antenna. 
I;=terminal current of 7th antenna. 
Zx=mutual impedances between antennas 7 and k. 
Z,=self impedance of any antenna. 
Z,=impedance looking into goniometer. 
Ins=current of the north-south group. 
Ie» =current of the east-west group. 
Eo=amplitude of voltage in any antenna. 
¢= observed bearing (counterclockwise). 
\= wavelength. 
A=error in observed bearing. 
A =determinant formed by the coefficients Z;n. 
A,x=cofactor of Z,;, determined by A. 
E,e= goniometer search coil voltage. 


INTRODUCTION 


Ie THE SEARCH for an Adcock direction finding 


antenna array having a low spacing error, con- 
siderable attention has been given to eight-element 
systems with paired elements.‘ This array, shown in 


_ | P. G, Redgment, W. Struszynski, and G. J. Phillips, “An analy- 
sis of the performance of multi-aerial Adcock direction-finding sys- 
tems,” J. IEE, vol. 94, part IIIA, pp. 751-761; 1947. 

é 3 | ee A, pore BS ee of errors in an eight- 
elemen cock antenna, RANS., vol. AP-2, pp. —162; 
October, 1954. Me webaage  OS 

’D. N. Travers, “Spacing error analysis of the eight ele 
ei ee. direction finder,” JRE TRans., vol. AP-3, pp. 63-65, 
pril, ; 
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the diagram of Fig. 1, uses eight antennas rather than 
four as in the more conventional Adcocks. The antennas 
are arranged in a circle and are fed by transmission lines 
which are shown by double lines. Four T connectors are 
employed to provide parallel connection of the two 
paired antennas of each quadrant. The array is thus fed 
with a conventional goniometer. Further details are 
given in the literature. 

Earlier analyses of this array have resulted in the 
calculation of the spacing error without consideration 
of the mutual impedances between antennas. These re- 
sults predicted that the angular spacing 2p should be 
about 54°. It is now evident that neglect of these mutual 

impedances does not lead to the optimum configuration 
for the array. This analysis includes the effect of the 
mutual impedances, and results suitable for calculation 
are derived. 


THE SPACING ERROR EQUATION 


The array configuration is shown in Fig. 1. For con- 
venience the notation used previously* is retained in 
this analysis, except for the numbering of the antennas. 
Counterclockwise rotation is used for both the antenna 
numbering and the positive direction of the azimuth 
angle 6. The array is excited by a vertically-polarized 
plane wave. 

The antenna termina? voltages are related to the 
mutual impedances by (1) through (8): 


8 
Pe SI nL ies (1) 


n=1 
where i has the value 1 through 8 and the impedances 
Z;; include both the goniometer impedance Z, and the 
antenna self impedance Z,. Since the antennas are 
identical, the self impedances are equal and can all be 
designated Z. Simplification due to symmetry yields 


Zx. = Za = Z56 = 272, etC., (2) 
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and since 


The = Lites (3) 


all mutual impedances can be referred to the first an- 


tenna. Certain spacings between antennas are also 
equal giving further simplification, such as 
Zi c= Li. (4) 


If A is the symmetrical determinant formed from the 
coefficients of (1), Zin, then by use of (2)—(4) 


AN GYAN a APE AVY A a AT ry Ac 


Zi Zi Zig 
Z13 Zig Zu 
ve Zu4 Zu (s) 
Z15 Zu 
Z16 Zu 
Z13 Zi 
Z18 Zi 
The solutions for the currents are 
8 
Sele 
n=1 
I; = Fi (6) 


where 7 has the value 1 through 8 and A,, are the co- 
factors of A. From Fig. 1, 


Ey = Eve? Es = Eye~’¥ 
Ey = Eve? Ey = Eye -i* 
Ey = Eye? Ez = Eoe-® (7) 
E,= Eye? By = Eye-tt 
where the phase angles are 
d ? 
 aegyan aban: gy Sha 
w= cos (0-9) p= S sin @ — 0) (8) 


Because of the way in which the array is connected, the 
currents into the goniometer circuit are 


Ins = YO le cal & (Ts + Is) 


Dow = [grt dg =, (Ur + Js). (9) 
Substituting (6) into (9) yields 
8 
Align = 3B En(Ant Sie a Ans = Ans) 
n=1 
8 
Ll ae = S¥ En(Ans =f An Sas Ant = Ans) (10) 


n=1 


4E. A. Guillemin, “The Mathematics of Circuit Analysis,” John 
Wiley and Sons, Inc., New York, N. Y., ch. 1, “Determinants,” pp. 
1-29; 1949, 
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The goniometer search coil voltage is 


Eee = Zglns sine —Z Al én COS € (11) 
Dat tnce 
i ail 3 E,(Ant ot Ane) Blas Ans) Sin € 
A n=1 
8 
a 3 En(Ans + Ans — Anz — Ans) cos |. (12) 
n=1 


Due to the complex form of (10), | Eve will, in general, 
have some minimum value at the observed bearing 
rather than the value zero. The position of the search 
coil at this minimum is found by taking the derivative 
of the magnitude of E with respect to € and setting it to 
zero. When this is done, the following is obtained: 


2(ac + bd) 


tan 2e = ’ (13) 
(f+ a) — + 8 
where 
8 
a + qb — 3S E,(An + Ang oe Ans = Ane) 
Slt 
8 
Cc + qd = De En(An3 42 An a Anz — Ans), (14) 
=! 
and the error is 
A=e-—8@. (15) 


In order to obtain results suitable for computation, it is 
necessary to reduce (13) to a simpler form. The greatest 
simplification occurs when it is assumed that all mutual 
impedances are zero and, therefore, that the antenna 
currents are determined by the impedances Z;; only. In 
this case, (6) becomes 


AiE; 
| A ’ (16) 
and (13) reduces to 
Bagh Pay p k 
sin (= sin 6 cos r) cos (= cos @ sin r) 
tane = (ie) 


_f@ ? , : 
sin Bee GaSe cos p } Cos Gi ea 


a result which has been published previously.!~* 

The next order approximation assumes that the cur- 
rent in any one antenna is determined by the self im- 
pedance of that antenna, the goniometer input imped- 
ance, and the mutual impedances between that antenna 
and each of the others. It is assumed, therefore, that 
coupling between any two antennas does not affect the 
current in a third antenna. In this case, the cofactors 
Aw are 


Aqv=ZyAy and Aj ="0, (18) 


when 


iA k, 1 = 2, “andempmeene. 
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When these are used in (6), (9), and (12), the observed 
bearing (13) becomes 


2[AC+R(AD+CB)+(R2+ X2) BD] 


tan2ze= ? (19) 
(A2—C?)+2R(A B—CD)+(R?+X?)(B?—D") 
where 
A = sin (= cos 8 cos °) cos (= sin @ sin ) 
@ 
B =.cos (= sin 6 cos p) sin ( sin i cos 6 sin °) 
Cs sin (= sin 8 cos 0) cos (= cos @ sin ») 
= COS (= cos 6 cos ») sin Gs sin @ sin ») (20) 
: —Zi4 
Reape = (21) 


Zu i Z12 i= Z15 Fmt Z16 


When R=0 and X =0, (19) reduces to (17). When only 
X =0, (19) reduces to 


(22) 


It is particularly important to note that the goniometer 
impedance can control the spacing error to some degree, 
since, when Z, is sufficiently high, (21) reduces to a 
small quantity and (16) is approximated. Another spe- 
cial case of interest is the condition of p=223°, since, in 
this case, all eight antennas are equally spaced. When 
this is true 


Zi. = Lig 

Avan 2a (23) 
and with the approximation of (18), 

Aig = Ais 

Ay = Aus, 
so that (21) reduces to 

Rat ie (24) 
Bee 
Zin — Zi4 


In Fig. 2, (19) has been plotted for four specific cases. 
A value of 6 = 22°30’ has been selected, since it is evident 
that (19) is an octantal error curve and the maximum 
error will occur near azimuths of 22°30’, 67°30’, etc. 
Since earlier work suggests p=27°15’ as a value for 
element spacing, three curves are shown to illustrate the 
effect of R and X at this value. For comparison, the 
curve of 6=22°30’ and p=22°30’ with R=0 and X=0 
is also shown. It is evident that a substantial increase in 
error occurs as R increases to a value of 0.5. A further 
slight increase occurs when R=0.5 and X=0.5. It ap- 


6: 22° 30' 
p=22° 30' 


DEGREES ERROR 
to} 


ia) 


8=22° 30' 
p=27°15' 
R=.5 X=.5 


SPACING IN WAVELENGTHS 
Fig. 2 


pears that the effect of X is secondary to R, estimated 
_ from mutual impedance curves for the particular an- 
- tenna in use. Error curves which resemble p =27°15’, 

R=0, X =0 for cases when R40, X €0 will be a com- 

promise between p and R and to a lesser extent X. 


CONCLUSION 


Earlier analyses of the eight-element Adcock suggest 
values of angular spacing which are greater than are 
_ likely to be required in practice. The more accurate 
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values for p can be determined with the aid of (13) or 
(19) and a knowledge of the mutual impedances between 
antennas. In practice, the exact value of p best suited to 
a particular antenna will depend on the antenna self and 
mutual impedance, and, therefore, the frequency and 
dimensions of the antenna. The error will also depend on 
the goniometer impedance, since Zu=Z,+Z,. The 
manner in which the error depends on these factors is 
quite complicated, particularly if the antenna is other 
than a simple thin monopole. For this reason, it appears 
likely that the proper value for p can be determined 
most quickly by measurement of Rand X at a particular 
value of p using the approximation of (18). The problem 
will be further complicated by the fact that, in general, 
R and X will not be constant with frequency. One 
estimate, made for thin monopoles at p=27° based on 
published mutual impedance curves® and calculations 
made from the general expression for mutual impedance 
between two dipoles,® indicated that these values of R 
and X will increase with frequency and may double in 
value over the operating frequency range of the array. 
The values of R=0.5 and X =0.5 are not intended to be 
representative of any particular antenna configuration, 
but it seems reasonable to expect values of R between 
0 and +1, as is apparent from (24). 


5 E. A. Laport, “Radio Antenna Engineering,” McGraw-Hill Book 
Co., Inc., New York, N. Y., pp. 533-536; 1952. 

8 J. D. Kraus, “Antennas,” McGraw-Hill Book Co., Inc., New 
York, N. Y., ch. 10, sec. 10-5, “Mutual Impedance of Parallel An- 
tennas Side by Side,” pp. 265-268; 1950. 


Correction 


Benjamin Lax, chairman of the Combined Panel Ses- 
_ sion on Propagation in Doubly-Refracting Media and 
- Future Directions for Research in Electromagnetic 
Wave Theory in Modern Physics, has requested that 
the following correction be made to the transcript of 
the discussion of papers, which appeared on pages 567— 
~ 577 of the July, 1956 issue of IRE TRANSACTIONS ON 
_ ANTENNAS AND PROPAGATION. 
On page 568, in the first column, the comment by 
_ G. T. Rado should read as follows: 
~ When I read Dr. Hogan’s paper in the Journal of 
Applied Physics,’ I noticed that he decreased the low 
frequency limit of some microwave ferrite devices by 
decreasing not only the saturation magnetization but 
also the anisotropy. The reason for having to decrease 
_ both of these parameters is that this low frequency limit 
is caused by the natural microwave resonance in fer- 


uy Dealt rae 


rites. This microwave resonance, in turn, is determined 
not only by the saturation magnetization but also by 
the magnetocrystalline anisotropy, as we showed several 
years ago. One of the methods we used for demonstrat- 
ing this role of the anisotropy consisted in adding to 
lithium ferrite such an amount of zinc that the satura- 
tion magnetization stayed roughly constant whereas the 
anisotropy decreased. We found experimentally that 
the microwave resonance did shift to lower frequencies 
after this particular amount of zinc was added. These 
studies showed that in order to decrease the microwave 
resonance frequency it is necessary to decrease the 
anistropy as well as the saturation magnetization. A 
significant aspect of Hogan’s work is that he obtained 
not only a low anisotropy (and low saturation mag- 
netization), but at the same time a nonlossy dielectric 
constant. 
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On the Synthesis of Line-Sources and Infinite Strip-Sources* , 
J. L. VENT ) 


Summary—lIn this investigation Woodward’s synthesis problem 
for line-sources and infinite strip-sources with arbitrarily spaced 
sample points is discussed on the basis of the well-known sampling 
theorem of bandwidth limited functions. Herein is described a method 
of synthesis based on the migration of zeros of the integral function 
(sin ru)/7xu from which all possible solutions of the problem can be 
derived. Because of the nonuniqueness of the solution, a criterion is 
introduced, to derive a unique distribution function so that the inte- 
grated value of its squared magnitude is a minimum. It turns out 
that the solution under this criterion coincides with the one obtained 
by Woodward and Lawson. Examples are given to illustrate the dif- 
ferent solutions obtainable for particular problems, and the signifi- 
cance of the least integrated squared magnitude criterion. 


INTRODUCTION 
lis: SPACE factor in the radiation patterns of 


both a line-source lying on the x axis between 

x= +a and an infinite strip-source lying on the 
y=0 plane between x= +a with edges parallel to the 
Z axis as shown in Fig. 1 can be expressed as follows! 


si) att ipu)d 1) 
(w) == i (p) exp (ipu)dp. (1) 


= 


- TO OBSERVER 


LINE SOURCE 


INFINITE STRIP SOURCE 


Fig. 1 


Here, u=2a/) cos 6, p=7x/a and g(P) is the distribution 
function describing the source distribution along the 
x axis. For the infinite strip-source, it is further assumed 
that the distribution is uniform along the zg axis. The 


* Manuscript received by the PGAP, November 25, 1955; revised 
manuscript received, July 25, 1956. This work was supported by the 
Defense Res. Board of Canada, Grant DRB 5540-02. 

t Univ. of Toronto, Toronto, Ont., Canada. 

1H. J. Riblet, “Note on the maximum directivity of an antenna,” 
Proc. IRE, vol. 36, pp. 620-623; May, 1948. 


value of the space factor S(u) for | | <(2a/h) belongs 
to the visible spectrum; 7.e., the radiation pattern. For 
| w| >(2a/d), the value of S(u) belongs to the invisible 
spectrum and is associated with the energy storage in 
the near field. The properties of S(u) have been dis- 
cussed thoroughly by Taylor? with special emphasis on 
the position of zeros. The synthesis problem, namely 
that of finding a distribution function g(p) which pro- 
duces a space factor S(u) satisfying certain prescribed 
conditions in the visible range, has been investigated 
by many authors. In particular, Woodward,’? and Wood- 
ward and Lawson! considered the assignment of S(z) at © 
a finite number of sample points in the visible spectrum, 
and Knudsen® stressed the relation between this prob- 
lem and the well-known sampling theorem of bandwidth 
limited functions. 

In this investigation Woodward’s problem for cases 
with arbitrarily distributed sample points is discussed 
on the basis of the sampling theorem. A method of syn- 
thesis, based on the migration of zeros of the integral 
function (sin 7u)/au from which all possible solutions 
of the problem can be derived is described. This method 
can be considered as a generalization of the sampling 
theorem for bandwidth limited functions to nonuni- 
formly distributed sample points. Because of the non- 
uniqueness, a criterion is introduced, to derive a unique 
distribution function so that the integrated value of its 
squared magnitude is a minimum. It turns out that the 
solution under this criterion coincides with the one ob- 
tained by Woodward and Lawson. However, the method © 
employed here offers a slight reduction in the numerical 
work involved. For problems that require the migration 
of outside zeros into the visible spectrum, the use of the 
above criterion results in the integrated values of the 
squared magnitude of the distribution functions being 
less than those obtained without invoking the criterion. 
Such problems belong to supergain situations. For cases 
which can be synthesized without migrating outside 
zeros into the visible spectrum, the improvement ob- 
tainable in using the criterion is less pronounced. 


2 T. T. Taylor, “Design of line-source antennas for narrow beam- 
width and low side lobes,” IRE TRrans., vol. AP-3, pp. 16-28; Janu- 
ary, 1955. 

* P. M. Woodward, “A method of calculating the field over a plane 
aperture required to produce a given polar diagram,” J.IEE, vol. 93, 
pt. 3a, pp. 1554-1558; 1946. 

_ 4 P.M. Woodward and J. D. Lawson, “The theoretical precision 
with which an arbitrary radiation pattern may be obtained from a 
re of finite size,” J.[EE, vol. 95, pt. 3, pp. 363-370; September, 
1948. 

°H. L. Knudsen, “Shannons tidsopdelingssaetning og superfor- 
staerkning hos antenner,” Sartryck ur Teknisk Tidskr., vol. 82, pp. 1- 
8; December 2, 1952. 
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} SOME PROPERTIES OF THE SPACE FACTOR S(u) 


Before proceeding to a consideration of the synthesis 
| problem, it is necessary to review some properties of the 
space factor S(w), as given in (1), from a viewpoint 
‘ based on the sampling theorem for bandwidth limited 
functions. When # is considered as the angular fre- 
_ quency, the space factor S(u) becomes a “bandwidth 
limited” function, limited within the band |p| <7. 
_ From the well-known sampling theorem®* such a func- 
_ tion is uniquely determined by its values at a series of 
sample points spaced at unit intervals extending to- 
_ wards infinity on both sides. In general, the members of 
_a set of points spaced at unit intervals can be written 
as u=c-+n, where |c| <1 and misa positive or negative 
; integer including zero. In order to avoid confusion, in 
_ later discussions such points will be called unit sample 
_ points. Let the value of S(u) at the unit sample points 
_ be called unit sample values. Then the sampling theorem 
states that the unique reconstruction of the function 
_ from its unit sample values is 


(—1)"sin r(u — c) 


S(u) = os S(¢ + n) 


n=—o 


(2) 


a(u—c—n) 


_ The function S(u) can be considered as composed from 
_the unit sample values S(c-+-n) by means of the com- 
posing function 


(—1)" sin r(u — c) 


(3) 
w(éti— ¢ — n) 

This composing function is an integral function with 
_ zeros at u=c+m, m¥n, and takes on the value unity at 
-u=c-+n. The associated distribution function g(p) is 
- proportional to the Fourier transform of (2) 


io} 


Z r 
“3 — > S(ctn) exp —i(ctn)p, 


St; 
lp) =} 4rd ne ONS 
‘_ 0, | p| Te 


S 


_ A knowledge of all the unit sample values determines 
“uniquely a space factor and the corresponding distribu- 
‘tion function. However, in synthesis problems only a 
finite number of assignments are usually imposed. More- 
“over, the assignments may not be made at unit sample 
points. Thus, the sampling theorem must first be modi- 
‘fied to take into account arbitrarily spaced assigned 
sample points. Secondly, the unassigned sample values 
can be manipulated to obtain different solutions of the 
‘synthesis problem. These aspects will be discussed in 
“detail in the following sections. 


: 6 J. M. Whittaker, “Interpolatory Function Theory,” Cambridge 
Tracts in Math. and Math. Phys., no. 33, ch. 4, Cambridge, Eng.; 
1935. 


Yen: On the Synthesis of Line-Sources and I nfinite Strip-Sources 41 


WooDWARD’s PROBLEM AND SYNTHESIS BY 
MIGRATION OF ZEROS 


Woodward’s synthesis problem consists of finding a 
distribution function g(p) that generates, according to 
(1), a space factor S(w) whose values are prescribed at 
N assigned but arbitrarily located sample points in the 
visible spectrum, namely, u=u,, n=1,---, N, 
| an S<(2a/d). Any function S(u), which can be ex- 
pressed in terms of a distribution function g(p) in the 
form of (1), and which satisfies the prescribed condi- 
tions, is called an admissible space factor of the problem. 
Since there is more than one admissible space factor to 
Woodward’s problem, its solution is nonunique. With- 
out loss of generality, consider a simplified problem 
where the prescribed values at the N assigned sample 
points u, are all zero except for one of them, say 4w,, 
where the value is unity. Let S,(u) be an admissible 
space factor of the simplified problem and let the cor- 
responding distribution function be g,(p). The condi- 
tions on S,(u) then become 


ee O nae" {ire ene (5) 


The solution of the general synthesis problem can be 
regarded as a superposition of the solutions of these 
simplified problems; 7.e., S(w) and g(p) can be expressed 
as superpositions of S,(u) and g,(p) respectively, where 
s runs through the integers between 1 and WN. 

In order to solve the simplified problem, it is con- 
venient to first find an admissible space factor, and then 
to derive the corresponding distribution function. Con- 
sider the expression of the space factor in terms of its 
unit sample values as given in (2). In general, the choice 
of the assigned sample points u, is arbitrary as long as 
they are in the visible spectrum. By a suitable choice of 
the constant c, some of the N assigned sample point u, 
can be made to coincide with some of the unit sample 
points c+ as shown in Fig. 2(a). Let there be K points 
of coincidence denoted by u=c+;, wherek=1,-+-:,K 
and n; belongs to a set of K integers, while the remaining 
M=N—K assigned sample points be designated by 
Uu=Um, m=1, +--+, M.Toreduce the numerical work in- 
volved in subsequent steps, the constant c should be 
chosen so that the number of coincidence K is as large 
as possible. For any choice of ¢ there are two possibili- 
ties. Either the particular assigned sample point u, at 
which the assigned sample value is unity does coincide 
with one of the unit sample points, say “,=c-+m; where 
n,is one of the K integers m,; or, it does not coincide with 
one of the unit sample points in which case it can be 
identified by u;=v; where v; is one of the M values Im. 
Since the two cases lead to different results, they will be 
considered separately. 

Consider first the case that u,=c-+m; 7.e., when the 
only nonvanishing assigned sample value occurs at a 
unit sample point. The prescribed constraints as given 
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(b) 
Fig. 2 


in (5), when applied to expression (2) for the space 
factor, are reduced to 


(—1)"¢ sin r(# — c) 


S;(u) = 


1(u— ¢ — nN) 


i pad3 


N=—O NAN 


SP UF 


seu (—1)"sin r(u — c) , 6) 
T(u—c— 7) 


rr (7) 


For the well-known special case where all the as- 
signed sample points coincide with unit sample points 
the constraints as given in (7) do not appear. This 
means that the unit sample values not corresponding to 
assigned sample points can be varied at will without 
affecting the admissibility of (6). In the usual solution 
all such unit sample values are taken to be zero thus 
resulting in an admissible space factor of the form (3) 
with 2 replaced by 1. 

In the general case the M constraints in (7) require 
that at least M of the unit sample values contained in 
the sum of (6) be nonvanishing. Let it be assumed*that 
the allowed nonvanishing values occur at the M unit 
sample points u=c+7m, where 7m for m=1,-++-+, M in- 
dicates M integers not equal to 1. These M unit sample 
values S(c+r,) are then adjusted to satisfy the con- 
straints (7). The result is that the M zeros at u=c+r, 
of the integral function as given in (3) or in the first term 
of (6) are migrated to u=v, due to the sum in (6) as 
illustrated in Fig. 2(b). Thus, the effect of displacing 
some of the assigned sample points from unit sample 
points on the admissible space factor as given in (3) is to 
migrate the zeros from these unit sample points to the 
assigned sample points. Since only the zero pattern is of 
importance, the lines joining the zeros in the two zero 
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patterns in Fig. 2(b) are arranged so that they do not 
cross each other. Such an admissible space factor 1s 
given by 


Il (mt — Tm) 
I] (i + ¢ — am) 


™m 


(—1)"‘ sin r(u — ¢) 


Oe a(u— ¢ — Nt) 


Tl@-»,) 


™ 


“Tl @ = = rm) 


m 


(8) 


That (8) is of the same form as (6) can be seen from the 
partial fraction expansion of the last quotient. Also the 
M constraints (7) are satisfied due to the form of the 
numerator of the last quotient. The second factor is the 
normalization factor so that S,(c-++:) =1. The required ~ 
distribution function is obtained by substituting the 
values of (8) for u=c-+n into (4). 

If u,=v;; 1.e., when u, does not coincide with one of 
the unit sample points, (8) can be replaced by 


Ti (4 — Um) 


sina(u—C) = mst 


SS sin r(v, — c) [] (uw —c — rm) 
Il Gp e = Fa) 
™ : 9 
II (% — Um) y 


The general synthesis problem; 7.e., when S(u,) are 
arbitrarily assigned, can be treated as a linear combina- 
tion of the above two types of solutions. Thus, in 
general 


S(u) =F Su) Siu). (10) 


The associated distribution function is therefore 


x a) N 
me = D2 S(us)S.(¢ + n) exp —i(c + n)p, 
n=—0 s= | p| <7; (11) 
0, |e] >. 


g(p) = 


The space factors (8), (9), and (10) together with the 
corresponding distribution functions do not form the 
only solutions of the synthesis problem. By varying 
rm} 1.€., by migrating some other zeros to vm, different 
solutions are obtained. In addition, any linear combina- 
tion of these is again a solution. The unique reconstruc- 
tion of the space factor in terms of its unit samples is 
given in (2). By means of the above procedure all possi- 
ble combinations of unit sample values, which produce 
admissible space factors, can be obtained. Hence, all 
possible solutions to the synthesis problem can be de- 
rived in the above manner. 
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Note that (8) and (9) can be considered as the com- 
posing functions for a generalized sampling theorem 
where M of the unit sample points located at u =Cc+rm 
are displaced to u=v,,. The function S(z) limited within 
the band | p| Sz can be reconstructed from its values at 
U=C+TN, NAVm, and u =m, by means of these generalized 
composing functions. 


THE LEAST INTEGRATED MAGNITUDE SQUARED 
DISTRIBUTION FUNCTION 


In view of the existence of the multitude of solutions, 
the question arises as to which particular one is to be 
used. For a line-source one may ask what distribution 
function gives a minimum value of ohmic loss. This 
implies that the integrated value of the squared magni- 
tude of the distribution function | g(p)|? must be a 
minimum. Due to its simplicity, this criterion is applied 
_in the following, yielding a result identical to the one 
obtained by Woodward and Lawson. In general, the 
criterion is related to a minimum energy storage in the 
near field and a minimum value for the supergain ratio 
as defined by Taylor. 

Consider again the simplified problem, namely that of 
finding S,(u) and the associated g(p) so that S,(u,) =1, 
S;(Un) =0 n#s. Now, however, a solution is sought for 
which the integrated value P of the squared magnitude 
of the distribution function g(p) is a minimum. From 
Parseval’s theorm, P can be expressed in terms of the 
uniformly spaced values S,(c+7) as follows 


T 1 Xr 2 
p= {| s))ae - --(--) 


_ Since the values of S,(c+n,) are prescribed, the problem 
reduces to that of determining a set of values S,(c+7), 
nn, which will minimize the quantity 


3 | S.(c + n) |, (12) 


n>=—o 


Dates det my, (13) 
n=—wFn}, 
under the M constraints 
0 
Ss(%m) = { \. (14) 
64™ 


“ Here, as well as in the following, the upper term in the 
braces is used for the case when u,=c-+m;, whereas the 
lower term is valid for u, =. 

‘In general S,(c+) may be complex, hence let 


S(c+n) =R(c+n)+ i.(c+n), A ne. 
By the method of Lagrangian multipliers the following 


quantity is to be minimized 


e [R.(c + n)? + I(¢ + »)?] 


N=—oOFN} 


(15) 


M © (—1)"2,(¢ + n) 
oe 


m=1 n=—xeene i aa ee 
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M (-1 nt 
<a aa a 
m=1 Unum Coy 
6,™ 


Ks > (—1)"R.(6 + |. 


N=—OENE Um — Cn 


(16) 


Here, Mn and d\» are 2M undetermined real Lagrangian 
multipliers. 

On differentiating (16) with respect to R,(c+n) and 
I.(c+n), n¥nx, and equating to zero, one obtains 


i] M rg NES 
Re ee ) ’ 
Deen Um —C—N 
{77 ; —1)" 
Rica Oe eee em nny (17) 
1, em Um —G—N 


Substituting the above values into (6) and remembering 
the “consistency’”’ property® of the sampling theorem; 
4.€., 


sin (4% — Um) 2 sin (tm — c) sin r(u — c) 


» (18) 
T(U — Um) n=—0 T(Vm — 6 — nN) r(u—c—n) 

it follows that the space factor corresponding to the 
distribution function with the least integrated squared 
magnitude is 


en oy, Om + ifm) 


2 m=1 


Sa) i= 


(—1)"* sin x(u — c) ils ous 
m(u — ¢ — Mm) | 
0 
[ sin 1(t% — Um) 


(1% — Vm) Sin r(U — Um) 


: 3 sin 1(u — c) i} (19) 


k=1 (Vm — C — Nx) (u% — C — Nk) 


In order to find the M multipliers Xm, (19) is substituted 
into (14) resulting in the following set of M equations 


M Phe 


1 K 
Aj~- —, sin? (0; -) >> 
Tv 


k=1 m=1 (Um ee Ga nx) (0; = Cs Nk) 


2(—1)"*+1 — sin? x(v; — c) | 


td vj—-C— mM 


= , f= 4-0 ML (20) 


2 sin r(v, — ¢) i | 


Tv 


For the remaining M multipliers u,, a similar set of 
equations can be derived with X,, replaced by wm and 
the right hand side replaced by zero. The solution of 
this set of 2M equations completely determines the 
space factor S,(w). For the most cases it can be assumed 
that the set of equations has a unique solution hence, 
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Wm =0 and I,(c+n)=0. Thus, S,(c+m) is real and is 
equal to R,(c+7) as given by (17) with d,, satisfying the 
set of (20). 

In general, all the S,(c-++) for n= mn, as given in (17) 
are nonvanishing. Hence, the S,(w) thus derived can be 


considered as the result of migrating an infinite number — 


of zeros of the integral function 


sin r(u — ts) 


1(u — Us) 


This fact shows that the method described here is essen- 
tially a limiting form of that given in the last section. 
Notice that (19) can be rearranged to read 


N sin r(u — Un 
Su) = see eal 


nal a(U— Up) 


(21) 


where the coefficients a, can readily be obtained in 
terms of \» by means of term by term comparison. The 
corresponding distribution function is therefore 


paee es = | | 
Qn EXP Un 4 ES Ty; 
| x ( p) p | 


0, |p| >-. 


g(P) = (22) 


_The above result is nothing but the form adopted by 
Woodward and Lawson‘ from numerical experience in 
order “to avoid any tendency for the composite pattern 
to oscillate violently between the fixed points.” In the 
present procedure the number of simultaneous equations 
to be solved, is M. By a proper choice of the constant 
c, M is always less than N, the number required in 
Woodward and Lawson’s method. Hence, the use of 
(20) offers a slight reduction in the numerical work 
involved. 

For the special case, when all assigned sample points 
coincide with unit sample points, it is obvious that (19) 
would reduce to a single term; 7.e., the space factor as 
given in (6) with all unit sample values in the summa- 
tion equal to zero corresponds to the least integrated 
magnitude squared distribution function. 

Since the M constraints given in (14) are linear in 
S;(c-+n), the general synthesis problem can be treated 
in exactly the same manner. The result is again the 
superposition of the S,(u) derived in this section as given 
by (10) and (11). 

The criterion adopted here can, in a rather loose 
manner, be put in terms of the supergain ratio y as de- 
fined by Taylor! 


1 w 
— 1 | g(p) |*dp 
ri, De) ae 


sie oN 2a/d 2 
(~-) i) S(u) du 
Ara —2a/d 


January 


4at9' Gp) 


(a) 


(b) 
Fig. 3—Supergain example; n=2, re= —2; P=18.06. 


For those g(p)’s which give nearly the same visible 
spectrum, the one with the least integrated value of the 
squared magnitude of g(p) will also give a minimum 
value to the supergain ratio y. Due to the large values 
of g(p) in cases where zeros in the invisible spectrum 
have to be migrated into the visible spectrum, such 
cases are said to belong to the supergain situation with 
large values of y. 


EXAMPLES 


Figs. 3-5 show the space factor S(u) and the corre- 


sponding distribution function g(p) for the following 
problem 


Un —1 —} 0 


SUA )= —Oupu 1 


1 
0. 


CO wie 


The aperture width is 2a/A = 1. Obviously c can be chosen 
to be zero, and the solution of this problem requires the 
migration of the zeros of (sin wu)/mu into the visible 
spectrum from the invisible spectrum. Thus the prob- 
lem corresponds to the “supergain” situation. Three sets 
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(a) 


Invisible 
Spectrum 


(b) 
Fig. 4—Supergain example; 71=3, r2= —3; P =97.64. 


of solutions are plotted, one for migrating the zeros at 
u=+2 to w= +3 (Fig. 3), one for migrating the zeros 
at u= +3 to u= +3 (Fig. 4), and a third which gives 
the least integrated value P of the squared magnitude 
of the distribution function (Fig. 5). Since both S(u) 
and g(p) are even functions, only the values for “20 
and p=0 are shown. Notice that the scale used for S(w) 
in the invisible spectrum is larger than that in the visi- 
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Invisible 
Spectrum 


Cb) 


Fig. 5—Supergain example; least integrated squared mag- 
nitude distribution; P =14.02. 


ble spectrum as a result of the supergain situation. 
From the corresponding values of P given in the figures, 
it is obvious that the last solution actually has a value 
of P less than the other two. Also, it can be seen that the 
visible spectrum remains essentially the same for all 
three solutions while the invisible spectrum has a lower 
magnitude for the last. This means that the last solution 
has a lower value of storage energy and a lower super- 


gain ratio. 
Figs. 6 and 7 show two solutions of the problem 


2 3 4 5 


ye 
1/4 3/16 3/20. 


iiaad 36 201 
3/4 3/8 


SEE PO MOLTO NTO 
This visible spectrum corresponds to the well-known 
“cosecant” pattern. The width of the source is 2a/A=5. 
By choosing c=0, all the assigned sample points, except 
u=#%, coincide with some of the unit sample points. A 
solution can be obtained by migrating the zero of 
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42 (gio) 
3 


2 


Visible Spectrum 
(b) 


Fig. 6—Cosecant example; 7, =0; P =0.01504. 


sin 7(u — n) 
ee att = 0. to n=: 
a(u — n) 4 


Thus the synthesis can be carried out without the mi- 
grations of zeros from the invisible range into the visible 
spectrum. This solution is shown in Fig. 6. Another 
solution corresponding to the least integrated squared 
magnitude criterion is given in Fig. 7. Since the mag- 
nitude of the distribution function is an even function 
in p, only the values for p>0 are plotted. The phase of 
the distribution functions are omitted from the figures, 
because the main interest here is the values of P. By 
comparison, it is evident that the improvement of the 


January 


seu (H (0) 
yes 


Visible Spectrum 
(b) 


Fig. 7—Cosecant example; least integrated squared mag- 
nitude distribution; P =0.01333. 


second solution over the first, in regard to the value of 
P is rather small. Besides, this improvement is accom- 
plished at the expense of larger variations in the visible 
spectrum between the assigned sample points. Thus, for 
cases where it is not necessary to migrate zeros into the 
visible spectrum from outside, the minimum P criterion 
does not seem to be very significant. 
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Radiation Characteristics with Power Gain for 
Slots on a Sphere* 
Y. MUSHIAKE} anp R. E. WEBSTER} 


Summary—Radiation patterns, impedances, and power gains of 
nonsymmetrically excited narrow slots on a sphere are considered. 
Numerical calculations of higher order ¢-dependent modes of the 
radiation and admittance functions are discussed. These functions 
are applied to obtain the radiation characteristics of an equatorial 
slot backed by a radial transmission line and excited by feed points 
along the slot periphery. This geometry is treated directly as a bound- 
ary value problem, no assumption of aperture field distribution along 
the slot being made. Further application is shown for half wave slots 
on the sphere and for determining gains of uniformly excited zonal 
slots as a function of their location. Experimental results simulating 
the asymmetrically excited equatorial slot geometry are given. 


INTRODUCTION 
JR iscussea characteristics of a sphere have been 


discussed by a number of investigators in recent 

years. Perhaps the most notable contributions 
are those by Stratton and Chu,! Schelkunoff,? Bailin 
and Silver,’ and C. T. Tai.4 Rather extensive numerical 
calculations have been made of impedances for the 
symmetrically excited case,*-* and some vertical-plane 
radiation patterns have been obtained.’ General ex- 
pressions of the electromagnetic fields outside a sphere 
have also been given in terms of the tangential field dis- 
tribution over the sphere.!® There is, however, no dis- 
cussion or formulation treated from boundary condi- 
tions for nonsymmetrical feed geometries," and little 
quantitative data is available for such excitation. The 
work described in this paper is concerned with this 


* Manuscript received by the PGAP, February 6, 1956. 

+ Tohoku Univ., Sendai, Japan. Formerly with the Antenna Lab., 
The Ohio State Univ. Res. Foundation, Columbus, Ohio. 

tt Antenna Lab., The Ohio State Univ. Res. Found., Columbus, 
Ohio. 

1 J. A. Stratton and L. J. Chu, “Steady-state solutions of electro- 
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‘March, 1941. i 

2S. A. Schelkunoff, “Principal and complementary waves in an- 

tennas,” Proc. IRE, vol. 34, pp. 23P-32P; January, 1946. 
i 3. L. Bailin and S. Silver, “Exterior Electromagnetic Boundary 
Value Problems for Spheres and Cones,” Tech. Memo. No. 305, 

Hughes Aircraft Co. Res. and Dey. Labs., Culver City, Calif.; July, 
£1953. 
4C. T. Tai, “Some Electromagnetic Problems Involving a Sphere,” 
Tech. Rep. No. 41, S. R. I. Project No. 591, Aircraft Radiation Sys- 
tem Lab., Stanford Res. Inst., Stanford, Calif.; April, 1953. 

5 Stratton and Chu, loc. cit. 
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April, 1952. 
10 Bailin and Silver, loc. cit. F 
1 Geometries similar to those discussed here have been treated in- 


dependently by R. C. Hansen at the Univ. of Illinois recently, but his 
‘results have not been published. 


aspect of the spherical antenna problem. 

In the next section a conventional formulation is 
given for the fields of a spherical antenna in terms of the 
tangential electric field on the surface of the sphere. The 
problem of interest, however, is to obtain solutions for 
known feed systems without assuming aperture field 
distributions. The higher-mode radiation admittance 
Y,° is then defined with this end in mind. The radiation 
function D,, is also defined, and expressions for the far 
field and power gain of narrow slots are obtained. 

After evaluations of these functions for higher modes 
are obtained, their applications are discussed in a bound- 
ary value problem where the given conditions are cer- 
tain distributions of feed currents. The basic geometry 
is a narrow equatorial slot backed by a radial transmis- 
sion line. Radiation patterns and gains are computed, 
and corroborating experimental results are shown. 

The functions Y,,° and D,, are also applied to the rela- 
tively simple problem of obtaining the radiation char- 
acteristics of slots with assumed aperture field distribu- 
tions. The interesting resulting gains are shown for uni- 
formly excited zonal slots as a function of their location 
and for half-wave equatorial slots. 

The rationalized mks units system is used throughout. 


FORMULATION FOR SPHERICAL ANTENNA 
Higher-Mode Radiation Admittance 


Let us consider a perfectly conducting sphere with a 
narrow zonal slot as illustrated in Fig. 1, and let R, 0, ¢, 
be the spherical coordinates, “a” the radius of the 
sphere, 0=6, the position of the slot, and 2a@ the width 
of the slot with respect to the angle @. Since a general 
electromagnetic field for a sphere can be constructed by 
a summation of various higher modes, we first discuss 
¢-dependent mth higher modes for which the distribu- 
tion of the electric field over the sphere is given by the ~ 
following function: 


Em cos md, 0; —-a <6< +a 


Eo”¢(a,6,%) = 1 
Pte © eae canes (1) 


and 
E,™¢(a, 0, 6) = 0 (over all the sphere), (2) 


where E,» is an unknown constant to be determined 
later, and the common time factor e’*' is omitted in 
these equations. 

Under this condition the exterior field of the sphere 
can easily be obtained in terms of E,, by applying the 
formulas already given by several other authors!” 12, 7.¢., 


12 Tai, loc. cit. 
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and p the electromagnetic constants of the medium out- | 
side the sphere and k=wv/ye. 

The total electromagnetic field for this antenna is ob- 
tained from a summation of these mth mode contribu- 
tions, for example, 


Eg? a Ds Es? 
pF sete (7) 
He = >> Hite ' 


Now, let us define the amplitude of the gap voltage 
along the narrow slot by the following equation: 


Oita 
Vn = f E,ad@ = 2aaEmn. (8) 
$ O;-—a 
Fig. 1—Sphere with a narrow zonal slot. 
= n(n +1) kahy (RR) ] 
E = — EH, cosm B,” ——_ ——————__ P,.” 6 
ce $2 RR [kah,‘?(ka) |! ee | 
hn (RR) mP,™ RRh,® (RR 
Ey = — Em cosms Yo {ayn OO ™ oo Pee ee — 
! n=m hn (ka) sin @ R [kah,®(ka)|’ 0 
Jin ® (RR) dP” Rh, ' _™ 
feeeet Jn (RR) dP am nm 2 [Rin (RR) |’ mP \ 
a h,?(ka) 6 R_ [kah,®(ka) |’ sin 0 
2 n(n + nn + 1) be Dae 
Hpm = — meee ite ah Tastee SER Bus m 
R j sin me. 7 Aas Ga 1, (ha) P,™(cos @) | 
& RRh,® (RR dP,” wi) m 
Hye = — if Em sin md {4, Ae | \ LR, ve a Bac seth oe Le \ (4) 
ae: RRh, BRI ® (ka) db [Rahn (Ra) |’ sin @ © 
: = RRh, “m mc) m 
ye vibe i pss {a [ (RR) |! mP. sles kah,®(RR) dP, 
bb Paes RRh,»® (ka) sin 0 [Rahn’?(ka) |’ dé 
where 
2n+ 1 Sah je 
n” aa} at 3 P,™d6 
2n(m + 1) (n+ m)! J 6-2 A 
n+1 (n—m!) pote dP, a (5) 
BL” = - —_ :-—_——_ sin 6d6 
2n(n + 1) (n+ m)! J 6-0 
The mth mode radiation admittance Y,,° can then be 
[RRh, (RR) |’ = —— [kRA, (KR) | (6) defined as the ratio of surface current to V», such that 


ra 


and P,” (cos @) is the associated Legendre function, 
h, (x) the spherical Hankel function of second kind, « 


SEB, S — (eee eine) a 


Pr™{ cos (61 + a) | 


sin (6: + a) 2a 


€ {° m 1 
pom ULES ka) 
dP,™{ cos 6, — a)} d 
ip 


Yn° is equal to actual input admittance for the m=0 
mode. Using the expression for Hy of (4) this admit- 
tance is given as follows: 


Pam {cos (01 — a) } 


m|= 


sin (0; — a) 


: Pam { a + a)} | (9) 
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where 


kah,® 
Mi Chah 085 a (ka) 


Tieiwcay 


and 6,=1 for m=0 and 6,,=0 for m0. 


Far-Zone Field and Power Gain 


Introduction of the asymptotic expression of the 
spherical Hankel Function for large argument into (3) 
and (4) gives the far-zone field, e.g., 


Ep™’ = @) 
eikR Vv : 
Ene = — Dm cos m 
; R_ ka $ 
Cg Von b's this Ant 1 aP,™ 
Ey => —sin md >> Ory psn seed hy aad 
R_ ka in 2a h,®(ka) dé 
Bvt ka mP,,™ 
a “—t (11) 
2a [Rahn (ka) |’ sin 0 
where 
A eters mP,,” 
5 kegeggl dt Lh aeeadle Ral Ee 
>» () \i 2a hn (ka) ‘sin 6 
Bee ka dP,” 
hes a (12) 
2a [kah,(ka)|’ dé 


The total power W radiated from the sphere can be 
calculated by integrating the Poynting vector over the 
slot surface or over an infinitely large spherical surface. 
The actual expressions, as well as the resulting evalua- 
tion, of these two integrations are identical and may be 
reduced to the following form: 


Vn |? (13) 


W = >>Gnt 


m=0 


_ where 


oo 


Gut = = (1 + 8m) = . 


a” 1 Oi+a 
{° Re ( \ f mP,,™d0 
2a? M,, O;—a 
m Oita aP,™ 
+ Br Re (M,) sin aan ' (14) 
2a? O;—a@ 


Gn? can be shown to coincide with G,,’, the real part of 
the radiation admittance Y,,.°, for very narrow slots." 


Gn’ Gn? = Re (Yn*), (for narrow slots). (15) 


18 Y, Mushiake and R. E. Webster, “Radiation Characteristics 
with Power Gain for Slots on a Sphere,” Tech. Rep. No. 522-15, An- 
tenna Labs., The Ohio State Univ. Res. Foundation, prepared under 
Contract DA 36-039 sc 42548, U. S. Army, Signal Corps Eng. Labs., 
Fort Monmouth, N. J., presented at WESCON Convention, Los An- 

geles, Calif.; August 21-24, 1955. 
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Fig. 2—Radial transmission line cavity. 


From (7), (11), and (13) and the definition of power 
gain we obtain 


Ed 2 
VmnDm 
73.13 x Cre 


©3600, (hat eee 
(ka) E Go" | Va |? 
m=0 


(16) 


where G is the power gain of the sphere over that of a 
half-wave dipole for the He? component. In general 
E4°A0, but in the equatorial plane for the equatorial 
slots we find that E,°=0 from (3). 


ZONAL SLOT BACKED BY RADIAL TRANSMISSION LINE 
Higher Mode Admittance of Radial Cavity 


Consider the electromagnetic field between two per- 
fectly conducting sheets terminated by a short circuit 
at r=ro (see Fig. 2), where the gap “d” is very small 
compared with the wavelength and the radius b, and the 
electric field, at the periphery is given by 


Vin 
E.™*(6, d, Z) = ¥ cos mo, (17) 


E4”*(b, $, 2) = 0 (18) 
corresponding to (1) and (2). This distribution is that of 
a ¢-dependent TEM mode for which the ¢ component 
of the magnetic field is expressed as follows: 


aay Vn /f€ Im'(kr)Nm( kro) — Im( kro) Nm'(kr) 
1 FEV Tal Be) Nm( bro) — Jn( bre) Nn( Rr) 


(19) 


-cos md. 


The existence of TE modes is possible, but their effects 
should be small for the boundary conditions considered 
here. The total electromagnetic field for this cavity is 
expressed as a summation of the mth mode contribu- 
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tions, eé.g., where 
20 1 ; 
13 = > ar View tee Ga + Bint = Vide + Sat 
m=0 (20) Lm 
= = Gn® + j(Bm? + Bm’) (27) 
yaw = > Hyams e 
ra I = 2nbKy = b f Ko()do (28) 
Corresponding to the radiation admittance Y,,° de- —" 
fined by (9), the mth mode cavity admittance Y,,‘can be 7 
defined as follows: Hate f K4(@) cos tede 
Un = : = (29) 
2 Ko 


ge br /e. 
Yn’ = ql a On) =4/~ 
d m 


Im! (Rb) Nm Ro) — Im( kro) N m'( kb) 


eS 21) 

I m( Rb) Nm(Rro) — Im( kro) N m( kb) (\ 
Determination of Mode Amplitudes from the Boundary 
Conditions 


In the preceding sections the electromagnetic fields 
outside the sphere and inside the slot were considered 
independently. Now we connect these fields at the slot 
surface by the given boundary conditions and determine 
the mode amplitude V,,. 

Consider the general case of a given current source in 
the 6 direction with arbitrary ¢-dependent distribution 
connected across the two edges of the slot. This im- 
pressed current can be assumed to be a surface current, 
the density of which is expressed in the following form:'4 


Ko) = ss Km cos mp (22) 


m=0 


where K,, is determined by the Fourier expansion of 
Ke(¢), 1.€., 


1 
ea a acetate 
(1 + 8m) 


The boundary condition between such a surface current 
and the tangential magnetic fields Hy’ and Hy‘ is given 
by 


Ko(¢) = § [H4*(a, 61 + a, 6) + Hy*(a, 0: — a, ¢) 
— H,*(0, ¢) 


where the impressed current is assumed to be of the 
symmetrical dipole type. Introducing the expressions of 
Ko, H,* and H;,‘ into (24) with (9) and (21) we can de- 
rive the following relation for each mth mode. 


‘iz K4(o) cos m¢d¢. (23) 


(24) 


(1 + 5m) TOK m = (Van? ei nV (25) 
or 
Um 
aa (26) 


14 Symmetrical distribution with respect to @ is considered. 


(h Kode 


Thus the mode amplitude V,, is determined from a given 
arbitrary distribution of impressed current density 
K.(). Substitution of this expression for V,, in (11) and 
(16) gives explicit formulas for the far-zone fields and 
power gain. 


Single Feed Potnt 


Theoretical Expressions and Numerical Results: As an 
idealized geometry of a single feed point on the slot, 
consider a small strip on which the impressed electric 
current is distributed uniformly as illustrated in Fig. 3, 
(os 


=p o=8 
0, —-r¢<—B8,B<o8r. 


constant, 


foes ‘ (30) 


Fig. 3—Narrow zonal slot on a sphere backed with radial 
cavity and excited at one point. 


For this feed system U,» can be calculated from (29), 
and if we assume 8<0.1 we find 
sin mB 
mB 


The input impedance Z; can be defined for this feed 
system by the following equation: 


V(O 
Zi = Rit jXs= 


* <1, (for m= 10). 


(31) 


(32) 
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where V(0) is the voltage at the feed point (6=0) ob- TABLE I* 
tained by summing the mode voltages RADIATION ADMITTANCES OF HIGHER Mops 
fo} ka=1 ka=2 
Vio) = SS Vn Cos md. (33) m 
es Gm*® X 1000 By? X 1000 Gm* = 1000 Bn* X 1000 
Introduction of (26) and (33) into (32) gives 0 12.502 29.097 16.601 38.629 
1 S22 1 Sis) 8.9800 LietSS: 
a 4 ae Ege ae Deiitiou 2.540 
Ppa UZ. — 66.793 0.7938 —19.758 
i x mum (34) 4 0.0064 | 116.43 0.1036 ~46 541 
2 0.00009 —174.18 0.0068 — 67.378 
Although the convergence of the imaginary part is not 7 — 300 ae 0.00001 Brie 
good,” the real part of this series converges rapidly. Ac- 8 — 385 .30 tes 


cordingly, for the real part the approximation of (31) ka=3 ka =4 


can be applied, and m 
Gn? X 1000 Bm’ X 1000 Gmn* X 1000 Bm? X1000 
1¢ eS ee 
re t = 0 29.255 55.199 Oon425 64.433 
R= 2E, R;!, (for ka. <4). (35) | 11.391 23.791 | 17.773 31.345 
m= : 17.284 13.282 25.413 
: ; 3 3.6203 4.443 10.920 17.046 
Introducing (15), (26), {31);- and 35) into (16), we 4 1.1336 14 526 4.3248 3386 
' obtain 5 0.2096 — 34.604 1.4441 —15.069 
6 0.0218 — 62.580 0.3272 — 34.618 
: PMG Rear U rc) 22: 
: t i — ; : —75.703 
; 73.13 a Micaaics 9 0.0003 
| GS —__ .—_______, z 
: 3600 (ka)? Ie (4, =90°, a=1°) 
(for ka S 4). (36) * These values were computed from tabulated values of M, and 
ee aa ’ me ‘ es to five decimal places and six significant figures respec- 
e numerical computations were carried out tor tively. 
‘ Te la == /0.15.0:5 
6 = 6; = 90°, ka = 1, 2, 3, 4. TABLE II* 
: NUMERICAL VALUE OF D», 
The most difficult part of the computation was evalua- 
tion of the imaginary part of the series of Y,,° defined a: ka =1 ka=2 
- by (9) (because of poor convergence). To avoid this Re | Dy Im, ReaD. hibeupe 
i i approximated by a known — 
difficulty the series was ae y 0 —0.6170 0.4052 | —0.9933 0.8433 
series for large values of 2.'* The computed values of 1 = 9.0597 0.1501 —1.2495 —0.7115 
‘ Prailesti- and 41 These 2 0.1609 —| -— 0.09992 V= —0-4145 le 0, 2492 
eee more, sabulated in lables on 3 0.00003 | —0.04793| 0.02285 | —0.4756 
results can be used to calculate radiation characteristics 4 0.00860 0.00000 0.20704 0.00070 
ae Pete rede ad entoteed 5 —0.00000 0.00112 | —0.00001 0.05855 
of other slots excited by arbitrarily }-dep 6 —0.00011 | —0.00000 | —0.01256 | —0.00000 
systems. Evaluation of these functions for general zonal 7 0.00000 | —0.00001 0.00000 | —0.00219 
: . c 8 0.00000 0.00000 0.00032 0.00000 
rous. 
_ locations is straightforward but ponde ous. 9 000000 000004 
_ The relative horizontal plane field intensities with re- 
spect to ¢ computed from the numerator of (36) are 3 ka=3 ka=4 
plotted in Fig. 4 (next page). The values of maximum Reva... Tm 1/12: Re. Ds ImnieeDs 
_ power gains over those of a half-wave dipole (calculated ; wa Tre 0.09219 |. —4.2575 
from the same equation) are also shown, and values of 1 —2.0777 —1.3542 1.3429 —1.8809 
y : Oe I 2 0.5542 —2.1619 1.4306 —3.3731 
_ input resistance are indicated. 3 0°5158 ~0°7507 30970 0.2492 
Experiment: To verify the theoretical calculations, 4 0.87606 0.06689 1.1571 0.8641 
wad i 5 —0.00368 0.45698 —0.1368 1.3396 
radiation pattern measurements were made using a ; iene tes Goons ee 708 9 788 
hemisphere over a ground plane. A sketch and the im- 7 0.00000 | —0.04492 0.00043 —0.32014 
: : : 1 i 8 0.01031 0.00000 0.10422 : 
portant dimensions of this apparatus are shown in Fig. : oh boone ne (ec aren ars oignass 
5. The radius ro of the short circuit for the cavity could 10 —0.00035 0.00000 | —0.00679 | —0.00000 
be varied by using rings of different diameters. Although 11 0.00000 | —0.00144 


: the diameter of the ground plane was comparatively fo eahatvony ol aa%) 
large, it was not large enough to allow location of the 


* These values were computed from tabulated values of M, and 
16 Tt is possible to compute approximate value. P, accurate to five decimal places and six significant figures respec- 


16 Mushiake and Webster, Joc. cit. tively. 
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ka =4.0 


Gri3ab 


Ri, «740 
Ri #263 y 


G*B.Odb 


Ri 984.49" 


Rj «0.0466 


Fig. 4—Calculated electric field intensities of an equatorial slot with 
single feed point. Relative horizontal plane patterns with maxi- 
mum gains and input resistances. 


|.22 Meters - 


ag = 50mm 
0.873 mm y= 4_9-00mm 
° \25.00mm 


Fig, 5—Experimental apparatus. 


transmitting antenna on it (the hemisphere and slot 
were used as the receiving antenna). The current distri- 
bution on the hemisphere, however, was considered to 
be almost the same as that on a complete sphere; there- 
fore, the radiation intensity from the hemisphere in the 
equatorial plane beyond the ground sheet must be one- 
half of that of the complete sphere with the same cur- 
rent. This means that the relative radiation patterns 
in the equatorial plane are theoretically equal for the 
hemisphere and the whole sphere, although the absolute 
intensities are different. This relation does not hold, of 
course, for 690°. From these considerations it is in- 
ferable that there may be some error in the measured 
radiation patterns due to small irregularity of ground 
plane. In order to check this error, measurements were 
made at 8@=85°, 90°, and 95° or at 0=88°, 90°, and 92°. 

Fig. 6 (opposite) shows the results of the measure- 
ments at 8=90° corrected according to the behavior 
of the patterns for adjacent angles of 0 by averaging 
the three patterns. The frequency range was 955 mc 
to 4000 mc. Comparing these results with the theo- 
retical ones, we find generally good agreement, except 
for some discrepancies in the relative magnitudes of 
lobes and the depth of the nodes for corresponding 
patterns. 
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Multiple Feed Points 


Next consider a feed system with s feed points dis- 
tributed around the slot at equal angles as in Fig. 7 
(page 54). Assume the impressed current distribution is 
uniform over the strips of these feed points, 1.e., 


2a 2a 
constant, —u—6< |¢| S—u+8 
s s 
Kilo) = ie es 
0, —ut+B<|¢| <—@+1)—8 
s 
--andu Ss/2). 


(37) 


Introducing this distribution into (29) and integrating 
we obtain 


sin mB 
» mm =\sq,q =10, 1,2, 94 
Unm= 1 mp (38) 
0, m= sq+t+u,u=1,2,-++,s—1. 


The input impedance where all feed points are con- 
nected in parallel is given 


Zi — — = 3 Oeil (39) 


hence an approximate expression similar to (35) can be 
obtained: 
Rial, 


(for 8 <0.1, ka S 4). (40) 


From these relations the power gain over that of a half- 
wave dipole is determined by 


q10/s 2 
73 13 2% Zeq'Doq COS (SQh) 
2 q=0 
3600 (ka)? R; 


(for 80.1, ka S$ 4). (41) 

The relative field intensity patterns with respect to 
the angle ¢ computed from the numerator of this equa- 
tion are shown in Fig. 8. The maximum gain calculated 
from the same equation and the input resistance ob- 
tained from (40) are also shown. An inspection of Fig. 8 
shows that almost omnidirectional radiation is obtain- 
able by using six feed points around the slot on the 
sphere of ka $4. 


SLOTS WITH ASSUMED APERTURE 
FIELD DISTRIBUTION 


Uniformly Excited Zonal Slots 


As a limiting case of multiple feed points where the 
number of excitations approaches infinity, uniformly ex- 
cited zonal slots are considered. Although this type of 


—- 
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73.13 | Do? fe 
= _ 73.13 | Dol? ; (42) 

3600 (ka)? Go" 
Numerical values of G were computed for @=90° and 
6,=10°, 20°, ---,90°. These results are plotted in 
Fig. 9. 


A Half-Wave Slot on a Sphere 


A half-wave slot on a closed surface may be used as a 
gain standard, but the theoretical calculation for such 
slots is generally not simple. In the case of the slot on 
a sphere, however, if the aperture field distribution 
along the slot is assumed, the computations of power 
gain and radiation pattern are not difficult, because the 
required mode functions are already given in the pre- 
ceding discussions. Furthermore, by a procedure similar 
to that of the section “Zonal Slot Backed by Radial 
Transmission Line,” it is practicable to treat this ge- 
ometry exactly, if desired, by prescribing the feed sys- 
tem and making no assumptions of the aperture field 
Fig. 7—Multiple feed points. distribution. 


Feed Points — | 2 3 4 5 6 


at 
Feed point 


< ee 
Se kare R,=1.04 R,=0,106 


Fig. 8—Calculated electric field intensities of an equatorial slot with multiple feed points. Relative horizontal plane patterns 
with maximum gains and input resistances. 


slot is already discussed by other authors, numerical Here let us consider a center-driven slot near a half- 
values of power gains for this antenna have not yet been wavelength long and located on the equator-of the 
given. In the case of uniform excitation (16) reduces to sphere as in Fig. 10. In this case a sinusoidal field distri- 


Fig. 9—Power gain of uniformly excited zonal slot over 
that of a half-wave dipole. Horizontal plane. 


Fig. 10—Half-wave slot on a sphere. 


bution expressed by the following equation is a reason- 
able assumption: 


Qn 
_{vsin[" a= ale!) ; | ag | at 
; V(¢) = lo, r | | ad | sar (43) 


_ By Fourier expansion of (43) with respect to ¢, Vm can 
be calculated as follows: 


IIA 


yy <6 di thai [= (I 6) | gdp 
n = ———— sin | — (l — a cos m 
(1 + bm)ad 6 r 
V 
e——r(lis= cos kl), m= 0 
TRA 
V 2ka l m ¥ ka 
| co (m—) — cos kl , 
aw (ka)? — m? a m # 0 
~ land 
Ve 
—-— sin ki, m= ka. (44) 
T @ 


Introduction of these values of V,, into (16) gives the 
power gain over that of a half-wave dipole, and the rela- 
tive radiation pattern of the slot. These numerical re- 
sults are shown in Figs. 11 and 12. 

As the limiting case where ka—~ the radiation pat- 
tern and gain for a slot in an infinitely large conducting 
‘sheet radiating into half space are plotted in the same 
‘figures. 
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Fig. 11—Power gain of a half-wave slot on a sphere over that of a 
half-wave dipole (+-2.15 db over isotropic source). ¢=0°, 6=90°. 


—~¢ 
Feed point 


Fig. 12—Calculated electric field intensities of a half-wave slot on 
a sphere with 3-db power gain circle (over a half-wave dipole). 
@=90°. 
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Cylindrical Radio Waves* 
SAMUEL SENSIPER+ 


Summary—The formulas required for simple accurate numerical 
evaluation of the radiation patterns from slots on large circular cylin- 
ders are derived. From the usual harmonic series, integral represen- 
tations are obtained. These lead to either the residue series via the 
Watson transformation, or to the geometrical-optics representations 
via a saddle-point evaluation. Considerable attention is given to the 
calculation of the residue series constants so as to obtain sufficiently 
accurate numerical values for a wide range of circumference to wave- 
length ratios. Very good numerical agreement is shown between the 
representations derived here and results previously obtained from 
the harmonic series. 

The physical significance of the various representations is dis- 
cussed and compared. 


I. INTRODUCTION 
VV oct RADIATION, diffraction, and scattering 


problems in electromagnetic theory can often 

be formally solved in terms of harmonic series 
representations. However, the numerical handling of 
such solutions is at least tedious, even if tables of the 
functions involved are available, and may be practically 
impossible because of the slow convergence of such rep- 
resentations, if the dimension to wavelength ratio is 
large. A particular problem of this group, in which such 
a difficulty occurs, is the one concerning the radiation 
from slots on a conducting circular cylinder. In this 
paper, field solutions for this problem are given in terms 
of representations which are highly convergent, and 
consequently suitable for numerical computation, par- 
ticularly when the circumference to wavelength ratio is 
large. 

The development here takes the following course. In 
Section II, related work on both the sphere and cylinder 
problem is noted. This is followed by a review of the 
harmonic series representations in Section III, and by 
the derivation of the residue series representations and 
geometrical-optics representations in Sections IV and 
V, respectively. In Section VI, various expressions and 
series expansions are given for the residue series con- 
stants. Section VII contains a numerical comparison of 
the different representations, while the analysis of Sec- 
tion VIII shows how the slot-radiated and plane-wave 
scattered fields are related. In Section IX, the limiting 
case of a plane boundary is considered. Finally, Section 
X contains some discussion of the physical significance 
of the various representations, of the normal mode rela- 
tionship, and of related problems. 


a Manuscript received by the PGAP, May 15, 1956; revised man- 
uscript received, August 24, 1956. This article is a summary of a re- 
port with an identical title given as reference 21 here. The work was 
sponsored by the Air Force Cambridge Research Center, Cambridge, 
Mass., under Contract AF 19(604)-262. 

} Research Labs., Hughes Aircraft Co., Culver City, Calif. 


Il. REVIEW OF RELATED WORK 


The analogous sphere problem has been extensively 
investigated, and since the methods used in that case 
are intimately related to those used in the cylinder case 
here, the background of the sphere case is briefly re- 
viewed first. 

Many years ago Watson! showed how the harmonic 
series representations for the fields in the case of a 
source near a large sphere—.e., radio wave propa- 
gation over the earth—could be rigorously transformed 
via a contour integral into a highly convergent form 
suitable for use in the “shadow” region. Van der Pol and 
Bremmer? extended the application of this transforma- 
tion procedure, which yields what they called the residue 
series. Further, they showed how the integral represen- 
tations for the fields could also be evaluated by a 
saddle-point method, and that this latter procedure led 
to geometrical-optics representations suitable for the ~ 
“illuminated” region. Eckersley and Millington® con- 
sidered the large sphere problem using the phase inte- 
gral method and exhibited the result as an eigenfunction 
solution. 

Much of this work, by the above authors and many 
other investigators up to about 1949, was reviewed and 
extended in Bremmer’s “Terrestrial Radio Waves,”4 
which treats the radio wave propagation problem in 
great detail and serves as a reference for the techniques 
available for handling this and related problems. 

More recently, Marcuvitz® generalized the treatment — 
of spherical diffraction problems via the theory of 
guided waves and demonstrated the equivalences 
among the various types of representations, while 
Friedman,*® using the method of Watson in considering 
the large sphere problem, emphasized the eigen-value 


1G. N. Watson, “The diffraction of radio waves by the earth,” 
Proc. Roy. Soc. London, vol. A95, pp. 83-99; 1918; also vol. A95, pp. 
546-563; 1919, 

2B. Van der Pol and H. Bremmer, “The diffraction of electro- 
magnetic waves from an electrical point source round a finitely con- 
ducting sphere, with applications to radiotelegraphy and the theory 
of the rainbow; the propagation of radio waves over a finitely con- 
ducting spherical earth”; Phil. Mag., S. 7, vol. 24, pp. 141-176; July, 
1937;S. 7, vol. 24, pp. 825-864; Suppl., November, 1937; S. 7, vol. 25, 
OA Suppl., June, 1938; S. 7, vol. 27, pp. 261-275; March, 


’ T. L. Eckersley and G. Millington, “Application of the phase in- 
tegral method to the analysis of the diffraction and refraction of 
wireless waves round the earth,” Phil. Trans. Roy. Soc. London, vol. 
A237, pp. 273-309; June, 1938. 

4H. Bremmer, “Terrestrial Radio Waves,” Elsevier Publishing 
Co., Inc., New York, N. Y.; 1949. 

5 N. Marcuvitz, “Field Representations in Spherically Stratified 
Regions,” in “Theory of Electromagnetic Waves,” Interscience Pub- 
lishers, New York, N. Y., pp. 263-315; 1951. 

6B. Friedman, “Propagation in a Non-Homogeneous Atmos- 
phere,” in “Theory of Electromagnetic Waves,” Interscience Pub- 
lishers, New York, N. Y., pp. 317-350; 1951. 
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nature of the highly convergent so-called residue series 
solution. Z 
We now review some of the past work on the cylinder 
problem. Carter’ considered various examples of dipole 
sources near a circular conducting cylinder and derived 
expressions for the fields in terms of harmonic series, 
1.é., infinite series of integer order Bessel and Hankel 
functions. Recently, Lucke,? among others, showed 
similar results. The very analogous case of slots on cir- 
cular cylinders was considered by Sinclair, Jordan, and 
_ Vaughn,? and also by Sinclair.!° Silver and Saunders!!! 
considered both axial and circumferential slots and 
rigorously demonstrated that the equatorial plane pat- 
terns are independent of the axial extent of the slot on 
the cylinder. Papas'® and Papas and King" also dis- 
cussed the problem ot radiation from slots on circular 
cylinders. In all these cases the representations for the 
_ solutions were in the form of harmonic series and, in 
nearly all where numerical work was shown, the cir- 
cumference to wavelength ratio—which we shall desig- 
nate as ka hereafter—was relatively small, that is, 
less than five. Taylor (see also Sensiper, e¢ al.'8) 
showed radiation patterns in the equatorial plane from 
axial and circumferential slots for ka=8 and 12, and 
indicated that relatively simple empirically derived ex- 
pressions represented to a good approximation the re- 
sults obtained from extensive computation with the 
_ harmonic series. Also using the harmonic series, Bailin!” 
determined the amplitude and phase of the radiation 
patterns from both axial and circumferential slots on a 
circular cylinder for ka =8 and 12, not only for the full 
azimuth angle, but also for a wide range of angles from 


7P.S. Carter, “Antenna arrays around cylinders,” Proc. IRE, 


vol. 31, pp. 671-693; December, 1943. 

8 W.S. Lucke, “Electric dipoles in the presence of elliptic and cir- 
cular cylinders,” J. Appl. Phys., vol. 22, pp. 14-19; January, 1951. 
9G, Sinclair, E. C. Jordan, and E. W. Vaughn, “Measurement of 
aircraft antenna patterns using models,” Proc. IRE, vol. 35, pp. 

- 1451-1462; December, 1947. 
_ __10G, Sinclair, “The patterns of slotted-cylinder antennas,” Proc. 
IRE, vol. 36, pp. 1487-1492; December, 1948. 
1S. Silver and W. K. Saunders, “The external field produced by 
a slot in an infinite circular cylinder,” J. Appl. Phys., vol. 21, pp. 153— 
158; February, 1950. 
: 12 S. Silver and W. K. Saunders, “The radiation from a transverse 
‘slot in a circular cylinder,” J. Appl. Phys., vol. 21, pp. 745-749; Au- 
gust, 1950. NG at 
_ 183C-H. Papas, “Radiation from a transverse slot in an infinite cyl- 
inder,” J. Math. Phys., vol. 28, pp. 227-236; January, 1950. 
4 C, H. Papas and R. King, “Currents on the surface of an infinite 
cylinder excited by an axial slot,” Quar. Appl. Math., vol. 7, pp. 175- 
182; July, 1949. ee 
% T, T. Taylor, “Design of Circular and Cylindrical Antennas,” 
“Hughes Aircraft Co., Res. and Dev. Labs., T.M. no. 280; January, 
1952. 
16 S. Sensiper, W. G. Sterns, and T. T. Taylor, “A further study 
of the patterns of single slots on circular conducting cylinders,” IRE 
'Trans., PGAP-3, pp. 240-250; August 1952; based on a paper pre- 
sented at the Joint IRE-URSI Meeting, Washington, D. C.; April 
21-24, 1952. ‘ 
171. L. Bailin, “The radiation field produced by a slot ina large 
circular cylinder,” IRE TRANS., vol. AP-3, pp. 128-137; July, 1955; 
also, Hughes Aircraft Co., Res. and Dev. Labs., T.M. no. 309; June, 


1953. 


the equatorial plane. Wait, Pope, and O’Grady,}18 using 
similar means, have shown the radiation patterns 
from axial slots on a circular cylinder for a wide range 
of values of ka up to ka =21. 

As is often the case, several workers apparently 
realized almost simultaneously that the convergence 
limitations of the harmonic series representations for 
the cylinder case could be overcome by means already 
well known in the sphere problem. In a preliminary re- 
port, Sensiper® derived the residue series representation 
and noted the geometrical-optics representation. Based 
on earlier unpublished work, Franz and Depperman” 
showed the application of what they called a surface or 
“creeping wave” to the diffraction of an electromagnetic 
wave by a circular cylinder. The radiation and diffrac- 
tion problem are of course intimately connected. Rib- 
let,?° considering the circular cylinder diffraction prob- 
lem, also, indicated the application of normal mode 
expansions (equivalent to the residue series) and 
geometrical-optics approximations. In a report on which 
the present article is based, the residue series and the 
geometrical-optics representations for describing the 
radiation patterns of an axial and a circumferential slot 
were considered in detail.24 Using similar means, Imai”? 
analyzed the problem of the diffraction of an incident 
plane wave by a circular cylinder. He showed results 
very closely related to those obtained before,” and 
demonstrated the connection between the residue series 
waves and the “creeping waves” of Franz and Depper- 
mann.!® Proceeding in a similar manner, Franz?’ derived 
the representations for the Green’s function for a circu- 
lar cylinder. Friedlander*™ considered the scattering of 
a scalar wave pulse by a circular cylinder and obtained 
results related to those derived by the above-mentioned 
workers. In a recent report, Bailin and Spellmire® have 
extended previous work,”! and demonstrated, in con- 
siderable detail, that extremely accurate numerical re- 
sults for the radiation patterns from slots on large- 


18 J. R. Wait, W. A. Pope, and M. O’Grady, “Radiation Charac- 
teristics of Axial Slots on a Conducting Cylinder,” Radio Phys. Lab., 
Def. Res. Telecommun. Estab., Ottawa, Can., PCC No. D-48-55- 
40-07; November, 1954. 

19 W. Franz and K. Deppermann, “Theory of diffraction by a cyl- 
inder as affected by thesurface wave,” Ann. der Physik, Ser. 6, vol. 10, 
pp. 361-373; 1952. 

20H. J. Riblet, “Geometrical Optics Currents,” Quarterly and 
Final Rep. on Contract No. AF 19(122)-167 for December, 1949 
to December, 1952 from Microwave Dev. Labs., Inc., to Air Force 
Cambridge Res. Labs. ‘ 

21S, Sensiper, “Cylindrical Radio Waves,” Hughes Aircraft Co., 
Res. and Dev. Labs., T.M. no. 310; June, 1953. . 

2 T. Imai, “The diffraction of electromagnetic waves by a circular 
cylinder,” Zeit. Physik, vol. 137, pp. 31-48; 1954. 

23 W. Franz, “The Green’s functions of cylinders and spheres,” 
Zeit. Natiirforschung, vol. 9a, pp. 705-716; September, 1954. 

2% F, G, Friedlander, “Diffraction of pulses by a cylinder,” Comm. 
on Pure and Applied Math., vol. 7, pp. 705-732; November, 1954. 

2% L. L. Bailin and R. J. Spellmire, “Convergent Representations 
for the Radiation Fields from Slots in Large Circular Cylinders,” 
Hughes Aircraft Co., Res. and Dev. Labs., T.M. no. 386; July, 1955; 
also, paper presented at URSI Michigan Symposium on Electromag- 
netic Theory; June, 1955; to be submitted for publication. 
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diameter circular cylinders can be obtained by means of 
the residue series and geometrical-optics representa- 
tions. 

Work related to the above has been done by Lucke,”* 
who, using the residue series obtained via the Watson 
transformation, computed the mutual admittance be- 
tween slots on circular cylinders with large ka. Also, 
Jasik?? used both residue series and geometrical-optics 
approximations to determine the diffraction caused by 
a transparent circular cylinder, in which the dielectric 
constant varied with radius so as to cause focusing, 7.é., 
the Luneberg lens. Very recently, Franz and Beckmann*’ 
extended previous work!®* to cylinders of finite con- 
ductivity. 

Also, Keller®® treated the scattering of a plane wave 
by an arbitrary convex cylinder and showed results 
similar in form to those available for the special case of 
a circular cylinder. 

The above review is hardly comprehensive, but can- 
not be extended here. For a more complete review as of 
mid-1953 of work related to the present investigation, 
the interested reader is referred elsewhere.”! 


III. HARMONIC SERIES REPRESENTATIONS 


Although the results in this section have been given 
elsewhere, they are briefly reviewed for ready reference 
and for the sake of continuity and definition. The con- 
figurations we are concerned with are shown in Fig. 
1(a) and 1(b), and are called the infinite axial slot and 
the infinite circumferential slot, respectively. It is as- 
sumed that the source distributions over the slots on 
the cylinders are known. Cylindrical coordinates 7, ¢, 
and zg are used, with a the radius of the perfectly con- 
ducting cylinders. The time variation of the fields is 
taken to be harmonic, that is, e7*, with w the radian 
frequency, and the usual conventions are followed. The 
cylinder is taken to be immersed in free space with e 
and p, the permittivity and permeability of free space, 
respectively, so that 


ZmNe 
kh? = wpe = (=) : (1) 


Further notation and additional definitions are intro- 
duced as they are required. It turns out that many of 
the field representations for finite slots are similar in 
form to those derived for infinite slots, so that the re- 
sults given here are generally useful.!°-” More is said of 
this later. 


76 W.S. Lucke, “Mutual Admittance of Slots in Cylinders,” Tech. 
Rep. no. 36, Project No. 591, Stanford Research Institute, Menlo 
Park, Calif.; February, 1953. 

*7 H. Jasik, “The Electromagnetic Theory of the Luneberg Lens,” 
D.E.E. thesis, Dept. of Elec. Eng., Polytechnic Institute of Brook- 
lyn, Brooklyn, N. Y.; May, 1953. 

28 W. Franz and P. Beckmann, “Creeping waves for objects of 
finite conductivity,” IRE Trans., vol. AP-4, pp. 203-208; July, 1956. 
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Fig. 1—(a) Infinite axial slot with only Ey as the source component. 
(b) Infinite circumferential slot with only EZ, as the source com- 
ponent. 


A. The Axial Slot 


With Eg the only electric field component of the 
source and 0/0z=0 because of the two-dimensional 
character of the problem, E,= H,=H,=0. The remain- 
ing components can be derived from a magnetic 
Hertzian potential 7,*:3° 


30 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., New York, N. Y., pp. 28-32; 1951. a: 


om Om* wet 


(2a); — Ey = jou 


HT ka, 


(2b); 


(2c) 
m-*, of course, satisfies the cylindrical scalar wave equa- 
_ tion, and one finds, on adding the complete orthogonal 
(in #) set of ge solutions, that 


= >> AnH, (kr)e-ine, (3) 
n 

>, means summation over all integer values of  in- 
cluding zero, and H,(kr) is the proper cylindrical 
function for the solution to have outgoing wave charac- 
ter for large r. Here we use the notation defined by 
Watson.*! A, in (3) is determined from a Fourier expan- 
sion of Ey at r=a, Ey being zero except over the slot, 
so that 


(Rr) 


Tz ——— > fal ee: ie ee ) 


e ing, 
oO onan ab TawLR 7 


(4) 
The prime notation is used in (4) and in general here 


_ to designate differentiation with respect to the argu- 


Type 
cosine field| E,(7 = a) = 


= 0, elsewhere. 


ment; that is, f’(z)=df(z)/dz. fx(do) depends on the 
_ assumed source distribution and one possible distribu- 
tion is: 


Type Distribution fn(bo) 
. Nho 
V $ = $ sin 5s 
- constant field | Ey(r= a) =—— » eS : = 
ado Hp) 2 ndo 
2 


(5) 


‘Tf the electric field across the gap becomes infinitely 
_ large as the gap width ¢@o becomes zero in such a manner 


that the voltage V, 
$0/2 
v=| aoanh E,(r = a)d¢|, 


goo/2 


=(), elsewhere. 


across the gap remains constant, the source becomes the 
usual delta source of magnitude V/a and f,(¢0) =1. The 
fields can be derived from (4) through the use of (2). 
Incidentally, throughout this report it is assumed that 


‘1G, N. Watson, “Theory of Bessel Functions,” The Macmillan 
- Co., New York, N. 'Y., 2nd ed., pp. 73-74; 1948. 
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the gap sources are centered at ¢=0; however, it should 
be clear that the potential and fields for erher locations 
can be readily obtained through a simple rotation. 


B. The Circumferential Slot 


Hete, with E, the only electric field component of the 
source and 0/dz=0, E,=E,=H,=0. The remaining 
components are derivable from an electric Hertzian 
potential z,: 


On, 
Bypoiin, (6a); A, = (6b); 
dg 
© Chive 
Th =O 7G (6c) 
or 


Proceeding through the same arguments as before, one 
obtains 


Helos Sie 


| | 
ark? uu &n( 0) H, (ka) é 


(i = 


(7) 


£n(¢0) depends on the assumed source distribution, and 
one possible distribution is, in this case: 


&n( ho) 
no 


COS. 
2 


do —?o 2r 
= > ro) > ae ee 
2 2 do (=) 
a ea? 
do 


(8) 


| £| is the source maximum electric field strength. A 
sort of normalization is possible by requiring 


$0/2 
f E,(r = a)do = 1; 


—$o/2 


with this, in (8), | Z| =1/2¢o. Thus, with ¢9 becoming 
zero, the potential for a type of delta source results. The 
fields can be derived from (7) through the use of (6). 


IV. RESIDUE SERIES REPRESENTATIONS 
A. The Axial Slot 
In order to derive the residue series, it is first neces- 


sary to recognize that an integral representation for 7,* 
can be written as follows: 


V 1 


pee Pine 
PP raanke ay : 


(2) jvm 
ae EU 


H,'(ka) 


dy, 


sin pr 


where v is a complex variable. C; is a contour around 
the real vy axis as shown in Fig. 2, and is presumed to 
be closed across the real axis so as to avoid any poles of 
the integrand, with the abscissas across which the con- 
tour is closed approaching +. Within C, the only 
poles of the integrand occur where sin y7 =0, that is, for 
real integer values of v. The integral can be readily 
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Fig. 2—» plane showing contour C; around the real axis, contour C2 
around the complex vm roots where H,,,@(z) =0, and contour "Co 
around the complex ‘ym roots where H’,,,@’(z) =0. 


evaluated by making use of the theory of residues, and 
the equivalence between the integral in (9) and the 
series in (4) is established. 

In the limit, the contour C; is equivalent to two line 
integrals, one above and one below the real axis. In the 
usual way, the ends of the line integrals comprising C; 
are joined in the upper and lower half planes by large 
semicircles of radius R, drawn so as to avoid any singu- 
larities of the integrand. These contours can be closed, 
since the integrand contains no branch cuts but only 
simple poles. In general, the integrals along the semi- 
circles approach zero as R approaches infinity, so that 
the line integrals can be deformed to enclose the poles 
of the integrand in the upper and lower half planes. 
These are the complex roots of H,’(ka) =0 located as 
shown in Fig. 2. Therefore, the integral along C,; can be 
deformed to one along ‘C2, which is evaluated by the 
theory of residues. 


Since 
F(z) = 6? = H_, (2) 
eprl2 
= Frag WOM IMe) = terIMT_A)|" (20) 


it is clear that if vm is a root of H,(z) =0 then —v,» is 
also. Obviously, this also applies to the v roots of 
H,®'(z) =0, which are designated here by ‘v,,. We are 
using the convention that the roots are numbered 
m=1,2,3,--+-+,and that vy, and ‘vy, refer to those roots 
of H,(s) =0 and H,’(z) =0, respectively, whose real 
parts are greater than zero. On evaluation of the integral 
along ’Cz, we obtain, after making use of (10), the 
characteristics of ’vm roots, and the evenness of f,(o) 
in », 


V2 Hy, (Rr) COS Vm(ar — $) 
= -— ly : a (dike 
awpk Xf ep erreels M\,\ oe 
where | 
isin ‘vm@ | OH, '(ka) 
M ron = : | | (11b) 
el ¥ma/2 Ov v=! 


m 


Similar expressions for the field components are readily 
obtained. 
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B. The Circumferential Slot 


In this case the analysis proceeds in essentially the 
same fashion as for the axial slot. Consequently, 


| £| zi ’ H,® (kr) ei (r-#) 
hte Bo Be ais o H,®(ka) sin vr 


Upon deforming C; into C2 (see Fig. 2) we obtain, in an 
identical manner as before, 


aps Kio) 


| £! 0 H,,,(kr) cos vm(a-— ¢) 
ay a ROO ee 
where 
| i sin vat [OH,' (ka) 
M,,,\ = eer | ; (13b) 
elm /2 Ov iy 
and where v,, has already been defined. Obviously, in 


this case also, similar expressions for the field com- 
ponents are readily obtained. 


V. GEOMETRICAL-OPTICS REPRESENTATIONS 


Although the residue series derived above are highly 
convergent in the region near 6=z, many terms are re- 
quired near the illuminated region, and, in fact, the 
residue series are divergent in this latter region, 1.e., for 
|r—4| >7/2.22 By handling the integral representa- 
tions, (9) and (12)—or similar ones for the field com- 
ponents—in a different fashion, we can obtain represen- 
tations more suitable for computation in the illuminated 
region. The procedure used below has been described in 
some detail and applied to the sphere case by Van der 
Pol and Bremmer.?* 


A. The Axial Slot 


Since the contour C; is equivalent to two line inte- 
grals, one above and one below the real axis, from (9): 


H,®(kr) eiv(-9) 


f= ie tas a 
2 4rawpk J co, too) H,®'(ka) sin vr 
V —oo-+ je co— je ; 
= os rater ah Bec 
= jis fae Pe iar], (14) 


with € positive, small, and real. Now, 
1 2; 1 


sin yr et" ] — etitve 


oe 
= F2j D> ctivemt)r 


m= 


(15) 


where the upper and lower signs must be used in the 
upper and lower half planes, respectively. To put the 


® This was shown by Franz, op. cit. and indicated by Friedlander, 
op. cit. The author had previously presumed (Sensiper, op. cit.) that 
the residue series are convergent for nearly all values of $(¢0/2>¢> 
—$o/2 possibly excepted), since the integrals over the infinite semi- 
circles in the » plane vanish, except, in some cases, for $o/2>¢> 
—¢0/2. However, in the illuminated region |r—#|>7/2, the terms 
in the residue series have exponential growth with mas m—. This 
can be shown by the use of the large order » (or ’v) representations 
noted, in fact, by the author himself as well as by Watson, op. cit., 
and Franz, % cit. and by the use of the large order residue and func- 
tion values (Sensiper, of. cit., and Watson, op. cit.). 


eee 


ee 
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integrands in such a form that for large ka the denomi- 
nators do not have exponential character we multiply 
by H,’ (ka) /H,™’ (ka). Also, to convert the integrals 
in (14) into the multidimensional integrals required to 
compute the geometrical-optics representation, the 
Hankel functions in the numerators are replaced by 
their Sommerfeld integral representations: 


1 —1t jo 
HH, (z) — 5 —{ el cos Trt ie (1— 412) dz, (16a) 
’ 
7 n—Jjoo 
i T— 7+ Joo 
H(z) =e e-iz cos 72 Hv (12— 412) dry (16b) 


TY —144-j00 


3 where —arg <n <7 —arg z.%® Performing the identity 
multiplication noted above, and using (15) and (16), we 
obtain 
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Fig. 3—Geometrical-optics parameters for 
2x >> (37/2). 


f V 20 oie fo(bo) dv —at joo a—nt joo 
a,* Ce hme Le eee Seen pe ith RU! ab POET ‘Smt 
Qe awyk zu Nae H,®' (ka) H,' (ka) Him dry jm cos 71e? 
Spe ee <tie pantie 
d d ism 
: —w—je H,"( ka) H,™’ (ka) n—joo ‘ —T-+9—Joo reve } ie 
where i Meat of 
—_- = ce = 0. (19d) 
Smt = — kr cos tr. + ka cos 71 021 O22 OZn 
+7[2(m+1)r—o+71—72], (18a) From 
and OSot = ASot = Sot * 
Sm = — kr cos 74 + ka cos 73 OT1 OT? Rape Ee 
a v[_—2m o hp ake bag ta]. (18b) we obtain 
Eq. (17) is evaluated by means of a second-order kr sin to, = vet, (20a) kasint:,=»,+, (20b) 
saddle-point integration. If 
Ee hi in De oe g, (20c) 


hs cee f Alen tyes) 


ef (41,#2,°* sen) dzidgo, +++, dfn, (19a) 
then the second-order approximation is given by 
(jx/2m)” 
Ts PS “tian A (210; Ly Ate Chee Sng) er (Fis #28," ** sen), (19b) 
where A, is the mth-order determinant 
(19c) 


3 
A, = | J | ) 
02p0Zq4s 


and # and q take on all values from 1 to n.*® The sub- 
script s indicates that the quantities are evaluated at the 
-saddle-point, that is, where 


% Bremmer, op. cit., p. 87. 
34 Thid., p. 37. j 4 
% A. Sommerfeld, “Partial Differential Equations in Physics,” 
Academic Press, New York, N. Y., p. 89; 1949. 
8 Bremmer, op. cit., p. 24. 


where the + superscript is attached to v,* to distinguish 
it from a similar quantity obtained from So. From 
(20a) and (20b), 


(21) 


Inspection shows that the position of this saddle point 
has the physical interpretation indicated in Fig. 3. It 
appears that the integral with the phase factor So* gives 
the fields resulting from rays reaching the observation 
point P, located as in Fig. 3, in the region of space 
where 2x >> (32/2) approximately. From 


os fae 


we obtain 
(22b) 


(22a) kasin tz. = ve , 


RAS TAe = Ves 


(22c) 


UT ae Uk he @. 
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Here Pp 
SIN 74; Tas 
= a/t, (23) 
S1N 735 


and the position of this saddle point has the interpreta- 
tion shown in Fig. 4. The integral with the phase factor 
So gives the fields resulting from rays reaching the 
observation point P located as in Fig. 4, in the region 
of space where (1/2) >¢>0, approximately. It now ap- 
pears that, depending on the location of P, 1.e., the 
value of ¢, 7,* is given to this second-order approxima- 
tion by one or the other of the multidimensional inte- 
grals in (17). This is evidently a result of the multivalued 
character of the ¢ coordinate in the circular coordinate 
system. As might be expected, upon evaluation to this 
approximation, both integrals with m=0 have precisely 
the same value and are even functions of ¢. Further, the 
integrals for m>0 in (17) correspond to “rays” in the 
higher-order sheets of the Riemann surface defined by 
continuously increasing or decreasing ¢.74 Because of 
this interpretation, it is assumed that the contribution 
of these integrals is negligibly small. 
Now 


— kr cos t4, + ka coS 73; = — RD, (24) 


and 


A, = (7)*(— kr cos t4, + ka cos r3.) = jRD, (25) 


where D is shown in Fig. 4. In the integrands in (17), 
cos 7; and cos 73 are slowly varying quantities com- 
pared to the exponentials, and correspond to the 
A (21, %, -* *, 2n) factor in (19a). Using (19b), (24), and 
(25), we find 


‘ Vi oo 8 forgo) COS T3¢ 
Tz ne 
2rawpk am H,-'(ka)H,-’(ka) 


en (kD—(/4)) 


(RD)1/? 


(2m)1/2 


(26) 


ae 


hes 


Fig. 4—Geometrical-optics parameters for (1/2) >¢>0. 


and a not too near zero.*738 Using (22b), (27), and (28), 
we obtain 


2 CCS T35 
H, (kta) Hi" ka) 
aka 
and 
V e-i(kD—1/4) 
a eee - sin 733 ——=-__ 4 30 
T ike ($0) (Qn kD)1/2 (30) 


The above procedure can easily be carried through for 
the contour integral representations for all the field 
components.?! Only the value for Zs, which is of major ~ 
interest here, is shown; this is 


v oh 
Faas Sie sin raq(Po) COS T4s (—) 6 eae : (31) 


B. The Circumferential Slot 


The procedure here is essentially identical to the one 
just used. In this case from (12) and proceeding as be- 
fore, we obtain 


Ea ak ha 3p2 
2m Rk” ao 


Thay 8 bo) dv 
—c—Je H, (ka) H,™( ka) 


To second order 


PENN Ci. ee 
H,+@)'(z) ae +j et 7z(sin a—a cos a)Fjr/4 (27) 
TZ 
with 
y= 2C0Sa@ (28) 


—7t joo t—n+ joo 
ans f drei : 
n—joo —r+n—jxr 


oo-+ je —n-+ joo T—n7+ jo 

LAC ) dv nti ati 
\f > : f an f dr ,¢7Sm* 
x _wotje Hy (ka) Hy, (ka) 


n—jo —T+n—Jjoo 


(32) @ 


The comments between (18) and (26) apply here also i 
so that ) 


| E| v4 (bo) (2) 1/2 e7i(kD—n/4) 
"toy Aaleey 
wk? Hy, -)(ka)H,-(ka) (kD)1!2 


37 Watson, op. cit., p. 228. 
3 Summerfeld, op. cit., pp. 118-119. 
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To second order 


etiz(sin a—a cos aE sErA 


Hy: (z) ~w (34) 
. 73 Sin a 
with the same restrictions as apply to @Q7). 1 hus, 

2 
H,- (ka) H, ne ea) ~ (35) 
TRA COS 735 
and 
e-i(kD—n]4) 
T,~ Ska sin ry_(o) RG COS T3¢ (36) 


(2nkD)12— 


The field component of major interest here is E,, and 
for this we obtain 


R2 


e771 (kD—7/4) 
(2nkD) 1/2 


VI. RESIDUE SERIES CONSTANTS 


Ez, ~ | E| gba sin ry4(0) k@ COS 735 (37) 


Although the geometrical-optics field representations 


‘in the form of the second-order approximations—(30), 


(31), (36), (37), and associated expressions—are quite 


simple, so that numerical calculations are straight- 


forward, no computational advantages accrue from the 


residue series unless useful expressions for 


Vm, Vm, 


ed 
Ge ree ? 


oe] : 
ae exist. 
Ov v=! Vy, 


Ov 


Also, although the general characteristics, and even 


numerical values, of these quantities are well known 
because of work on the sphere problem, in that case 


values of z=ka larger than 1000 are normally en- 


countered so that certain approximations are permissi- 
ble.1~* Here however, in the cylinder case, values of 
_2=ka from 10 to 1000 are of major interest, and a further 
‘consideration is required. In evaluating the precision 
obtained from the use of the residue series constants, 


one is faced with the somewhat embarrassing but de- 
sirable requirement that the numerical values calculated 


through the use of these constants agree closely with 


those obtained from the harmonic series. From compu- 


tations with the harmonic series, quite accurate nu- 
merical results are available for the cylinder case for 
ka=8 and 12,17 as well as, more recently, for a wider 
range of values, 21=ka20.1.18 If good agreement can 


‘be obtained for ka~10, then one is reasonably well 


assured that for larger ka the agreement will be even 
better, since the residue series constants are given by 
asymptotic series in powers of 1/ka. 

In order to simplify the following presentation, only 


‘the results of the analysis by which the formulas given 
‘below can be obtained are shown. The details, as well 
as higher order terms in many of the expansions, are 


given elsewhere.” 
o 


ul 
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A. Tangent or Second-Order Approximations 


From the second-order representations for the Hankel 
functions in terms of trigonometric functions, the res- 
idue series constants can be obtained. Although no 
tangent functions appear here, since the cylinder is 
assumed to be perfectly conducting, the terminology of 
the sphere case is retained to indicate the similarity.2+4 


0H, 
1. vm and | 


Ov 


The auxiliary parameter a» appears and is given by 


5 (1+ mel aden LAY 
Am ™ Om — 0m Fe Oy 
30 12,600 


97 
ms Sete rarate ld 
226,800 Zi ) Oy) 
where 
3 1/8 
Seria 
4g 
Vm =2 COS Am SO that 
Vm 1 1 5 ae 1 Smt -t 1 5 P 
Z 2 120 28001" 
ae a On 40 
9,072,000 ” ~ 
ee) ake 
es ae is given by 
Ov V—=Pm, 
0H, (z) A en Am 
eae ~ 4(—1)™2 ae (41) 
ov yaa m7z +/SiD Om 
where from (38) 
a wie (+5 eee ay erie 
Woiak 2520 °” 
pe LA ) (42) 
226,800 ” 
0H, (zg 
2s vy, and sceoeeel ’ 
Ov eee 


In this case an auxiliary parameter ’a,, appears and is 
given by (38), with a» and 6» there replaced by ‘om and 


6m, and with 
30 MR 
Sm. = FE (4m — 3)| ei7!3, 
4g 


Similarly, ‘m/z is given by (40) with »,, and 6, there re- 
placed by 'ym and ‘5m. Also, 


(43) 


ee 


| 
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; Qeir!6 | 
0H,” (z) H_2/3 (rmei*) = ae [J2/3(%m) = Jeanine (49) 


Pi Mie = 
| ~ — j(-1)” 24/— lam/sin ‘am, (44) 
v=! Vp, TS 


where from (38) 


ov 


tae ( 1 47 
‘om/sin "Ohm >= 1058/2 i ey es, "Sn? =e "Sant 
30 12,600 


at 1s Bird tear Was 
42,000 . ) ee 


B. Hankel or Third-Order Approximations 


For these approximations, one starts with the repre- 
sentations for the Hankel functions in terms of Hankel 
functions of order one-third or related functions. 
ee) 

V=Vm 


1. vm and 
Ov 


from the Hankel-Langer representations. 
Here, also, the auxiliary parameter a» is useful, and 
is given again by (38), except that in this case 


Stn \ il? 
On — (= eit/3 
z 


where 7m is the mth root (positive and real) starting 
with m=1 of 


(46) 


J1/3(r) + J_1)3(r) = (0). (47) 


0H, @)'(z) are 
—__—_—— is given by 
Ov v='Vp, 


a] ~~ (=) eit /3 
Ov V=2!Vin z 


At this point the reader should be cautioned that the 
same symbols are used for related quantities in the 
second-order and third-order approximations. A par- 
ticular quantity should, of course, be used only in the 
appropriate approximation. Since yn=zZ COS Om, Vm/z is 
given by (40) with 6,, by (46). For 


0H, )(z) 
sion 
one obtains 
dH, (z) 
Ov le 


H_2/3(rmei™). (48) 
i= a 


H_2)3 (rme#*) can also be written as 


"ym 
i 


Ai a a | 


Ov 


from the Hankel-Langer representations. 

Here, although a parameter ‘am is required in the de-- 
velopment of the formulas, it does not appear explicitly © 
in the final forms. “A. 
'Ymj2 is given by 


z 120 
pap ee erg: 
2800 Se 5 at 
fe 281 (1 iy 14,416 iA a 896 thy 
9,072,000 PS i> yl BES free 
oS fi (50) 
Pe ae WS ge 


Now, 


(51) 


3!rm\2/3 
tO = ) eit!3 
z 


where ‘rv, is the mth root (positive and real) starting 
with m=1 of 


Jus(‘r) — J-23(’r) = 0. (52) 
2773/4 : én 1/2 
le (aa 
ey, ae eae oe [H1js(’K) |rantam t+ (53) 
dz 
For this 
dm OE eg it yak ee (1 a =3) 3,4 
dz 6 360 3’¥ int 
at sag (t tS ate aa)! 6 
2800 Dy feather Cla etl: ts 
see hie (54) 
and 
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as (55) 
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also, 

é [H1js('K) ]+ a" an 


: 1 
_— = 4/3 ('rme?) E + Leste 
4 A5’rn? 


4 tssst ose LaViE 
1350'rn2\7 | 3 ae e 


1 @ ao attest 
2025'rm?2\35 70 "rn? 


le © 
ae 


1 
\ant + »++ (56) 


- ae 
; 'K, ‘Km, €m, as well as ‘a and ‘am are parameters which 
_ appear in the course of the development, but which are 
e not finally required. Ay)3)(’r,e!*) can also be written 
me as. 
4 eee). 
a Ay );3 (‘rme**) = Wa e778] Jy 13('rm) 3 i Tty8 tin) |. (57) 
.. 
: 3. Probably improved values for v, and ’v», over those 
es already exhibited can be obtained from the Hankel- 
_ Olver representations. In this case, 
- pba tara (1 HN 
= —~ 1 — —5,,?-+ — 6,! + —(|1— — —)o, 
a: 2 120 2800 9 tm? 
oy 4 281 (1 4640 1 a B4 (58) 
e 9,072,000 Lye ak 

and 
Be vm ; tiga (145 =) fn’ 
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1 
Beir eg A.) 5 
M3 sana i 9 -9,,7 81 'tm4 


281 80. 896 1 1797 wal 
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9,072,000 sree B43 .'y.41> 252007 9,,8 
forte (59) 


~ Here bm, ’5m, 7m, and 'rm are given by (46), (51), and 
- associated equations. vm/z and '¥m/z given by (58) and 
_ (59) are believed to be correct at least to the order of 
the last term shown because they were derived from 
asymptotic expansions for the Hankel functions. Un- 
fortunately, the corresponding values of 


0H, (z) “| 
a] and ————— 
Ov V=Vm, ov v=" Von 


E which can be derived from the Hankel-Olver forms 
have not yet been obtained. However, in a recent re- 
 port,?? in which asymptotic expansions of the Hankel 
- functions were used to compute the residue series con- 
stants, representations of probably equivalent accuracy 
__ were shown. 


ie 39 W. Franz and R. Galle, “Semiasymptotic series for the diffrac- 
- tion of a plane wave by a cylinder,” Zezt. Natiirforschung, vol. 10a, 
pp. 374-378; May, 1955. 
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C. Discussion 


Although many of the formulas shown above are 
carried to a relatively large number of terms, with the 
exception of those derived from the Hankel-Olver repre- 
sentations, it should not be presumed that the latter 
terms in the series expressions are exactly correct. The 
essential reason for this is that except for (58) and (59) 
the formulas for the various residue series constants 
were derived from only single-term asymptotic repre- 
sentations for the Hankel functions. The order of the 
error can be estimated by comparing (40) with (58), and 
(50) with (59). It appears that for all practical values of 
z=ka for which computations by the residue series are 
feasible, the third-order Hankel-Langer approximations 
are quite accurate; for not too small values of m, even 
the second-order approximations are adequate.” 

In order to compute with the Hankel or third-order 
approximations, it is necessary to know or determine 
the values of %m, '%m, H_2/3(rmei™), and Hy3)('rimei). 
(Many of these have been shown in references 2, 4, 21- 
23, 25, 39, and additional sources of information are 
noted in reference 21.) In any case they can be com- 
puted from available tables.*° 


VII. NUMERICAL COMPARISONS OF THE 
DIFFERENT REPRESENTATIONS 


In order to determine how well the more convergent 
geometrical-optics and residue series representations 
agree with the harmonic series, direct numerical com- 
parisons are of interest. Quite complete results obtained 
from the harmonic series representations are available 
for ka =8 and 12 for both axial and circumferential finite 
slots,!” although for brevity only the ka=12 cases are 
considered here. Comparisons of the second-order geo- 
metrical-optics expressions with the harmonic series 
representations for ka =8 are given elsewhere.?!'* Also 
given elsewhere are rather complete numerical com- 
parisons of the harmonic series representations with 
both second- and third-order geometrical-optics ex- 
pressions, as well as with the residue series representa- 
tions for various values of ka.* 

Since the radiation patterns of infinite slots are to be 
compared with those of finite slots, here, for simplicity, 
such comparisons are confined to the azimuthal plane. 
However, this is no essential restriction because the ex- 
pressions in both cases are similar, with ka sin @ for 
the finite slots replacing ka for the infinite slots as the 
argument of the Hankel functions.":!?:1" 6 is the spheri- 
cal polar angle measured from the axis of the cylinder, 
and 6=7/2 defines the azimuthal plane. In the case of 
the simple finite circumferential slot, the harmonic 
series representation for the cross-polarized electric 
field component, which vanishes in the azimuthal plane, 
is similar to the expression for the principal electric 
field component for the finite and infinite axial 


40 “Tables of Bessel Functions of Fractional Order,” vol. I, Co- 
lumbia University Press, New York, N. Y.; 1948. 
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slots.11:12.17 Consequently, it too can be transformed by 
the procedures described above into the more con- 
vergent forms. 

In the following, the previous order of development is 
reversed and the geometrical-optics approximations are 
considered first. 


A. Comparisons of the Second-Order Geometrical-Optics 
Approximations with the Harmonic Series Representations 

1. The Axial Slot: In the far-field region, that is, for D 
and r>>a and both very large, it is evident from Fig. 4 
that 


Tse = O, (60a) 
T3s = , (60b) 

and 
D=r-—acos ¢. (60c) 


Using these in (31), and assuming ¢o—0 so that 
fia sin r,, (Po) =1, we obtain for the second-order geo- 
metrical-optics approximation, 


V 2\u2 
Es = — rka gika cos Of _ ent kr—m/4) | 
27a a kr 


T —7 G0 


go — 0 (61) 


On the other hand, from (2b) and (4), for ro with 
go—0, we find for the harmonic series representation, 


V 2 \1/2 einn/2 
Ey~— (=) ei lkr—1/4) g—jn/2 SD ——_______= g- ing. 
2ra \rkr natin? (ka) 
r—> © 
go — 0 (62) 


It is evident upon canceling common factors that we 
wish to know how closely does 


einn/2 
aka eka cos @ — g-in/2 Dy 


Se gins 2, 
Hy)" (ka) 


(63) 


The summation on the right side of (63) has been 
tabulated with the magnitude normalized to unity and 
the phase normalized to 0 degrees at 6=0 degrees; the 
normalization constant is 


De 


n H,,'(ka) 


einn/2 


| = 37.475 ef1.045, (64) 
ka=12 


Since the precise multiple of 27 radians in the phase is 
not defined in the summation and is, in fact, not signifi- 
cant, (12 cos ¢—4r) is used for the phase factor in the 
geometrical-optics approximation. Using the results 
noted above, we can make the comparison shown in 
Table I. Results are shown only for 90°=¢=0° since, 
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TABLE I 


COMPARISON OF SECOND-ORDER GEOMETRICAL-OpTics APPROXIMA- 
TION WITH HARMONIC SERIES REPRESENTATION 
FOR AXIAL SLOT FOR ka =12 


Phase-Degrees 


Magnitude 

- Degrees Geometrical-| Harmonic |Geometrical- Harmonic 

Optics Series Optics Series 

0 37.699 Stake —32.5 —30.1 
10 37.699 37.475 —42.9 —40.5 
20 37.699 37 .363 —73.9 —71.2 
30 37.699 37.138 —124.6 Po—121°5 
40 37 .699 36.688 —193.3 —189.4 
50 37.699 35.939 —278.1 —273.5 
60 37.699 34.477 —376.2 — 370.8 
70 37 .699 32.491 —484.8 —478.8 
80 37.699 29.568 —600.6 —595.7 
90 37.699 25 .633 —720.0 —718.0 


as would be expected, the second-order geometrical- 
optics approximation rapidly deteriorates for ¢>90°, 
that is, in the shadow region. 


2. The Circumferential Slot: Using (60), and assuming 
the slot is a half-wave long in the circumferential direc- 
tion so that 65 =A/2a=7/ka, we obtain from (37) 


. 1/2 
Ex | = | cos (7/2 sin ¢) Givens (—) en i(kr—m/4)_ 
cos @ awkr 
r— o 
oo = t/ka (65) 


From (6a) and (7), for r+ with @>=\/2a=7/ka, we 


find 
Ka; f~2INa 
E,~ |E| =(—) e-i(kr—a/4) 


aw \akr 


nT 
cos (= ~) 
2 ka ene 


(ka)? — n® HA, (ka) 


- einnl2 
n 
r—> © 


do = t/ka (66) 


After canceling common factors, we wish to know how 
closely does 


(Fane) 
cos | — sin 
‘a 2 . 


me etka cos ¢ 
ka cos ¢ 
(Paw ig 
cos 2 ~) hak 
a Cae 
= Do eins? —_______>. 67 
= (ka)? — n?  H,,?)(ka) (67) 


The right-hand side of (67) has also been tabulated in 
normalized form, where the normalization constant in 
this case is 


| 
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1ST 
COS is 
; 2 ka einn/2 


a3 NE ee Sa = 0,262 5-856. 
pena) (Ra) beats ; se) 
Table II compares the left side of (68) with the right 
side. E, here corresponds to Ep of a finite slot with 
§=7/2, 1.e., in the azimuthal plane.!? Again, for the 
same reason as before, only the range 90°=>¢=0° is 
considered. 
TABLE II 


COMPARISON OF SECOND-ORDER GEOMETRICAL-Optics APPROXIMA- 
TION WITH HARMONIC SERIES REPRESENTATION 
FOR CIRCUMFERENTIAL SLOT FoR ka =12 


Magnitude Phase- Degrees 
Degrees Geometrical-| Harmonic |Geometrical-| Harmonic 
Optics Series Optics Series 
0 0.262 0.262 —32.5 —35.9 
10 0.256 0.256 —42.9 —46.3 
20 0.239 0.240 —73.9 —77.4 
30 0.214 0.215 —124.6 —128.1 
40 0.182 0.185 —193.3 —197.3 
50 0.147 OFS 2 —278.1 — 283.0 
60 0.110 0.119 — 376.2 — 383.0 
70 0.0720 0.0891 —484.8 —495.1 
80 0.0368 0.0631 —600.6 —616.9 
90 0.0000 0.0427 —720.0 —746.1 


PB. Comparisons of the Residue Series Representations 
with the Harmonic Series Representations 


Since very complete numerical comparisons of these 


representations are given elsewhere,* only the few 


points compared in the original report”! are shown be- 


_ low. Since for ¢ near 7 only the m=1 terms of the res- 


= 


idue series are significant, it is possible to obtain 
and ‘vy, from the harmonic series data by a curve fitting 
process..16 Comparing these values in Table III with 
the ones computed from the second- and third-order 
approximations given in Section VI, we obtain an indi- 
cation of how closely the residue series agrees with the 
harmonic series. 


TABLE ITI 


COMPARISON OF 11/Z AND '71)2 OBTAINED BY VARIOUS 
METHODS FOR 2=ka =12 


Harmonic Series m re me ‘ Hankel-Langer 

Curve Fit Approximation Approximation 

Z 1.181—70.310 1.174—j0.308 1.175 —j0.310 
tig | 1.075—70.139 | 1.084—70.147 | 1.075-70.138 


A more exacting test than the one shown above is a 
point-by-point comparison of the residue series with the 
harmonic series. For example, at ¢=7 we have from the 
residue series with the use of (14a) and (2b) with do—0 


andr->o, 
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ea Rr fe 
2ra \rkr My 
r— © 
go > 0 
gan. (69) 


On the other hand, for the same conditions, E4 as given 
by the harmonic series can be obtained from (62). Thus, 
after canceling common factors, we wish to determine 
how closely does 


e inn/2 


Se 
H,,' (Ra) 


(70) 


The right side of (70) can be computed with the use of 
(64) and available tables;!" for ka=12 its value is 5.02 
/—78.8°. The left-hand side for this case computed by 
the use of the Hankel-Langer representation is equal to 
4.97 /—79.2°, whereas from the tangent or second- 
order approximation it is equal to 3.82 /—89.9°. The 
very close agreement obtained even for such a relatively 
small value of ka by the use of the Hankel-Langer repre- 
sentation is, of course, quite encouraging.*! Equivalent, 
or better, agreement can be obtained for nearly all 
angles in the shadow region for both the axial and cir- 
cumferential slots.” 


VIII. RELATIONSHIP TO SCATTERED FIELDS 


The far fields radiated by slots on a circular cylinder 
are closely related to the scattered fields which result 
when a plane wave is incident on the cylinder. It is of 
interest to specify this relationship exactly. 

Assume a plane wave of unit amplitude polarized in 
the y direction and traveling in the negative x direction 
incident on a perfectly conducting circular cylinder. 
Then, in the usual way” 


eike aa SS einml27 (kr) e—ine (71a) 


and 


(71b) 


FG 
H,; wore /~ ere 
be 


are the components of the incident field. Matching the 
boundary conditions on the cylinder we find 


ay 
H,{r=0)=—Jo=i 4/ > 
pb WwRA vn 


41 The agreement is even better than indicated here. The retention 
of more significant figures, as well as several of the higher-order terms 
(m>1) in the residue series, leads to a value of 5.01 /—79.0°. (See 
Bailin and Spellmire, op. cit.) : 

4 Stratton, op. cit., pp. 372-374. 


einn/2 


H, (ka) 


ein, (72) 
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where H,,(r =a) is the total axial magnetic field at the 
surface of the cylinder, and Jy is the ¢ component of 
surface current density.?!'* On the other hand, the far- 
field component of Ey for a narrow infinite axial slot, 
¢0—0, is given by (62). Note that the sum in (62) is 
identical to the one in (72). 

In a similar manner, if a wave of unit amplitude 
polarized in the z direction and traveling in the negative 
x direction is incident on the cylinder, 


(73b) 


ve 
eg = ett (73a) and iy, = (/~ eine 
KL 


are the components of the incident field. In this case, 
ved eine 


einn/2 Ss 
H, (ka) 


bo wka » 


Her = 4a) =Jz= (74) 
where H,,(r =a) is the total circumferential magnetic 
field at the surface of the cylinder, and J, is the z com- 
ponent of surface current density. On the other hand, in 
this case, the far-field component of £, for an infinite 
circumferential slot is given by (66). Here the com- 
parison is complicated somewhat, since we have taken 
go=d/2a in (66). However, if instead we take ¢p to be 
very small, the 


cos (= =) / [(ka)? — n?| 


factor, which comes from g,(@o) in (8), becomes essen- 
tially a constant for significant values of m, and exerts 
no substantial influence on the value of the sum in (66). 
Consequently, for this case, the sum in (66) is equiva- 
lent to the one in (74). 

Thus, aside from a generally unimportant constant 
multiplier, the dominant component of the far-field 
radiation pattern of a narrow infinite axial (circum- 
ferential) slot is equal to the Js(J,) component of sur- 
face current density resulting from the scattering of a 
plane wave polarized perpendicular (parallel) to the 
axis of the cylinder. Clearly, the different representa- 
tions available for the radiation fields from slots can also 
be used to determine the currents and scattered fields 
resulting from incident waves, or vice versa. 


IX. LimitiInG CASE oF A PLANE BOUNDARY 


If the radius of the circular cylinder is allowed to be- 
come infinite, it can be shown that the quite simple solu- 
tions for the resulting plane boundary result. This is 
demonstrated below only for the 7,* component for the 
delta type infinite axial slot, d>-—0 and f,(¢0) =1, since 
all the other cases follow in an essentially equivalent 
fashion. 


43 J. R. Mentzer, “Scattering and Diffraction of Radio Waves,” 
Pergamon Press, London, England, pp. 60-63; 1955. 
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In order to approach the limit properly, the substitu- 


tion y=at is made, and a is allowed to become infinite 


while the quantities 


f=r—a 1 (height of observation point 


above surface), (75a) 
and 
apd = ¢ potest distance between source and 
observation point), (75b) 


are kept constant. ¢ and £ are shown in Fig. 5. Asa>~, 


Fig. 5—Coordinates for equivalent plane boundary. 


¢ and x and y, respectively, in a new coordinate sys- 
tem centered on the source line. Since 


elv (19) eiatr 
rr Su caer , (76) 
sin yr sin air 1 — e-itatr 
and 
; 1 0 in upper half-plane 
lim Free eee <4 ; (77) 
ave 1 —e-Matr 1 in lower half-plane, 


only the part of C, in the lower half-plane contributes. 
From approximations discussed elsewhere?! with » =at, 
and a—«, while £=r—a remains constant, we find“ 


H,®)(kr) k 


fit ee ee 
a= H,®'(ka) JP P 


(78) 


Substituting the results of the above in (9), we obtain 


lim 7,7 = 7.* 


plane 
ao 
V o— je elf¥ 2 
sai ae A es eR C79) 
—o—je 


where € is small, positive, and real. Putting 


“ Van der Pol and Bremmer, of. cit., p. 153. 
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jee? og ?, (80a) decreasing ¢ direction. This wave system corresponds to 
£=rsin ¢, (80b) an undamped outward radial traveling wave, and an 


(r and ¢ are now the polar coordinates in the new sys- 


tem) and then 


t= k cosa, (81) 
and 
I Ot Ot, (82) 
there results 
V b+A+ joo 
mS line = a " “du, (83) 
TOU f —7+-b-+A—joo 


where 7/2 >A>0. But the integral is given by (16b), so 


V 
= -— H, (kr). 
2wpu 


Rs plane (84) 
Eq. (84) and the field components resulting from the use 
of (2) are the values obtained from a line delta source of 
voltage V placed in a perfectly conducting plane, with 
the line source coinciding with the z axis. 


X. Discussion 
A. Physical Significance of Different Representations 


For large r and r>>n, the harmonic series representa- 
tions can be written as a sum of terms like 


eikr(egind +. e—ind) = Jeitr cos nd, 


where only the exponential variation is considered. The 
wave system of the individual elementary waves ap- 
pears as an undamped, outward radial traveling cylin- 
drical wave in its 7 variation, if we neglect the slow 
1/\/r variation, and as an undamped angular standing 
wave, or two oppositely directed undamped angular 
traveling waves, in its ¢ variation. Or, the elementary 
wave system can be considered as made up of two un- 
damped traveling waves, one going as e~7~"#), the 
other as e~4(#r+") 46 Thus, in the harmonic series repre- 
sentation, the total radiation appears as a resultant of 
the sum of the various order multipole cylindrical line 
sources located at the axis of the cylinder. 

In the residue series representations, for large r and 
| Ym | ka| (or | ¥m/ka| ) of order unity, 7.e., low-order 
roots, a typical term appears as 


e-ikr cos 'ym(a — b) = fe77*[e7"m(e — %) + e~irm(x—9) | 


where only the exponential variation is considered. 
ym has a positive real part and a negative imaginary 
part, so that e/’m(x—@) represents a damped wave 
traveling in the increasing ¢ direction, whereas 
e-i"”,("-®) represents a damped wave traveling in the 


4 Bremmer, op. cit., pp. 23-26, for a fuller discussion of this point 
of view in the related sphere case. 


angular standing wave, which results from the inter- 
ference of two damped angular traveling waves. On the 
other hand, for the higher-order roots, particularly for 
Im "vm (Or Ym) very large, the variation in r can be 
shown to approach the form cos (kr—7/4) (or sin 
(kr —1/4)) for r— . For these parts of the solution, the 
r variation appears as an essentially undamped radial 
standing wave resulting from the interference of inward 
and outward radial traveling waves. 

A view of the residue series representation related to 
the one noted first above results from the use of (15) for 
the lower half plane in (11a), for example, so as to ob- 
tain 


rr) 
* * 
Wagons De Ten 


(85a) 
n=0 
where 
sl co H,,, (kr) 
ary a ee es »S, Frm (Go) Pan @)"(br\q_ 
awpk pn | 0H, a 
Ov v=v!m 
: { ef ’mle—2(n41) za | fb enim [2n2+4] } . (85b) 


It will be clear on examination that the first term in the 
braces in (85b) represents a wave which has traveled 
n times around the cylinder in the decreasing ¢ direction, 
whereas the second term represents a wave which has 
traveled n times around the cylinder in the increasing 
¢ direction. 

The significance of the geometrical-optics representa- 
tion, particularly for the single-term, second-order, 
saddle-point approximation, seems quite clear. Note, for 
example from (31) or (37), that the radiation field ap- 
pears as if it originated solely from the source on the 
cylinder, z.e., as a simple cylindrical wave radiating 
from this source modified only by some amplitude 
factor. Of interest in connection with the half-wave 
circumferential slot is the 


cos (7/2 sin @) 


cos ¢ 


factor in (65); this is the well-known element factor for 
a linear half-wave slot. 


B. Residue Series and Normal Modes 


Although we have used the Watson transformation 
procedure to go from the harmonic series to the residue 
series, it should be noted that the latter can be derived 
without the aid of the contour deformation technique. 
The terms in the appropriate residue series are, in fact, 
the normal modes in the cylindrical geometry con- 
sidered. Thus, if use is made of the orthogonality of the 
H,®(z)/\/z functions for v=ym or ‘Vm in the domain 
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z=kr, with r=a to , an expansion identical to the 
residue series results. This development can not be ex- 
panded here, but it appears clear that this approach, 
which already has been demonstrated for the sphere 
case, can be applied to the circular cylinder problem 
also. Indeed, as noted in Section II, Riblet?® indicated 
the use of the normal mode procedure for the circular 
cylinder problem. With regard to the normal mode point 
of view in the sphere case, the initial work of Eckersley 
and Millington,? and the recent work of Bremmer® and 
Sommerfeld? among others, applies. Particularly note- 
worthy is the investigation by Marcuvitz.® 


-C. Related Problems 


The specific problem considered here is a rather spe- 
cial one of a general class. What is meant can be best 
understood by considering Fig. 6. Here is shown a 


LINE SOURCE WITH 
ee ARBITRARY POLARIZATION 


CS) 


LAU 2) 


k (4,9) Cio lr, p) 


Fig. 6—Generalized scattering cylinder and source. 


cylinder of cross section—curve Cj.(7, ¢)—enclosing a 
medium whose propagation characteristics are specified 
by k2(r, @). Surrounding this at a distance 6(7, @) is 
another cylinder—curve Co(r, 6)—and between Ci2(r, ¢) 
and Cq,(7, @) is a medium which is characterized by 
ki(r, @). For simplicity (!), the external medium is taken 
as free space, characterized by k. Although shown ex- 
ternal, the source might be between Cy(r, ¢) and 
Cu(r, ¢), or inside Cy(r, o). Instead of a dielectric 
coating on Ci.(7, @), a corrugated surface, or some sur- 
face specified by an impedance Z(r, ¢), might be 
assumed. 

The solution of this generalized problem would seem 
hopeless, and possibly useless, in such generality. 
Nevertheless, it is thought that the point of view repre- 
sented is quite useful. For example, here we have con- 
sidered some examples of the case for Cy(r, $) =a, 
ko= ©, ki} =k or 6=0, 6, =0 and 7,=a. Reference to the 


46 Thid., pp. 202-207, pp. 207-213; shown here is the relationship 
which exists between the complete geometrical-optics series and the 
residue (or normal mode) series for the sphere case. It appears clear 
that a similar relationship exists for the circular cylinder case. 

47 Sommerfeld, op. cit., pp. 214-224. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


January 


work of other investigators on some aspects of the 
circular’ cylinder problem has already been made in 
Section II. But also in this class are the following: the 
corrugated surface and dielectric-clad circular cylinder 
problem,* the elliptic cylinder problem, the parabolic 
cylinder problem where the cylinder is either of classical 
shape®?.5! or distorted,” and many others obtained as the 
surfaces are distorted into full planes, half planes, 
wedges, etc. 

In some of the cases where exact formal solutions are 
possible, the geometrical-optics approach and residue 
series or normal mode approach has already led to sig- 
nificant improvement in one’s ability to obtain numert- 
cal results.5 It seems clear that an extension of these 
methods to other such problems would yield results 
which are not only interesting in themselves, but also 
useful for the information they would yield by extrapo- 
lation about the more intractable problems. 


XI. CoNCLUSION 


The problem of radiation from a slot on a circular 
cylinder has been considered, particularly from the 
aspect of obtaining expressions which are useful for 
computation when the circumference to wavelength 
ratio is large. Rather good agreement was shown be- 
tween the numerical values obtained from the geometri- 
cal-optics and residue series representations derived 
here, and the results previously obtained from the 
harmonic series representations. The relationship of the 
problem discussed here to the scattering problem has 
been shown, and the limiting case of a plane boundary 
was noted. The physical significance of the various types 
of representations was discussed, and the relationship 
of the residue series representation to the normal mode 
solution was described briefly. Finally, a point of view 
was described, whereby the problem considered here is 
one of a general class, in which the solutions exhibit the 
so-called cylindrical radio waves. 
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A Study of Radar Elevation-Angle Errors Due to 
Atmospheric Refraction* 
B. M. FANNIN} anv K. H. JEHN+ 


Summary—Refractive-index variations in the atmosphere cause 
errors in radar measurements. This paper presents the results of a 
theoretical study of the elevation-angle error due to the refraction of 
electromagnetic waves in the troposphere. The study is based upon 
ray theory, using standard meteorological data reported by the 
United States Weather Bureau for the surface and the standard pres- 
sure levels. Computed errors are tabulated for thirty-four monthly 
mean refractive-index profiles selected as being representative of 
various type air masses for different seasons and latitudes. In order 
to get an indication of the spread in propagation errors to be expected 
during a particular season for fixed locations, computations have been 
carried out based on the 0300Z soundings for the odd days of Janu- 
ary (1950-1954) and July (1950-1953) for nine U. S. locations. The 


_ diurnal influence is investigated by analyzing the variations in sur- 


face refractive index for January and July, 1953, and also for nine 
U. S. locations. 


INTRODUCTION 
R: RACTIVE-INDEX variations at microwave 


frequencies in the atmosphere cause errors in 

radar position-in-space measurements. Even 
though the refractive-index values generally lie between 
unity and 1.0004, present-day radar systems are refined 
to the point where errors due to atmospheric effects can 
be a significant portion of the over-all system inac- 
curacies. This paper is concerned with the error intro- 


_ duced into elevation-angle measurements by refraction 


of the radar wave as it propagates through the atmos- 
phere. The major variation of refractive index is that of 
a general decrease toward unity with height as the air 


- density decreases; the assumption being made in this 
_ study that the atmosphere is horizontally stratified. In 
' general, variations in a horizontal plane do exist but, 


except for unusual cases, these variations will not ma- 


terially alter elevation-angle errors. The effect of 
' ground-reflected energy is not included in this study. 


A specific refractive-index profile is influenced by 
local conditions but depends to a large extent on such 
factors as the type of air mass involved, the season, and 
the latitude. Therefore the first phase of this study has 
been directed toward average conditions representative 
of various type air masses for different seasons and 
latitudes. The second phase is concerned with the spread 
in propagation errors to be expected during a particular 
season for a given time of day for fixed locations while 


the third phase is concerned with the influence of 


diurnal variations in surface refractive index. 


* Manuscript received by the PGAP, February 23, 1956; revised 
manuscript received April 15, 1956. The research reported in this pa- 
per has been sponsored by the St. Louis Ordnance District under 


} Electrical Eng. Res. Lab., The Univ. of Texas, Austin, Texas. 


COMPUTATIONAL TECHNIQUES 


The physics of the problem is thus that of a spherical 
earth surrounded by a spherically symmetrical atmos- 
phere. In this study the elevation angle is restricted to 
3° or greater. This allows ray theory methods to be used 
throughout, since the rays of interest are well above 
those that become trapped by surface ducts, and also 
permits the use of more approximate computational 
procedures than are valid for extremely small elevation 
angles. The electromagnetic energy is considered as 
traveling along rays that obey Snell’s law and Fermat’s 
principle. The rays do not travel in a straight line but 
are curved as indicated in Fig. 1. In this figure O and P 


Fig. 1—Problem geometry. 


denote the radar location and the point under observa- 
tion, respectively, while A denotes the apparent position 
of P. Two ray paths between O and P are shown, one 
being straight as would be the case if there were no 
atmosphere. The elevation-angle error, Aa, as well as 
the parameters a, d, ro, and f are indicated in Fig. 1. 
Zero and unity subscripts denote quantities at O and P, 
respectively, while primes denote quantities associated 
with a reference atmospheric condition. 

Using Snell’s law, considering ray paths for the actual 
refractive-index distribution and for a reference profile 
for the ray that passes through O and P, and neglecting 
some higher order terms, the following expression was 
derived for computing the elevation-angle errors 


in which Aa’ =(a—a’) and 
z= {1 —sina [sin?a + (r/o)? — 1} 17}. 


For a given a, z is a function of h only so that the in- 
tegral in (1) is equal to the area under a (n—n’) vs h 
curve, the # scale being nonlinear. This integral was 
evaluated graphically. . 

The reference profile employed did not differ greatly 
from the average of those being considered and, in 
addition, was represented by a simple analytic func- 
tion! so that the elevation-angle error for the reference 
case could be calculated accurately by analytical meth- 
ods. Using (1) the values of the a’s relative to this 
reference case were computed, this procedure consider- 
ably increasing the computational accuracy over using 
the no-atmosphere case as a reference. Though the com- 
putational accuracy for the values of (Aa tan qa) for the 
profiles considered is better than one part in (10)®, the 
values given do not carry this degree of significance since 
the profiles were based on values at the standard pres- 
sure levels only. 


1 The reference profile employed was 


N = 542.9 + 4.854h — 100.86\/h + 3.919 


for 0<h<103.9 where h is in thousands of feet and N is in N-units. 
Above h=103.9, N is taken to remain zero. 
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TABLE I 
GENERAL INFORMATION PERTAINING TO THE MonTHLY MEAN REFRACTIVE-INDEX PROFILES STUDIED 
Station Mean Surface : Pradexinant Month 
Profile : ; : Latitude- redominan 
Station General Location Elevation, Index, 1951 
0. Best N-Units Longitude Air Mass (( ) 
1 Norman Wells, NWT North America 290 322.9 65N-127W cP Jan 
2 Swan Island North America 35 375.0 17N-84W mT Jan. 
3 Tatoosh Is., Wash. North America 86 314.5 48N-125W mP. Jan 
4 Edmonton, Alberta North America 2219 288.5 54N-113W GP. Jan 
5 Miami, Fla. North America 12 374.5 26N-80W mT dh ae 
6 Anchorage, Alaska North America 132 ao20 61N-150W mP J ue 
fi Fort Smith, NWT North America 665 316.5 60N-112W cP July 
8 El Paso, Texas North America 3916 278.6 32N-106W ct July 
9 Heard Island Pacific Ocean — 312 53S-73E mP Jan. 
10 Canton Island Pacific Ocean 5 397 03S-172W mT Jan 
11 St. Paul Island Pacific Ocean 20 309 57N-170W mP Jan 
12 Heard Island Pacific Ocean — 308 53S-73E mP. July 
13 Canton Island Pacific Ocean 5 380 3S-172W mT July 
14 hip I Atlantic Ocean ESS 308 59N-19W mP Jan 
15 Maderia, Portugal Atlantic Ocean 184 326 33N-17W mT Jan 
16 Ship I Atlantic Ocean a 328 59N-19W mP. July 
17 Maderia, Portugal Atlantic Ocean 184 343 33N-17W mT July 
18 Madra, India Asia o2 654 13N-80E mT Jan 
19 Aden, Arabia Asia 3 362 13N-45E cT or mT Jan 
20 Akita, Japan Asia 32 311 40N-140E mP Jan 
21 Jodhpur, India Asia 735 291.5 26N-73E CE Jan 
22 Hong Kong, China Asia — 393 22N-114E mT July 
23 Habbaniya, Iraq Asia 144 301 33N-44E rd July 
24 Lerwick Obs., England Europe 272 303 60N-01W mP Jan 
25 Bordeaux, France Europe OY, 320 45N -01W mT Jan 
26 Munchen, Germany ’ Europe 1726 295 48N-12E mP or cP Jan 
27 Lerwick Obs., England Europe 272 321.4 60N-01W mP July 
28 Bordeaux, France Europe 157 338 45N-01W mT July 
29 Aoulef, Algeria Africa 902 285.4 30N-02W Gk Jan 
30 Pretoria, Union of S.A. Africa 4487 296 26S-28E mT Jan. 
31 Aoulef, Algeria Africa 902 27162 30N-02W ck: July 
32 Dakar, Senegal Africa 62 388 15N-17W mT July 
33 Alice Springs Australia 1795 287.5 24S-134E cT Jan 
34 Cloncurry Australia 618 293 21S-140E rat July 
ey ps ; STUDIES OF MEAN REFRACTIVE-INDEX PROFILES 
Aa’ = cot a] (m — mo’) — — (n — n’)dz (1) é 
Z1/ 0 The first order correction for refraction errors would 


be based upon a world-wide, all-year average profile. 
However, considerable improvement over this would 
be obtained by employing a mean profile based upon the 
location and season involved. 


Data Employed 


In order to get results of maximum usefulness for 
planning purposes in connection with radar guidance 
systems the best basis for selecting mean profiles is in 
association with air mass types rather than purely geo- 
graphical, considerations. Thus each profile selected is 
intended to be representative of the vertical refractive- 
index distribution for a given air mass and season. Ref- 
erence was made to a standard source? of world-wide air 
mass distributions in order to choose stations for the 
month in question as near the geographical center of the 
source region as possible. The profiles selected are listed 
in Table I along with the name, general location, eleva- 
tion, and latitude-longitude of the station and the 
associated air mass and month. 

Use was made of the reported monthly mean upper 
air data published in U. S. Weather Bureau Monthly 
Climatic Data for the World. Refractive index com- 
puted on the basis of the dry air density as defined by 


? B. Haurwitz and J. M. Austin, “Climatology,” McGraw-Hill 
Book Co. Inc., New York, N. Y.; 1944 (map inserts). 
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TABLE II 
VALUES OF (Aa TAN a) FOR THE MonTHLY MEAN REFRACTIVE-INDEX PROFILES LISTED IN TABLE I 
_ _ Ae =elevation-angle error in (10)-* radians 
Height in Thousands of Feet (Relative to Radar Level) 
a=3° a=5° =8° =12° =20° =90" 
Profile a=8 a=12 a=20 «=90 

No. Height Height Height Height Height Height 
POE 30, 23502): £0 305 50970" 130: 50a 270" -L00ch 30>." 708,130 130.70 7130 200 | 30 70 *130 200 
1 65 118.146 |. 69) 133° 171-194 | 138-182 208 232° | 139: 213. 252°) 140 * 216 257. 276.) 120 220 264s oes 
2 80. -150°..180 | 84 166: 206. 232 |.173 218 248 275 | 176 254 299|.177 258 305 3251-178 262 312 334 
3 Si 104 131 | 54 119 156 180} 125 167 195 220] 127 201 243 | 127 204 248 267 | 129 208 255 276 
4 AP So ALO 92. MOS 143." 164 1° 123)-153-178. 202° 115 184 ©9292"! 1959187" 927 aaa 16. 101, 23a os? 
5 72 141 173 | 76 158 200 226] 166 213 244 271 | 168 250 296] 169 253 302 3231170 258 310 334 
6 38.114 ~142 | 62 130, 168 -193-| 136 180 .208 234 | 138 214 258 |.139 217 263.283 | 140 221 270 .202 
im BG 403 si 3t, (52> 149° 156° 179 125." 167 195. 220.) 127.200 24312128 204 249°" 268 13129" B08 *956— 977 
8 37 84 109 | 40 99) 133.155 | 104 143. 169 192) 106 175 213 | 107 178 218 235 | 107 182 225 243 
9 ADT LOS tS te53 ALS 555 1180) 123-465, 0193 218) 104954199. 2405]-196 202) 246. 265.1 198 6206-256 wore 
10 Dot? AOS I Fes: 226 250 |), 1927-938) 268 $295, |) 195) 274° 319 1° 196 297 < 396° 346) 197-2287 u8oe0 use 
11 AOS NORT2SE 256 Isrts S2e 01755) 12157 163 190 244). 123° 19659238: 1-124 - 19919943969 15195 203m 250ae a0 
iy LOR OLA Oe At DP S2 tah itm 162 190° 215/119 (196) 2370190! 1990 243" 264e| 10th. 9045 250802720 
13 76 149 180 | 80 166 207 233 | 174 220 250 277 | 176 256 302 | 177 260 308 3291 179 264 315 338 
14 29 LOL 91299) 53°) 116154 176.1) 121164 191 215 +1 1235 1954 238) | 124 = 200.4 243 © 261 4 1265 204 4950 970 
15 Domed a a0n On, t2on tose 188 133 91764. 203) 229-136 209. 2594) 137. 7219-6 258= 277 Il 1o8ee 216) OS sG 
16 Sie Ol e226) IO 135 vee 200e 2ot1S7) 621262558) 138. 215-260 2280) 1401210). 2o7mR9 
17 DOR U2 Mato 62) ISS e177 V20 MAS 180" O17" 2ASr ha 7 223626 7h 0148) 296" 12.73% 203) MA AO st), 280m O2 
18 DO AZo retools ies 14AAa eet 85) 200% (at 50. 1960) 225) 25I 152 231) 275153 2355 2810 SON 554.259) 28S 
19 18) 144.) 172-\, 182 160. 198 “224 9| 1167 - 209. 237 2637)|-169' 243° 287 |\-170! 246 9293 °°312." 172° 251 2300 322 
20 47 OOWZS ISO) Att 1545 5176-1 120° 165 191) 217) 122) 2197, 7 24012395200. 245) 92035 124-1904 959278 
Pil 42 Si 4 AG) 101 138 161-) 106° 14805175 199 | 108. 181.5221 } 109 184. 2275 245.) 110188! 234 254 
22 Ba elSO nt sSae) COeety4-. 217 243)) 182 230 260 288 | 184.267 S13a- 185) 270) -320_ 341 1872 275. 327 350 
23 See 10M S24 OSS TiS 148. 1169") 120 Sasi 183. 207 122) 188 2301235 191 2352540) 124 105s 242 263, 
24 Ae SO 2 ben tO LO! ASO 543) N06. 1602187. 211) (119:- 193 234820. 97 239) 258) e121 62012246) 2267, 
25 SE Sol SOul ove comelol, foo) dase t/2., 200), 225. | 13807 206: 248.1) 13165209" 253! 272) issn 214 260 eel 
26 Aster ©9012 2h 525 100, 146, 168 itor 156) 183" 205-1) 118188. 227 aioe 191 233! 250 Ni1200 195% 239259 
27 DSO S el Sve O F123 Ol. Son 120173. 201s - 226m 131. 207. 249) |) 1322210 255) 274) 134s IS 202ee a5 
28 62° 120 “149 | 66° 136° 174 -198 | 142 185 214 2407) 146° 220 263)| 146. 223 269 289 | 147 227 276 298 
29 44S 865111 | 47) 100) 134-156 |'105 144 170 194°) 107 175 -216 |) 108 179 221 239%) 109 1183" 228 « 248 
30 SSO ean SS eettOue Ls? ete M2 zee tO TST otO Wl 27) 6192) 8230-1 28.105. 1.236 0 253i 20) efO0 DADS GR 
31 DE Ors 94530 64 1h 140 BOF 127 153: Let 918 159 20055925 16229206) 72245) 2935 B166™ 212233 
32 86155) 1864) 90472 214-240 | 179 226. 257 2841-181. 263° 309: | 182) (267 ~315) 336 | :184  272°»322~345 
33 AS tian 4s 109). 1136 158) 107 146). 1726" 196-)| 1099178) 248) 10 (18.. 223° 241 111 185.4 2308 250 
34 AQ Me ame seiees 1OlamiSO— 150 tOn tas Lise 198"|-109), 179) 224100 182" 226° 2459) T1180 > 2358) E25 


the NACA standard atmosphere was used to represent 
conditions in the higher levels. 

The months of January and July were selected as 
representative of winter and summer conditions, re- 
spectively. The single best set of data at hand was for 
the year 1951 so these data were used throughout this 
phase of the study. 


_ Elevation-Angle Errors 


Elevation-angle errors for the profiles mentioned in 
the last paragraph are presented in Table II for a num- 
ber of elevation angles and heights above the radar 
level. The quantity actually recorded in this table is 
(Aw tan a), this quantity varying less widely than Aa 
and being nearly independent of the elevation angle 
(for a given height) for a>30°. 

Fig. 2 is a plot of the information contained in Table 
II for profile no. 1. The curves in this figure would all 
coincide with the one for a=90° if it were not for the 
curvature of the earth and to a lesser extent for the 
curvature of the rays.* Similar plots as in Fig. 2 but for 
different mean profiles would have the same general ap- 
pearance and characteristics but the amount of error 


8 The a=90° case is a trivial one since tan a and Aa have the val- 
ues © and 0, respectively. However, the product (Aq tan a) remains 
finite as a—90°, the limiting value being the maximum for this prod- 


uct in practical cases, 
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Fig. 2—Elevation angle errors for mean profile no, 1. 
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for each target position would vary considerably from 
case to Case. \ 

From a study of either (1) or the errors for the differ- 
ent profiles it is seen that the value of refractive index at 
the radar level has a more severe effect upon the eleva- 
tion-angle error than variations at any other level, es- 
pecially for high targets. Also, the refractive index near 
the surface in general varies more widely from time to 
time and place to place than the refractive index at 
higher levels. Thus, a rough indication of the amount 
of refraction for a given atmospheric condition is con- 
tained in the surface value of refractive index. 

Naturally the surface refractive index (and conse- 
quently the refraction) at sites several thousand feet 
above mean sea level is normally less than for low sta- 
tions. This effect is evident in a comparison of the 
errors for profiles 4 and 30 with those for profiles 1 and 
17, respectively. 

An examination of the errors for the monthly mean 
profiles reveals that the refraction is, in general, least 


for cT air, intermediate for cP and mP air, and greatest 


for mT air. This observation is as expected since the 
refractive index of air at a given pressure level increases 
with increasing moisture content and decreasing tem- 
perature, the moisture content feing the more impor- 
tant factor at the surface. In a cT air mass the air is hot 
and dry, both factors leading to a low value of refractive 
index. In polar air masses the low temperature and low 
water content result in an intermediate refractive-index 
value, cP air generally being drier but also colder than 
mP air. The moisture content in mT air is normally 
sufficiently great to cause the refractive index to be rela- 
tively quite high. The results for profiles 1, 10, and 23 
give a good comparison of dependence upon air mass 
type since the station elevation in each of these cases is 
quite low. 

The season and latitude are found to be less dominant 
factors in refraction based on mean profiles representa- 
tive of. air masses in their source regions. 

For a=12° and h=100,000 feet, the elevation-angle 
errors for the 34 mean profiles in Table II vary between 
the extremes of 0.87 and 1.43 milliradians. The per- 
centage variation would not be greatly different for the 
other columns in the table (except possibly for h = 10,000 
feet). Thus the mean conditions for different locations 
have a considerable spread about a world-wide average. 


Day-To-DAY VARIATIONS 


From the results of the last section it is seen that cor- 
rections for propagation errors in radar guidance sys- 
tems based upon a mean profile for the location and 
season would be a considerable improvement over 
basing the corrections on a world wide mean. Though in 
some locations a particular type air mass may remain 
relatively “pure” throughout a given season, at many 
places, particularly in middle latitudes, several different 
air mass types may influence the climatological situation 
during a single month. Thus the radar errors due to 


propagation at some locations may change only slightly 
over an extended period of time, while at other places 
the spread in the errors may be relatively large. The 
results of an investigation of the day-to-day variations 


- in propagation conditions at some selected U. S. stations 


are contained in this section. 


Data Employed 


Theoretical elevation-angle errors have been com- 
puted for a large number of refractive-index profiles for 
the nine stations indicated in Fig. 3. These locations 


January 


q 
| 


were selected as being representative of widely different — 


climatological situations. 

The meteorological data have been obtained from 
standard U. S. Weather Bureau information, values 
being taken from Daily Upper Air Bulletins for the 
standard pressure levels. For each station the 0300Z 
soundings for the odd days of the month were employed 
for 1950-1954 for January and 1950-1953 for July. 


Elevation-Angle Error Distributions 


The main results of this phase of the investigation are 
presented in Fig. 3 in the form of distribution-of-error 
curves for each location and month for a=90° and 
h= 200,000 feet and for a= 3° and 4=10,000 feet. Points 
for the distribution curves were obtained by dividing 
the (Aw tan a)(10)® scale into intervals of two units 
each, counting the number of cases that fell into each 
of these intervals, and smoothing these points by ob- 
taining running averages using weighting factors in the 
ratios 1:2:3:2:1. These points were used as a guide for 
drawing the distribution curves but a little additional 
smoothing was incorporated. 

The error distribution curves for the different loca- 


tions exhibit the characteristics that would be expected — 


qualitatively from known general meteorological condi- 
tions. For.example, the error distribution curves for 
Tatoosh Island are relatively narrow for both January 
and July because of the maritime influence, in which 
variations in both moisture and temperature are small 
through the year. On the other hand, most of the errors 
for Lake Charles are closely bunched for July but are 
widely scattered for January. This results from a pre- 
dominant Gulf breeze during the summer, intrusions of 
polar air being rare, while in the winter cold fronts more 
frequently pass through Lake Charles so that the 
meteorological conditions range all the way from warm 
and moist due to winds from the Gulf to cold and dry 
associated with cP air following a front. The situation 
for Columbia is the reverse of that for Lake Charles, the 
air mass type being more consistently continental polar 
during the winter while in the summer air from the 
Gulf frequently covers the area in addition to the polar 
air. Similar qualitative explanations apply for the re- 
maining stations. It is felt, therefore, that the results 


presented here can be applied at least qualitatively to 


numerous other locations with similar climatological 
environments, 
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Fig. 3—Error distribution curves for nine U. S. locations—abscissas are (Aa tan @) (10)8, Aq in radians. Ordinates are 
number of cases per unit of abscissa. January data: dashed curve - - - ; July data: solid curve 


For the error distribution curves in Fig. 3 and others location and season even though the average value of 
for different heights and elevation angles not included (Aa tan q) increases considerably with increasing height. 
here, it is observed that, in general, the shape and width The error factor (Aw tan a), for a given profile and 
of the error distribution curves vary only slightly with height, would be independent of elevation angle if it 

"height (for > 10,000 ft) and elevation angle for a given were not for the curvature of the earth and of the ray, 
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the effects of both of which are relatively small for 
a> 3°. Since the quantity (Aa tan a) is almost directly 
proportional to m for great heights and to the average 
value of (%)—m) over the height interval between the 
radar and target levels for low targets, the above noted 
observational fact implies that the percentage variation 
in the average gradient of refractive index for low 
heights is much greater than the percentage variation 
of No. 

The separate values of the error factor (Aa tan a) for 
Lake Charles for January and Columbia for July are 
plotted vs the surface refractive index in Fig. 4. A dis- 
tinction has been made between tropical and polar air 
masses. These scatter plots show the error to be almost 
directly proportional to the surface refractive index for 
a given elevation angle for great heights. The error 
factor (Aw tan a) and surface refractive index are seen 
to have about the same distributions for low heights 
even though there is quite a scatter to the points. At 
Lake Charles in January it is seen that in general the 
larger errors are associated with tropical air and the 
smaller values correspond to polar air masses. Thus, for 
this case, the spread of the errors would be considerably 
reduced if a distinction were made between the two air 
mass types. The same is not true for the case of Co- 
lumbia for July, air mass contrasts being much less 

pronounced. 


DIURNAL VARIATIONS 


There is frequently a pronounced diurnal variation of 
the temperature and humidity in the lower atmosphere. 
Since the diurnal variations are primarily the result of 
radiative heating and cooling of the surface, significant 
changes in the refractive index generally occur in only 
the first few hundred feet of the atmosphere. On the 
basis of this concept of the situation, the correlation be- 
tween the errors and the surface refractive-index values 
should be considerably better for diurnal type variations 
than that indicated by Fig. 4 for low heights. Thus, in 
order to get an indication of the amount of diurnal 
variation to be expected in propagation errors, an 
analysis has been carried out on the surface refractive- 
index values for nine U. S. locations. 


Data Employed 


For this phase of the study, stations were selected to 
correspond as closely as possible with those employed 
in the day-to-day variations study. A number of re- 
placements were necessary, however, because some of 
the surface data were not readily available. The pres- 
sure (MSL), temperature, and humidity data were ob- 
tained from standard U. S. Weather Bureau informa- 
tion, values being taken from the hourly Airways 
Weather reports. The months of January and July, 
1953, were again selected and the surface refractive- 
index values computed at three-hour intervals. 
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SURFACE REFRACTIVE INDEX IN N-UNITS 


Fig. 4—Elevation-angle error vs surface refractive index 
for Columbia (July) and Lake Charles (January). 


Results 


The mean and standard deviation of. the surface re- 
fractive index were computed for each location and 
month for each hour of the day considered. The pressure 
values used in the computations were not the actual 
surface values but ones modified to correspond to a 
mean sea-level value so that absolute values of com- 
puted index are considerably modified for stations with 
appreciable elevations. However, this modification will 
have negligible effect upon relative magnitudes. 

Figs. 5 and 6 show the diurnal variations in the mean 
and standard deviation of surface refractive index for 
four of the stations studied. The curves shown for Bis- 
marck, N. D., are found to pretty well represent 
the conditions for Columbia, Mo.; Boston, Mass.; and 
Grand Rapids, Mich., while the values for Lake Charles, 
La., correspond closely to those for Miami, Fla. Also, 
curves for Denver, Colo., are similar to the ones for 
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Fig. 5—Diurnal variation of mean surface refractive index for Janu- 
ary. Solid curves=mean refractive index. Dashed curves =vari- 
ance of the daily values of refractive index. 


Tucson, Ariz., except that the diurnal variation in mean 
refractive index is not quite as pronounced for Denver. 

As an indication of the relative variability in refrac- 
tive index between two successive times, the standard 
deviation of the difference in refractive index between 
successive observations was computed for each station 
and season. 

These values are entered as small numerals on the 
mean index curves between the times involved. These 
“difference-sigmas” reflect the degree of fluctuation in 


Fannin and Jehn: Radar Elevation-Angle Errors Due to Refraction 


7 


J 
a 


MIAMI, FLORIDA 


MEAN REFRACTIVE INDEX (N-UNITS) 


., SAN FRANCISCO, CAL. 


35 


330 


325 


STANDARD DEVIATION OF REFRACTIVE INDEX (N-UNITS) 


320 


0130 0130 


0430 


0730 1030 1330 1630 1930 


EASTERN STANDARD TIME 


Fig. 6—Diurnal variation of mean surface refractive index for July. 
Solid curves = mean refractive index. Dashed curves = variance of 
the daily values of refractive index. 
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the daily changes in surface refractive index during the 
period involved. The effects of differing meteorological 
situations are evident in Figs. 5 and 6. Since the mean 
surface refractive index is closely associated with the 
mean value of (Aa tan a) and the standard deviation of 
the surface refractive index is indicative of the spread in 
error distribution curves of the type shown in Fig. 3, the 
results of this phase of the study furnish pertinent data 
concerning the diurnal and interdiurnal variations in 
propagation errors. 
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Solar Flares and Atmospheric Noise* 
E. I. KING} anp A. W. SULLIVANT 


Summary—In this paper, the effects of solar flares on low-fre- 
quency atmospheric noise are examined. Relations between the rise 
of noise, and the area of the flare, its intensity, location on the sun, 
and time of day are studied. Noise levels preceding flares are also 
examined to determine whether there are any phenomena which 
may be used for the prediction of high-frequency fade-outs. 


INTRODUCTION 
cae IONOSPHERIC disturbances (SID’s) 


have a severe disrupting effect on radio communi- 

cations. These disturbances are generally defined 
as any anomalous condition in the ionosphere which 
alters the propagation of electromagnetic energy. In- 
cluded are fade-outs (Dellinger fades), sudden phase 
anomalies (SPA), sudden enhancements of atmospherics 
(SEA), and also sudden cosmic absorption (SCA). 
There has also been some speculation as to whether 
solar flares might be identified by some radio means 
utilizing the effects of SID’s. Solar flares could thus be 
“observed” under adverse visual conditions. 

Bureau! was one of the first scientists to note a rela- 
tionship between SEA’s and solar flares. In 1937 he 
_ observed atmospheric noise on various frequencies from 
12 to 46 kc. During some flares he noted that the noise 
increased. This enhancement was most pronounced 
between 22.2 and 30 kc, with a maximum at 27 kc. Be- 
low 22.2 kc and above 30 kc, the effect was less notice- 
able. He also observed that the increase in noise did not 
always occur, and concluded that the association de- 
pended on the magnitude of the flare. 

Sullivan? examined a sample of atmospheric noise 
recorded during a flare, and observed that the most pro- 
nounced increase occurred at 189 kc, compared with a 
slight increase at 100 kc, and no noticeable effect at 
both 52 and 530 kc. A 100-ke signal was also recorded. 
These curves of Fig. 1 are typical of both the noise en- 
hancements and the variation of signal strengths during 
a flare. 

Kimpara’ has noted an increase in noise levels at 
27 ke during a flare. This flare was rather intense and 
produced other effects, including fade-outs and a geo- 
magnetic disturbance. The SEA exhibited an interesting 
characteristic, however, as it began to increase about 
one hour before the onset of the flare. As the flare 
erupted, the noise enhancement became more pro- 
nounced. Kimpara suggested that if this increase were 


* Manuscript received by the PGAP, September 6, 1955; revised 
manuscript received, September 11, 1956. 

{ Eng. and Ind. Experiment Station, Univ. of Florida, Gaines- 
ville, Fla. 

1R, Bureau, “Ionospheric disturbances of sudden beginning and 
their effect on long waves,” C. R. Acad. Sci., Paris, vol. 206, p. 361; 
1938. 

2 A, W. Sullivan, H. M. VanValkenburg, and J. M. Barney, “Low 
frequency atmospheric radio noise in Florida,” Trans. Amer. Geophys. 
Union, vol. 33, pp. 650-656; October, 1952. 

3 A. Kimpara, “The sudden ionospheric disturbances on 22 No- 
vember 1952,” Proc. Res. Inst. Atmos. Nagoya Univ., vol. 2, pp. 40- 
52; January, 1954. 
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Fig. 1—Solar flare occurring on September 19, 1950. 


to occur regularly, the fade-outs which followed could 
be predicted. ; 

Warwick‘ studied the association of flares with both 
SEA’s and SID’s. Although she notes a greater associa- 
tion of SEA’s with larger and brighter flares, she states 
that SEA’s may be associated with very small, faint 
flares. Furthermore, she sees no association of SEA’s 
with the position of the flare, z.e., as to whether the flare 
is east or west of the sun’s central meridian; neither does 
she see any relationship between the increase of noise 
and the distance of the flare from the center of the solar 
disk, 

Ellison® has studied the increase of noise as a function 
of the width of the H, line of the flare emission. He 
believes this to be the simplest indication of the energy 
output of the flare, and hence of its effect on the iono- 
sphere. By determining the per cent association of the 
noise with the different classes of flares, at different time 
intervals, he concludes that all flares of classes 2 and 3 
may be identified between 0900 and sunset, local time. 
Thus with a small number of receivers properly placed 
in longitude, he feels that all flares of classes 2 and 3 
may be identified, regardless of visual conditions. 


PROCEDURE 


The noise records obtained at Gainesville, Fla., for 
the first five months of 1951 were examined to investi- 
gate the relationship between flares and SEA’s at fre- 
quencies of 15, 52, 100, 189, and 530 kc. The average 
value of the noise envelope at the output of a diode de- 
tector with a 40-second time constant was measured 
with a 70-foot vertical antenna feeding a narrow-band 


4C. S. Warwick, “Some Characteristics of Solar Flares,” Sci. 
Rep. No. 14, Harvard Univ., Cambridge, Mass.; January, 1954. 

5 M. A. Ellison, “The H, radiation from solar flares in relation to 
sudden enhancements of atmospherics near 27 kc/s,” J. Atmos. Terr. 
Phys., vol. 4, pp. 226-239; December, 1953. 
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receiver. Flare data obtained from CRPL® publications 
were time of occurrence, area, intensity, and location on 


. solar disk. 


Due to various reasons, noise data were not available 


_ for all five frequencies during every flare. Thus, in those 


analyses in which frequency was not a factor, an SEA 


was indicated when the noise increased on any one 


frequency. 

Per cent association (PA) is used as an indication of 
the relationship between the flares and SEA’s. Mathe- 
matically, 


where 
X =number of flares with SEA’s 


Y=number of flares with no SEA’s 
X-+ Y=total number of flares. 


The probable accuracy of each point is a function of 
both the value of PA, and the total number of flares in 
the sample. If the calculated PA is assumed to be cor- 
rect, the standard deviation’ from this value, is 
o=PQ/N, where P=PA, Q=100—PA, N=number of 
flares in the sample. 


RESULTS 


The first characteristic of the flares examined for its 


_ effects on SEA’s was the flare intensity. The data were 


divided into three groups according to the intensity of 
the flares, and the PA was calculated for each frequency 
individually, and for the frequencies as a group (assum- 
ing an SEA to occur if any frequency showed an in- 


_ crease during a flare). 


y 


Referring to Fig. 2 there appears to be a relationship 
between the intensity of the flare and the per cent 


association of SEA’s. That is, the greater the intensity 
of a flare, the greater the probability of an SEA. 


In the event that both the intensity and the amount 
of radiation would be related to the PA of SEA’s, the 
relationship between SEA’s and the area of the flare is 
presented in Fig. 3. There is evidence of a trend, but 
owing to the small number of samples, it is quite possible 
that this trend is due to chance. 

If the ultraviolet radiation from a solar flare were to 


_ show any directional characteristic, the per cent associ- 


ation might show a relationship to the location of the 
flare on the solar disk. A plot of the relationship between 
PA and the angle that the radius vector to the flare 
made with the line of sight to the earth is shown in Fig. 


_ 4 (next page). Although there seems to be a greater PA 


_ Propagation Lab., Boulder, 


for flares near the solar limb, the o is again large enough 


to make this slight correlation almost meaningless. Thus 


it is assumed that the flare radiation causing SEA’s is 


6 U. S. Dept. of Commerce, “Ionospheric Data,” Central Radio 
Colo.; 1951. ae. ue 
7C. H. Richardson, “An Introduction to Statistical Analysis, 


tev. ed., Harcourt, Brace and Co., Inc., New York, N. Y., p. 425; 
1944. at bs 
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Fig. 2—Per cent association of noise rise during flares 
as a function of flare intensity. 
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Fig. 3—Per cent association of noise rise during flares 
as a function of flare area. 


either nondirectional, or only slightly so. Other investi- 
gators have concluded that the radiation from flares is 
nondirectional. 

Considering the diurnal variation of various char- 
acteristics of the ionosphere, a diurnal variation of PA 
was expected, The results of the analysis for all fre- 
quencies as shown in Fig. 5 indicate that PA was great- 
est from 1200-1800" EST (PA=45.0), and descended 
to a minimum from 1800-2400" (PA =30). It is inter- 
esting to note that SEA’s do occur at night when this 
side of the earth is in darkness. 

Per cent association as a function of frequency with- 
out regard to the various flare parameters is indicated 
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Fig. 4—Per cent association of noise rise during flares as a function of 
distance of the flare from the center of the sun. 
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Fig. 5—Per cent association of noise rise during flares 
as a function of time of day. 


in Fig. 6. Although it is realized that there is a significant 
gap between 15 and 50 kc, the maximum per cent as- 
sociation of approximately 37 per cent occurs between 
65 and 70 kc. This is the frequency band in which at- 
mospheric noise levels are most likely to rise during the 
occurrence of a flare. However, if the flare were ac- 
companied by an SID the maximum association 
(PA=77.0 per cent) occurs at about 100 kc, as shown 
in Fig. 7. 

It should be noted that per cent association does not 
give the relative effect of a flare on noise, but rather the 
probability that the flare will affect the noise. It may be 
reasonably assumed, however, that the classes of flares 
which show a greater PA will also have a greater effect 
on the noise rise. That is, the greater the probability for 
an SEA, the more pronounced will that SEA be, when, 
and if, it occurs. 


CONCLUSION 


Bureau’s results indicated that the noise increase was 
most pronounced between 22.2 and 30 kc, falling off 
below 22.2 and above 30 kc. Although there is a gap in 
Fig. 6 from 15-52 ke, it seems unlikely that there could 
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Fig. 6—Per cent association of noise rise during 
flares as a function of frequency. 


100 


@ 
(2) 


fo) 
(e) 


pe) 
je) 


% SID'S ASSOCIATED 
WITH NOISE RISE 
f 
(e) 


FREQUENCY 


IN KILOCYCLES 


Fig. 7—Per cent association of noise rise during 
SID’s as a function of frequency. 


be a maximum between 22.2 and 30 kc. However, it is 
quite likely that both results are correct and the varia- 
tion is due to geographic location of the receivers relative 
to the noise sources. Bureau’s observation that an SEA 
did not always occur during a flare was substantiated. 
It seems evident that SEA’s cannot be used to detect 
the occurrence of flares with a high degree of accuracy 
from a single receiving site, even though a relatively 
wide band of frequencies are monitored. 

One of the more useful applications of SEA’s would 
have been in predicting SID’s. Kimpara’s observations 
of an increase in the noise approximately one hour be- 
fore a flare was an indication of a possibility of predict- 
ing SID’s. Unfortunately this effect was never noted in 
the noise recorded at Gainesville, Fla. 

Warwick’s conclusion noting a greater association of 
SEA’s with larger and brighter flares is well sub- 
stantiated, although the relationship with flare intensity 
is much more pronounced than with area. With respect 
to the flare position on the sun, both studies seem to 
indicate no relationship. 
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On Scattering and Reflection of Electromagnetic 
Waves by Rough Surfaces* 
VICTOR TWERSKY+ 


Summary—Simple approximations for the reflection coefficients 
and differential scattering cross sections per unit area of a random 
distribution of arbitrary protuberances on a ground plane are given 
in terms of the scattering amplitude of an isolated protuberance, 
their average number in unit area, and the given incident wave. 
These functions take into account multiple coherent scattering, and 
are mutually consistent in fulfilling the energy principle. It is shown, 
in general, that if the horizon angle approaches zero, then the reflec- 
tion coefficients approach unity linearly, and the horizontal/vertical 
back scattering vanishes like the fourth/second power of the angle. 
General results are then specialized to arbitrary hemispheres and 
circular semicylinders, and applied to limiting cases of perfect con- 
ductors with radii very small or very large compared to wavelength. 


INTRODUCTION 
W: CONSIDER a simple model for the scattering 


and reflection of waves from rough surfaces: a 

plane electromagnetic wave incident on a 
uniformly random distribution of relatively arbitary 
bosses (protuberances) on a ground plane. It seems to 
take account of the essential physics of the problem, 
and is at the same time simple enough to be analyzed in 
some detail. 

Our approach is essentially an extension of Rayleigh’s 
treatment of a single circular semicylinder,! and of our 
' previous single scattering treatment of distributions of 
circular semicylinders and hemispheres.? The present 
material applies to relatively arbitrary bosses, and al- 
though the treatment is approximate it includes the 
effects of multiple coherent scattering. 

We obtain the reflection coefficients 


Le Zi mpt+(ko, ki) e 
terre iy Maas See 
ie 


ae | 


R.(Ko, k;) = | 


2 k*t-e 


and the corresponding differential scattering cross sec- 
tions per unit area 


( k;) p f(s, k;) < 

o(s, k;) = —|———_ 

PeecrioMl petit 4 Fy 

Here +, — indicate incident “vertical,” “horizontal” 


* Manuscript received by the PGAP, January 20, 1956; revised 
manuscript received, April 28, 1956. This work was supported in part 
by contracts DA-36-039-sc-31435 at the Electronic Defense Lab., 
Mountain View, Calif., and AF-19(122)-42 at the Institute of Mathe- 
matical Sciences, Division of Electromagnetic Research, New York 

xiv., New York, N. Y. ‘ 
UT icone Defense Lab., Sylvania Elec. Prod., Inc., Mountain 
Sei GH Rayleigh. “On the light dispersed from fine lines ruled 
upon reflecting surfaces or transmitted by very narrow slits,” Phil. 
Mag., vol. 14, pp. 350-359; September, 1907; Rayleigh regarded the 
scattered part of the solution as specifying the incoherent scattering 
of a striated surface. Plots of the scattered intensity will be found in 
C. T. Tai, “Reflection of Plane Electromagnetic Waves from a Per- 
fectly Conducting Grounded Half-Cylinder, ” TR No. 40, Cruft Lab., 
Harvard Univ., Cambridge, Mass.; 1948. s a 

2V. Twersky, “Reflection coefficients for certain rough surfaces, 
_ J. Appl. Phys., vol. 24, pp. 659-660; May, 1953. 


polarization with respect to the ground plane; p is the 
average number of scatterers in unit area, and k= 2m/X. 
The unit vectors k;, ko, and s are the directions of 
incidence, specular reflection (with respect to ground), 
and observation; e is the direction normal to the plane 
of incidence (z.e., the direction of the incident Hy, and 
E_), and iis the normal of the ground plane. f,(s, k;) is 
the scattering amplitude of an isolated boss (i.e., the 
far field angular function), subject primarily to the re- 
striction that f(ko, k:) =f(ko, k;)e. For the two-dimen- 
sional problem of a “striated” surface (such that the 
plane of incidence and observation is normal to the 
axes of the cylindrical scatterers) we divide Z by 7/k, 
and o by 1/2k; also p is to be multiplied by unit length. 

The above R and o (and their extensions to distribu- 
tions in boss size, shape, etc. we discuss in the text) are 
mutually consistent in fulfilling the energy principle. 
They are simple enough in form so that certain general 
consequences can be deduced directly for relatively 
arbitrary bosses, e.g., that the reflection coefficients 
approach unity linearly as the horizon angle vanishes. 
They depend essentially on the scattering amplitude of 
an isolated boss, which may in turn be expressed in 
terms of the amplitude of the symmetrical scatterer 
consisting of the boss and its reflection in the ground 
plane. Thus we may apply the above directly to half 
circular cylinders, spheres, and ellipsoids, making use of 
the known functional forms, tabulated values, or experi- 
mental data for the “full” scatterers. For a more compli- 
cated scatterer, we may use a static approximation at 
one frequency limit and a current distribution approxi- 
mation at the other, or make direct measurements on 
the single object. To illustrate such applications, we 
later specialize R and o to circular semicylinders and to 
hemispheres, and treat the case of perfect conductors 
with radius very small and very large compared to 
wavelength in some detail. 

In order to facilitate application of the results (e.g., to 
propagation over rough terrain and seas, to the effects 
of surface roughness on large microwave components or 
other approximately smooth scatterers, etc.), our pres- 
ent derivation is essentially intuitive; we use far field 
forms, a_ selfconsistent argument, and the energy 
principle. An analytical treatment® would begin with 


3 See V. Twersky, “On Multiple Scattering and Reflection of 
Waves by Rough Surfaces,” rep. no. EDL-E9, Sylvania Electronic 
Def. Lab., 1955, for an analytical treatment of the analogous scalar 
problem; this report treats the electromagnetic and acoustic cases in 
parallel. The analytical material and acoustic applications of this 
report will be published in J. Acoust. Soc., Amer., vol. 29, January, 
1957. The present paper overlaps the applications section of the one 
on acoustics (see footnote 8); we rephrase certain, material here in 
electromagnetic terms in order to facilitate application and com- 


parison with experiment. 
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Fig. 1—Scattering of a plane wave by an arbitrary boss on 
a perfectly conducting plane. 


a Green’s function representation for the boundary 
value problem of a single configuration of bosses, and 
seek to average the corresponding energy flux over an 
ensemble of such configurations. Our forms of R and o 
would then be obtained by approximating averages with 
two variables held fixed by averages with one fixed, and 
neglecting the excitation of a scatterer arising from the 
fluctuations of the average radiation scattered by the 
others. Thus, through either derivation, the range of 
validity of our forms is to be determined by quantitative 
experiments. Their qualitative accord with certain 
existing measurements is discussed in the text. 

In distinction to other models,* the present empha- 
sizes the elementary scattering processes which may be 
involved in a variety of reflection phenomena. The re- 
sults are limited in applicability primarily by the sim- 
plicity of the assumed “statistics,” 7.e., here the average 
separation of scatterers is considered large compared to 
their width. 


GENERAL RESULTS 
The Single Boss 


We use the geometries of Figs. 1 and 2, restricting dis- 
cussion to the right-hand half-spaces; the ground plane 


4 See Appendix of footnote 3 for a representative bibliography. 
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Fig. 2—Scattering of a plane wave by an arbitrary cylin- 
drical boss on a perfectly conducting plane. 


is x=0, and the plane of incidence is z=0. The two 
cases of incident E parallel and perpendicular to the 
plane of incidence, 7.e., “vertical” and “horizontal” 
polarizations, are distinguished by subscripts + and — 
respectively. The incident fields for the two cases are 
specified by 


H,' = e exp (tkr-ki) = ey, ES == epg (1) 


where the time factor exp (—iwt) is suppressed; e is a 
unit vector normal to the plane of incidence, and 
k;=—i cos a+ J sin @ is a unit vector in the incident 
direction of propagation. Corresponding fields reflected 
by the ground plane in the absence of bosses are 


Wo So E° =e exp (tkr- ko) == evo, (2) 


where ky =i cos a+ J sin @ is a unit vector in the direc- 
tion of specular reflection. Here all units are suppressed 
since our final concern is only with certain dimensionless 
ratios in free space. 

The solution of Maxwell’s equations for scattering of 
a plane wave by a single, essentially arbitrary, boss at 
the origin of coordinates on the ground plane may be 
specified by 


L=Li+ 14+ Ls, (3) 


where L‘° represents H,*° or E_*°, and where L? indi- 
cates the corresponding scattered components. The re- 
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maining field terms, and the boundary conditions at the 
boss, follow from Maxwell’s equations. At large dis- 
tances from the boss, L* has the form 


tkr 


€ 
L* ~ ho(kr)t(s, ki), ho(kr) =——-» s=r/r (4) 
r 
in three dimensions, and 
L* ~ H(kr)£(s, ki), 
, 1/2 
ioe ( ) city, 
im kr 
f(s, k;) = ef (4, Lane 4 a) (4a) 


in two. The scattering amplitude f indicates the far-field - 


response in the direction s to plane wave excitation of 
direction k; and “polarization” + or —; f, is in units of 
H, and f_ is in units of E, 7.e., f_ and f,Xs give the 
scattered polarization. 

Using an image technique due to Rayleigh,! we have 
in general 


fi(s, k;) a &(r, kp) a 8x(s, ki), (5) 


where the g’s are the scattering amplitudes of the sym- 
metrical scatterer consisting of the boss and its reflection 
in the ground plane; +8+(s, k;) is the response of the 
scatterer to a wave of (1), and g:(s, ko) is the response 
to its image of (2). Equivalently f, is twice the sym- 
metric component of g;(s, ko) with respect to reflection 
of the direction of incidence, and f_ is twice the anti- 
symmetric component of g_(s, ko); useful alternative 
forms of the right side of (5) follow from the symmetry 
of the scatterer, and from the reciprocity theorem. 

- In the following we regard f essentially as a “parame- 
ter” of the problem of scattering by a distribution of 
bosses. If g is known explicitly, as for a sphere, then f 
for a hemisphere follows by superposition. More gen- 
erally, approximations for g are to be obtained from the 
boundary value problem of an isolated scatterer excited 
by a plane wave, or from direct measurements. 

By applying the vector analog of Green’s theorem to 
L and L* in the region external to the scatterer, and 
using a surface integral representation of the amplitude, 
we find that in the specular direction 


—Re e-f(Ko, ki) = (h*/4r)p, Pp = Pa + Psi 


1 


b=, 


| #(s, k;) |240 = i Mek. 


1/2 


The function p is the total energy cross section of the 
boss (the time-averaged power it derives from the inci- 
dent wave and dissipates as heat and as scattered radia- 
tion divided by the time-averaged incident power 
density), and p, and #, are the absorption and scattering 
cross sections. The 3 on the integral indicates integra- 
tion over the angular half-space containing the boss, 
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and g is the differential scattering cross section.’ Simi- 
larly in two dimensions we replace k?/4m in (6) by k/4, 
and 1/k? by 2/rk. 

In addition to (6), which holds for both f, and f¢_, 
there are other general restrictions on the amplitudes 
arising from reciprocity and symmetry (of the g’s) 
which distinguish the behavior for the two polarizations, 
Thus it is clear physically that they differ near grazing 
incidence, since the plane wave excitation (t.e., the sum 
of the two waves occurring in the image problem) ap- 
proaches zero for f_ and doubles for f,.. In terms of the 
angles of incidence (1 — a) and observation () measured 
from the ground normal in the plane of incidence, it 
may be shown’ that f_ vanishes like cos a, cos ¢ as 
| «| (x/2), || (r/2)(0=2/2) and that f, is non- 
vanishing (7.e., that for these values f_ behaves essen- 
tially like E_*+E_° and vanishes like cos a cos ¢, while 
f,, behaves like H,‘+H,°). In terms of the “horizon 
angle” B—0, we have in the plane of incidence (9=7/2) 


r-( T " T 
| ¢, - +8), -(|2-6 


+(/= 6), = +8) +0669); fi. 0%) G) 


pale a) 08) 


For simplicity, we restrict discussion to bosses whose 
amplitudes evaluated in the specular direction with re- 
spect to ground fulfill 


f(Ko, k;) = ef(Ko, k;) = ef. (8) 


This requires that 8(ko, ko) and g(ko, k;) are both of 
the form eg, 7.e., that for the symmetrical scatterer, 
the far field in the plane normal to e preserves the in- 
cident polarization (in the sense that it remains parallel 
or perpendicular) with respect to that plane. 


Distribution of Bosses 


Proceeding heuristically, we now extend the above to 
a random distribution of identical bosses covering the 
plane x«=0. The picture is essentially that of a two- 
dimensional ideal gas, the average separation of scatter- 
ers being assumed large compared to their size. We 


5 See V. Twersky, “Certain transmission and reflection theorems,” 
J. Appl. Phys., vol. 25, pp. 859-862; July, 1954 for the two-dimen- 
sional case; the extension to three is straightforward. Eq. (6) applies 
the usual “forward-amplitude scattering theorem” to an object on 
a plane by introducing a symmetry requirement. (Similarly for an 
object inside a “corner reflector” consisting of three right angled 
planes, an analogous theorem relates the amplitude in the back scat- 
tered direction to the total energy cross section.) Our normalization 
of the amplitude has been chosen so that for a bounded lossless object 
we obtain —Re e-g(ko, ko) =(4r)“/|8(s, Ko) |?dQ, 7.e., so that the 
right side is the average of | g|? over all angles of observation; simi- 
larly for two dimensions, we have 27 instead of 47. 

6 The dependence on a follows from applying the reciprocity theo- 
rem to rewrite (5) as $4(—ko, —s) +8+(—4s, —s), and then using 
the appropriate integral representations of the g’s; e.g., for a perfect 
conductor g_(s, ko)% fe-‘s-r’(e—ss)-K(r', ko)dS’ where e is the 
unit dyadic, and K the surface current. The dependence on ¢ follows 
from using the symmetry of the scatterer (the boss plus its reflection) 
to rewrite (5) as 84(s, Ko) +84(s’, Ko), where (for 6=7/2),s, s’= +1 
cos ¢+7 sin ¢. 
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write the contribution at a field point r arising from a 
boss located at r, (see Fig. 1) as 


)F(s, k;) exp (ikki: rs), 
: (9) 


where Fis the multiple scattered analog of f, and where 
exp (ikk;-r,) is the phase difference at r, introduced by 
the incident wave. Multiplying (9) by p, the average 
number of bosses in unit area, and using the method of 
stationary phase to integrate the result over the plane 
x=0, gives the average “coherent” scattered wave 


h(k| rt — ts 


s=(r—r,)/|r—fr 


(L) = 2CF (ko, ki)bo (10) 


where C=p/k2i-ko; similarly in two dimensions we 
obtain (10) with C=p/ki-ko and p as the number in 
unit length. 

We obtain F from the selfconsistent assumption that 
the multiple scattered amplitude equals the response of 
an isolated boss to the incident plane wave plus its re- 
sponse to half the coherent plane wave arising from the 
distribution.? This assumption, restriction (7), and the 
fact that f(ko, ki) =f(k:, Ko), gives 


F(ko, ki) =F (ko, ki)e=Fe, F=f(i+CF)=f/(1—Cf). (11) 


Note that F cannot become infinite, since C>0 and 
Re f<0 [from (6)]; if |Cf| <1, then F=f[1+Cf 
+(Cf)?+ - +--+ | may be interpreted in terms of “orders 
of scattering.” 

The sum of the coherent scattered wave (10) plus the 
wave reflected from the ground plane (2) gives the total 
coherent reflected wave 


eA 
bas 7, 
jb, = Cf eg Ce: f(Ko, ki), 


(L,) = (1 + 2CF) oe = Woe, 


(12) 


where C=p/k? cos a, p/k cos a for three, two dimen- 
sions. Since the first Fresnel zone has the area mr\/ cosa, 
or the width 2(Ar)!/cos a in two dimensions (provided 
that \<vy cos? a), the coherent scattering of (10) is 
proportional to the average wave scattered in the specu- 
lar direction by an element at the center of the zone 
times the number of elements in the zone; from this 
viewpoint, we may use (12) for practical purposes when 
the “illuminated region” includes the first Fresnel zone. 

From (12) and (1) we obtain the “reflection ampli- 
tudes,” and the power reflection coefficients 


1:47 tse 
een = 2 R=| qt Zee 
Fe SZ, 


2 


(13) 


) 


7 The factor 1/2 may be interpreted (except for normal incidence) 
as the sum of contributions from scatterers lying between a boss and 
the source; however, it is a consequence of the definitions of the am- 
plitudes. The analogous procedure for a “random screen” (see foot- 
note 3) uses the incident wave and the mean of the coherent reflected 
and forward scattered waves. 
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The phase change of the coherently reflected wave in- 
troduced by the scatterers is given by 


tan [2ImZ/(1 _ | Z|?) ]; 


here 7 is to be added to the horizontal polarization to 
obtain the total phase change on reflection. The func- 
tions Z_ sec a and Z, cos a are the normalized surface 
impedances for the coherent wave, 7.¢., the ratio of IS 
to Htan on the ground plane divided by the impedance of 
the external medium. 

Having obtained the average coherent field, we now 
use the energy principle to obtain a corresponding value 
of the “incoherent,” (z.e., fluctuation) scattering from 
unit area of distribution. Thus since the normalized 
time-averaged power in unit area of incident wave must 
equal the power coherently reflected, incoherently scat- 
tered, and absorbed by that portion of the “surface” it 
illuminates, we require 


1=R+pP/i-k, P=Pat+ P,, 


oP; = f o(s, kj dQ, (14) 
1/2 


where P, the analog of p of (6), is the total cross section 
of a boss in the distribution, and o is the differential 
scattering cross section per unit area. Applying (14) to 
R of (13) and then using (6) gives P=p/| 1—Z| 2; ‘and 
consequently SipodQ = p| 1—Z| —f,.qdQ: hence, on 
equating within the integral sign, we obtain 


pqs, ki) _ p| f(s, ki) 
|1—Zl? #l1—-Z 


2 


a(s, k;) < ’ (15) 


2 


for two dimensions, we divide o by 7/2k. 

We use these forms of R and o (which neglect pri- 
marily the incoherent multiple scattering) in all that 
follows. For either polarization, R gives the coherently 
reflected power density, and o(s, k;) gives the inco- 
herent power scattered into unit solid angle around s by 
unit area of “surface” (or into a wedge of unit plane 
angle and unit height, for two dimensions); these are 
time-averaged (over one period) and ensemble averaged, 
and have been normalized by division by the time- 
averaged incident power density. The total average re- 
flected (Poynting) power for a distribution in the plane 
x=0 is 


Ss, k; 
(S) = R(Ko, ki) ko + ff reer’ a - sdy,dzz, 
LOS_ TF 4 


Te) = ys” + 26, (16) 


where s is a unit vector from a point on the plane of the 
distribution r, to the observation point r; see Fig 1. 
Antenna factors, etc., may be introduced to obtain 
practical forms, the origin of r and r, being taken as the 
center of the illuminated region; for narrow beams, only 
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the ko term need be retained near the specular angle, 
and only the s term at other angles. In two dimensions, 
for a distribution along the y axis, we drop the integra- 
tion over 2, (the direction e of the axes of the infinite 
cylinders), and replace |r—r, 2 by |r—r,| ; see Fig. 2. 
The reflection problem is thus determined by R and c, 
and these are specified in (13) and (15) essentially by 
the known, or measurable, scattering amplitude of an 
isolated boss. 

Our results are to be compared with: 1) the averages 
of measurements over a large number of appropriate, 
fixed configurations of scatterers; 2) with time-averaged 
measurements over a moving collection of scatterers 
(here the motion must be slow enough so that each 
wavelength “sees” effectively a fixed configuration, and 
the measurement interval long enough to include a large 
number of configurations). 

The above may be generalized directly to more than 
one kind of scatterer. Thus if we rewrite the amplitude 
of (12) in the selfconsistent form B=(1+Z)/(1—Z) 
=(1+2Z)+BZ, this indicates that for a discrete distribu- 
tion of several types of scatterers we replace Z in R by 


TPnJn 
Lae a Reine 
k? cosa 


(17) 
where p,, is the number of type scatterers in unit area. 
[The different types of scatterers are in “series”; that 
all “coupling” between them is included may be seen 
from expanding (1+ 2Z,)/(1—Z,) |. The correspond- 
ing differential scattering cross section per unit area is 
again obtained from the energy theorems (14) and (6): 


2 


a(s,.K:) = Zon = = pn| fn(s, Ki) 


et tering 


Similarly for a continuous distribution in size, shape, 
physical properties, or orientation of the scatterers, we 
replace the sums in (17) and (18) by integrations over 
the appropriate parameter, p again playing the role of 
the distribution function. 

Note that the analogous results for a “random screen” 
may be obtained directly from the above. Thus the 
transmission and reflection amplitudes corresponding to 
either of the fields of (2) are A;,,=}(A4+A_), where Az 
is given in (13) with Z.=(mp/k? cos a)[8(ko, ko) 
+ 8(ko, k;) |-e. The corresponding differential cross sec- 
tion per unit area is o(s, ko) =(p/k?)| (1 —Z,)7} 
+ f.(1 ee oa 2 where fi,.=8(s, ko) + 8(s, ki). Here, in 
distinction to (5), the central + is not correlated with 
the type of g (z.e., with incident polarization). 


General Deductions 

Before applying R and o@ to specific scatterers, we 
deduce certain general consequences. Thus from (12) 
and (7) we see that as the horizon angle @ approaches 
zero, the Z’s reduce to 
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Z_— O(8) > 0, 2,208 — 1) > & (19) 
(however, the surface impedances become independent 
of 8). The reflection amplitudes + (1+2Z1)/(1—Z4) 
thus approach —1 for either case, both polarizations 
having undergone phase changes of 7 on reflection. Thus 
the model acts like a perfect reflector as grazing inci- 
dence is approached, and this behavior of rough surfaces 
is well known experimentally. In addition, the phase 
change of both polarization components on reflection is 
in accord with interference experiments for even highly 
conducting surfaces. The phase change of the vertical 
component in such experiments is usually interpreted 
on the basis of a nonvanishing ratio of dielectric con- 
stant to conductivity (7.e., a perfect conductor, as in 
(1) and (2), indicates a phase change of 7 only for the 
horizontal); however, we see that it may also be ac- 
counted for by scattering from surface roughness. (Of 
course, scattering is the significant mechanism in 
either interpretation, since the macroscopic parameters 
of a “uniform medium” must ultimately be derived by 

considering elementary scattering processes.) 
The reflection coefficient near grazing, for either 
polarization, is thus 
R=1+ 


Buea 
so that R approaches unity linearly as the horizon 
angle vanishes. Also if the angle of observation is 
arbitrary but the angle of incidence approaches grazing, 
then, from (7) and (15) [or (18)], we see that o_ and oy 
vanish like 6?; if the angle of observation is near grazing 
in the plane of incidence, and the angle of incidence is 
arbitrary, then o_ vanishes like 6%, and co, is non- 
vanishing; if both angles are near grazing in the plane 
of incidence, 7.e., forward or back scattering near graz- 
ing, then 

o_— O(6*), 


a4 — O(6?), (21) 


the back scattering being much larger for the vertical. 

We are also led to other general results. Thus if |f| is 
small (e.g., small scatterers), and if the angle of incidence 
is not near grazing, then Z is small and we may approxi- 
mate R and o by their single scattered values: 


R—>R'=1+4ReZ = 1 — pp/i-ky, ¢ >0' = pqs, ki), 


(22) 


These forms also hold near grazing incidence for hori- 
zontal polarization (and arbitrary bosses), inasmuch as 
the original plane wave excitation becomes small for this 
case. They break down near grazing for vertical polari- 
zation because of multiple scattering; 7.e., there all 
secondary waves from scatterers between the source and 
a particular boss are in phase and reinforce, the phase 
differences introduced by the source at the various 
scatterers being annulled by their path differences. 
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SPECIAL CASES 


In the following we specialize the above to circular 
semicylinders, and to hemispheres. We give explicit 
forms for perfect conductors with radius small and large 
compared to wavelength.® 


Circular Semicylinders 


For the two-dimensional problem as in Fig. 2, we have 


pf(a, m — a) 
f(s, k;) =< f(o, ce a)e, nn MARRS a aa 
k cosa 
1+Z|? 2 é, T — 2 ‘ 
R= |= Re ial As a (23) 
1-Z TR 1-Z 


For a circular semicylinder we superpose the known re- 
sults for the circular cylinder, and write 


Tapia yer bids Bees (Glee ta) 


= >: Ansein? [e-ina + en in(a—a) | 


nu=—o 


(24) 


where the A’s are known. Thus for a perfect conductor 
of radius a (to which we restrict the following), we have 
A,-= —J,(ka)/H,(ka) in terms of Bessel functions and 
Hankel functions of the first kind; similarly for A, ,, we 
replace these functions by their ka derivatives. 

- Jf a<h, then an expansion in powers of ka yields to 
lowest order 


im(ka)? ( 2cos¢@cosa 
th lees 2 SOE 
Re fz(a, r — a) = — ai Seo \ : Cap) 
A mee 2 sin?) /2 


Thus to the order of (ka)* we have 


se al p { 2 cos? a \ 
4 kcosa (1+ 2sin?a 
(2 cos? a)? 


F € ie ae aa al (25a) 


Hence except near grazing incidence we may use? 


|1—Zz|?=1 


8 Note that for the two-dimensional problem our values of R and ¢ 
for a perfectly conducting rough surface for horizontal, vertical po- 
larization are identical to these of the acoustic problem of small am- 
plitude sound waves reflected from free (—), rigid (+) rough surfaces 
(e.g., as approximated by reflection at the sea surface from below and 
above respectively). In addition, this correspondence also exists in 
the plane of incidence for the large hemispheres. More generally R 
and o apply for arbitrary bosses on free, rigid ground planes provided 
that f-e is taken as the appropriate scalar amplitude. 

* o was given originally by Rayleigh, op. cit., and R! by Twersky, 
op. cit. Note also that S. O. Rice (“Comment on the Reflection of 
Microwaves from the Surface of the Ocean,” rep. no. C4-NDRC-119, 
October 29, 1942) gave a single scattering treatment of parallel 
“wedge edges” randomly distributed in angle and height about a mean 
plane. His ratio of horizontal to vertical back scattering equals that 
of (26), z.¢., the result for a single semicylinder. 


x pms vo 2 cos? a \ 
ar See Te 2cosa (1+ 2sin?a 
mpa(ka)® ( (2cos¢ cosa)? 
o¢ ~ op = ro ; : . (26) 
2 (1 — 2sin@sina)? 


The scattering is thus proportional to \~*, and conse- 
quently the longer wavelengths are better reflected. We 
have R,<R_ when a230°; similarly for back scatter- 
ing, ¢, 2o_ when a2 30°; if a=0, and ¢<60°, then the 
horizontal scattering is greater; if a=p=0, then 
o_=40,. On the other hand, if B=(r/2)—a=(m/2) 
—|¢|—0 then R and o (back) reduce to 


R,— 1 — 6(k/o)B; 
a+ — (18k/7p)6?. 


R_— 1 — r*(ka)*pap, 


o_ — 2n(ka)*paB?, (27) 


If a>>X, then!’ we may either evaluate (24) asymptoti- 
cally, or else use an equivalent current distribution ap- 
proximation for the cylinder, and superpose cylinder 
results to treat the boss. For a large cylinder excited by 
either of the waves of (2), we have" 


gx(o, a) ate gi(¢, a) aid g2(¢, a) ; 


1(kawi| sin ® | )1/2¢-##alsin oI 


I 


£1 


: Oe 
— $cot ®sin (kasin 26); @= Cian 


ro) (28) 


This form of g; is not valid near the forward direction; 
there we use 


g1— ka ®7°(1 — imka/2) > 0, 
g2—> — kali — 8°(1 + 2h2a?/3)] > — ka; 


2ka| sin | 0. (28a) 


In the above, g; of (28) is essentially the “geometrically 
reflected” term, and ge the “shadow forming” term; how- 
ever, near the forward scattered region, g [as indicated 
by (28a)] falls off much more rapidly with angle than 
the geometrical form of (28). The forward amplitude 
theorem gives the total scattering cross section per unit 
length as — Re(4/k)g(a, a) =4a, i.e., twice the projected 
area, as expected physically for \-0. 


10 This reflection problem was treated in V. Twersky, “Reflection 
from Semicylindrical Mirrors on a Plane,” rep. no. DA-18-10, Nuclear 
Development Associates, Inc., N. Y., 1953. Work performed at NDA 
under Purchase Order Number 34895 with the Applied Physics Lab. 
The Johns Hopkins Univ., Baltimore, Md. 

u Eq. (28) is given in P. M. Morse and H. Feshbach, “Methods 
of Theoretical Physics,” (M.I.T. Notes, 1946), p. 352 ff.; see also their 
text (McGraw-Hill Book Co., Inc., N. Y., 1953), p. 1551 ff., for 
the acoustic problem of the sphere. We write g as a surface integral in 
terms of the tangential components of the scattered fields, say E* and 
H*; we use the boundary condition E*= —Ej,,9, and the jump con- 
dition H*= + Hyan° on the lit, dark sides to get £1, 62; then 81 of (28) is 
obtained by stationary phase, and g; of (28a), g2 by exact evaluation 
of these approximate integrals. 
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Using the above value for g we obtain 
2f(d, m — a) = (kawi)!/2[+ | sin Bp |1/2¢-#2halsin 5, | 
ae | cos ®; |1/2¢-é2kal cos ail | 
— cot Bp sin (ka sin 28y) 
+ tan 9; sin (ka sin 24,); 
Fiat _ ota 


Su ? ®; 
0 2 


(29) 


The first term of (29) is to be replaced by + 2g; of (28a) 
if 6a; thus 


pa 
Ze aa E ie 
COS @ 


tan a sin (ka sin 2a) 
2ka 


1 /7i cos a\!1/2 
an es ee Sa eitka cos a | 
2 ka 


The first term of Z (the shadow forming term arising 
from the image wave) is the largest; the second (the 
shadow term of the incident wave) is negligible except 
near a—7/2. The third term (the incident wave re- 
flected at cylindrical surfaces) indicates specular reflec- 
tion at the plane x =a, the tangent plane of all bosses; 
this last term, which is negligible compared to the first, 
is significant in R when pa sec a—1; if 2 ka cos a-0, 
then the part of this term within the brackets is to be 
replaced by —cos? a(1—irka/2). 

For small a@ we keep only the first term of Z, and use 


Rez hk (31) 


here R contains only the image wave and its single 
scattered shadow term; thus a single boss prevents a 
width 2a sec a of plane from acting as a flat mirror, and 
1—2pa sec a is the effective plane mirror length of unit 
length of distribution. For larger a, we use the multiple 
scattered form of these terms, 7.¢., 


(30) 


1 — 4pa sec a; 


2 


(31a) 


1 — paseca 
Raj s 


1+ paseca 


in either case, the result also equals the transmission 
coefficient of the analogous “random screen.” (See 
Twersky? for a discussion of “multiple shadowing.”) If 
pa sec a—1, then the third term of Z is also required; at 
the limit, the image of the incident wave is suppressed 
by its shadow forming term, so that 


R = p*\a/25 cos a, paseca = 1, (32) 


which is proportional to the single scattered reflection 
coefficient of a random screen of cylinders. As @ in- 
creases, all terms of Z are required; the R’s show 
polarization dependence. Finally as 2ka cos a—0 we use 
the first two terms of (30) and the alternate form of the 
last term: 


R_— 1 — Bpa(ka)*8/3,  R,—>1— 28/pa; (33) 
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compare with (27). Note that the use of (33) depends 
on 2ka cos a, whose smallness is the criterion both for 
the significance of the shadow term of the incident wave, 
and for the rapidly vanishing form of the cylindrical 
reflection. In both cases, the criterion is essentially that 
for replacing sin x by x, and this introduces roughly a 
ten per cent error when x=7/4. The value 2ka cos 
a<m/4 is also “Rayleigh’s criterion” (see Kerr!) 
2ka cos a is the path difference between the waves 
reflected from the top of the “roughness” and from the 
ground plane, so that its magnitude measures departure 
from a smooth plane. 

The incoherent scattering is proportional to the 
square of (29). If ¢¥a, and |a|, |@| +2(4r/2), then we 


may use 
2(1 + pa sec a)? 

which is independent of wavelength and polarization; 
the oscillating cross term was neglected, since it is not 
significant when integrated over a portion of the dis- 
tribution or over a small range of ka. At $=a, using 
f(a, t—«a) of (30), we replace the function in braces by 
A4ka/r. If —b=(2/2)—B-(r/2) then we restore the 
oscillating term in (34) to obtain 


T 2pa a T 
(= Ser eh oe a) > cos (<- =) 
2 (1 + pa sec a)? 2 4 


fuoee(S+Z}}. 9 


while for ¢=(m1/2)—§8, the signs on 7/4 are to be re- 
versed. A polar plot of o as a function of @ is thus 
roughly semicircular except for a peak at @=a; in 
addition ¢_—0 as || (r/2). On the other hand, if 
a=(r/2)—B—(r/2), and ¢+(7/2), then the complete 
forms of o give 


— 2pa(kaB)* co (=+4) cos? (=-+) 
o- pa( ka)? cos ATS Pres. 


g—a 


sin cos 


+ 


sin? 


cos? 


o4 — (B?/2pa) cos (= + “), 


; (36) 


both vanishing like 8%. In the specular direction, 
o_—8pa(ka)>B4/9r, o,—2kB?/p; in the back scattered 
direction [compare with (27) ] we have 


o_ — pa(ka)?B4/2, o4 — B?/2pa. (37) 


From (27), (33), and (37) we see that at low angles 
our model indicates relatively little difference in be- 
havior between large and small bosses, and this may be 
of interest for the sea surface: for the sea, the “bosses” 

12D, E. Kerr, “Propagation of Short Ratio Waves,” McGraw- 
Hill Book Co., Inc., New York, N. Y.; 1951, pp. 411, 423 ff., and 


H. Goldstein, “A Primer of Sea Echo,” rep. no. 157, U. S. Navy 
Electronics Lab., San Diego, Calif., p. 481 ff.; 1950. 
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consist more generally of the waves which are large com- 
pared to wavelength and the ripples which are small, so 
that the agreement between the present results and 
certain experimental data in Kerr” and Goldstein” (on 
low angel measurements of reflection coefficients and 
back scattering cross sections) need not be fortuitous. 
Thus in general our reflection coefficients approach unity 
linearly as the horizon angle 8 vanishes, and the hori- 
zontal coefficient for either large or small scatterers is 
more sensitive to scatterer size and wavelength than the 
vertical. In general, our horizontal back scattering 
vanishes like 84, and the vertical like 6?; the dependence 


fz(s, ki) = i¢ha)* | 


|1—Zs|?}= 1+ (ta)*| 


cos? a 


4irpa*(ka)* 
Rew 1 OT 


3 cos a 


on wavelength for large, small scatterers is given by 
3, A-2 for horizontal, and A~!, A® for vertical. Also, 
since o_/o,«(1—R_)6?/(1—R,) « (pakaB)? for both 
small and large radii, the vertical scattering will be the 
larger, particularly if the scatterers are small and few 
(i.e., a calm sea); if kaB is not small (e.g., large scatterers 
as for a rough sea), then from (34), the back scattering 
is independent of polarization. These findings are in 
qualitative agreement with the data in Kerr” and Gold- 
stein.!? (Our results also allow for a fairly comprehensive 
interpretation of the optical experiments described by 
Rayleigh! and Tai.! 


Hemispheres 


For the three-dimensional problem as in Fig. 1, we 
have 


pos pt(ko, k;) ‘€ 


k? cos a 


2 2 


aa oa (38) 


Sails, 


f(s, ki) 


Na 


p 
c= — 
Re 


’ 


For a hemisphere on a ground plane « =0 excited by a 
wave traveling in the plane z=0, we superpose the 
known results for a sphere and write 


o 62n+ 1 0 
f= >>, | on (0 ; : 
nat n(n + 1) sin 0 


F) 
+ ang (00, + =") COSC Emad “ae (39) 
sin 6 


a 0) O4( Pn, ir P»;) 


where 6 and ¢ are unit vectors in the coordinates of Fig. 
1, and where 
Pr, = Pn(s-ko) = Pa(sin 6 cos (¢ — a@)), 
Pa; = P,(s:k;) = P,(sin 6 cos (¢ — 7 + @)) (40) 


are Legendre polynomials; the primes on P represent 


@ cos a cos ¢ — ® cos A cosa sin d 


6(sin @ — 2sinasin ¢) — ®2 {A ariel 2 3 
™p 2 { cos? a | +( ™p Ricca 
k? cosa 3 1+ 4sin?a k? cos a cos? 2a ; 


aah? oF wamtbayey Pa | 
1+ 4sin?a | (sin 8 — 2sinasin¢) — 2 cos@ sinacos¢ 
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differentiation with respect to argument. As previously, 
f_ is in units of BE, and f, in units of H, 7.e., f_ and 
f,.Xs give the scattered polarization; polarization is 
thus preserved with respect to the plane of incidence, 
provided that s is in this plane. The a, are known; in 
particular, for a perfect conductor (to which we restrict 
the following) we have a,_= —jn(ka)/h,(ka) in terms 
of spherical Bessel functions and Hankel functions of 
the first kind, and a,,=— [kajn(ka) |’/[kah,(ka) |’, 
where the primes represent ka derivatives. — 

If a>>d, then corresponding to (24), (25), and (26) we 
obtain 


os ns sas . (41) 
1+ 4sin’?a 


(42) 


| 8 cos a cos $ — @ cos 6 cos asin $|? 


49) 


the scattering being proportional to A~, 2.e., essentially 
Rayleigh scattering. Except for normal incidence, the 
horizontal polarization is better reflected; correspond- 
ingly, the vertical back scattering is the greater. On the 
other hand, if 8= (1/2) —a=(m/2) —|¢| 0, then R and 
o (back) reduce to 


4 20\ k? 
R_— 1 — — rpa*(ka)48, Ry 1 — (=)=: 
©) 3/ 1p 


2 


o_ — pa*(ka)4B4, Wee Pere BP: (44) 
2 


In the range between (43) and (44) [as well as be- 
tween (26) and (27) |, the horizontal reflection coefficient 
increases smoothly to unity, and the corresponding back 
scattering cross section drops smoothly to zero. On the 
other hand, the vertical reflection coefficient decreases 
initially to a minimum value (at an angle more or less 
analogous to the “pseudo Brewster” angle in optics), 
and then rises steeply to unity; the corresponding back 
scattering increases to a maximum, and then drops 
sharply to zero. The phases of the coherent waves rela- 
tive to the incident wave may be obtained from (13) 
and (41) or (25); the horizontal starts at minus a small 
quantity and increases to 7; the vertical starts at a 
small negative value and increases to 7. 

If a>>X, then corresponding to (28) and (28a) we ob- 
tain (for incident E°) 


81 7 8&2, 


& 812 = gie(y cos uw + usin yp), 


Sha ka 
g = —e Pilsen Th eS eek I'J,(kasin 27); 


| 


: 
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1 P 
T= ry cos * (s-k). = (45) 


rw| 


g: — (kaY)?2(1 — ika4/3), 
g2—> — (ka)?\1 — P21 + k2a2/2)|/2; 2ka sin IT — 0.(45a) 


Here ¥ is the polar angle from ky to s, and p is the azi- 


muthal angle measured from e in the plane normal to 


ko; y and y are unit vectors. Thus the “geometrically 
reflected” term g; is not isotropic as indicated by (45); 
but has a sharp cusp in the forward direction. The for- 
ward amplitude theorem gives the expected total cross 
section —(41/k?) Re g(ko, Ky) -e=2r7a?. 

Superposing g’s corresponding to the waves of (1) 
and (2), we obtain 


f(s, kj) 
= + g1(s, ko) b1+ g2(s, ko) dt g1(s, ki)b_+g0(s, ki)d_; 
eae: cos (a $¢)—sin 6|+¢ cos 6 sin (a+ ¢) 
a 1 +sin @ cos (a#¢) 


6|+cos (a£¢)+sin 6]+6 cos # sin (a$¢) 
1+sin 6 cos (a+ ¢) 


die (46) 


In the plane of incidence, 0=7/2, we have bi=d 
= —@=e, and consequently 


TT Vin 
he: (=. or Tas x)-e 


ka 


aoeta [ + de—i2 kal sin bol 4. je—i2ka| cos hil 


— cot &)J;(ka sin 28) F tan &;J,(ka sin 26,) |; 


—a dgte 
pee ’ o; = : 
2 m4 


(47) 


where the first term is to be replaced by +4: of (45a) if 
¢—a. Consequently corresponding to (30), (31a), (32) 
and (33), we obtain 


rpa* E mn tan aJ,(ka sin 2a) 
2¢oral ys ka 


Z,=- 


—— a etka cos 2 (48) 
ka 
— 2 
=|: mpa?/2 Cos a : (49) 
1 + mpa?/2 cos a 
Be aa pe PE 3 4 (50) 
2° cos? a 2 cos a 
R_—> 1 — rpa*(ka)?B, Ry 1— (4/mpa?)B. (51) 


Here 1—7pa? sec a is the effective plane mirror area of 
unit area of distribution. 

The incoherent scattering, except near the specular 
direction and except for @ near grazing, is given approxi- 
mately by 
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| pa? | 1 | 
O4 + + bye t2k4| sin pi| 
2(1 + mpa?/2 cosa)?_| 2° ~ 18 


+ B_eni2balsin vol | 
= oo[1 + by-b_cos { V/2ka([1 + sin 8 cos ($ + a) J? 
— [1 — sin 6 cos (¢ — a) ]"/2)]; 
T';,0 = 3 cos (s-K;,9). 


(52) 


Except for |o| —1/2, we ignore the oscillating term, and 
use 


pa” 


fi 2(1 + mpa?/2 cos a)? 


=~ 00 


(53) 


At the specular angle we use (48) to obtain oz =a0(ka)?/2. 
In the plane of incidence, @=7/2, the function in braces 
in (52) reduces to 


kal 


then, if — ¢=(m/2) —B—>(7/2), we obtain 


‘ sin? \} 8 (< “f =) 
o¢— aB cos {—-+ — é 
eeu 2 4 


similarly in the forward direction, ¢=(7/2)—B, we 
change the sign of 7/4. On the other hand if 6-0, then 
(52) gives 


pe 
P; 


dt+a 


sin 


cos 


a 
+ 


(54) 


oF —> 20o{1 + [cos 2a + 20sin asin $(1 + cos 2a)|}. (55) 


Thus except near the specular and grazing directions, 
go is independent of s. This also holds approximately for 
the two-dimensional case; 7.e., (34) is roughly inde- 
pendent of @. 

For a= (1/2) —B—(m/2), we replace mpa?/2 cos a in 
(52) by —Z4 of (48). For 0=7/2, |6|-(x/2), 


o_ — pa*(kaB)? cos? (= ~ *), a4 — B?/m?pa?, (56) 


both vanishing like 62. In the specular direction, 
o_—pa*(ka)®B4/2!, ¢—k?G2/m%p. In the back scattered 
direction [compare with (44) ] we have 


a_— pa*(ka)?64/4, 04 — B?/1"pa’. (57) 


SUMMARY OF Low ANGLE RESULTS 


Here we collect some of the specific results obtained 
near grazing incidence. For arbitrary scatterers, the re- 
flection coefficients approach unity linearly as the 
horizon angle 6 vanishes, 


(1 — R) > O(8) — 9, (58) 


and the horizontal (—), vertical (+) back scattering 
vanish like 


o_— O(8), a, — O(B?). (59) 
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The frequency dependence for perfectly conducting 
scatterers with radius very small (case S), and very 
large (case L) compared to wavelength is 


¢ «(1 — R)m Xo: (60) 


for hemispheres, 
n = 4(S_), 2(L_), 2(S;), O(L4), (61) 


where S_ indicates horizontal polarization and small 


radius, etc.; for semicylinders, 
(Se 3(S_), 2(L_), 1(S4), O(L+). (62) 


The ratios of the horizontal to vertical back scattering 
for large or small scatterers fulfill 

(o_/o4) « (1 — R_)B*/(1 — Ry) « (Mhkaf)?; 

M = pra’, p2a, (63) 


where M is the fraction of the “average cell” taken up 
by a scatterer. Also 
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o(small)/ox(large) « (a/d)”, (64) 


where ~=2 for hemispheres, and 1 for semicylinders. | 

We may also apply our results to parallel cylindrical 
bosses of finite length J (long compared to wavelength) 
by neglecting their end contributions. In particular, for 
incidence and observation in the plane normal to their 
axes, we use the. three-dimensional formalism with 
f=f,,(kl/r), where f,, is the amplitude of the infinitely 
long boss. Hence we may use our two dimensional re- 
sults for R and o, provided that we replace their p by 
pl, and multiply o by I/A, .e., essentially, the reflection 
coefficients are unaltered and only the frequency de- 
pendence of the incoherent scattering is changed. Thus 
the frequency dependence of 1— R near grazing is as in 
(62), while that of the back scattering becomes 


A(S_), 3(L_), 20S), 1(Z4). (62a) 
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Radio Communications by Means of Very Short Electric Waves* 
GUGLIELMO MARCONI 


tion, both scientific and popular, has been di- 

rected to the published accounts, of varying 
degrees of accuracy, of my recent researches regarding 
the use and potentialities of very short electric waves 
for radio communication over relatively long distances. 
My object tonight is to give you facts about the results 
obtained and the observations made by myself and my 
assistants, and to furnish some description of the ap- 
paratus used and of the methods employed. 

The study of what may be termed “very short” waves 
dates from the discovery of electric waves themselves, 
1.e., from the time of the classical experiments of Hertz 
and his contemporaries some 42 years ago. In many of 
these experiments Hertz used very short electric waves, 
and conclusively proved that these waves followed the 
same laws as waves of light as regards speed of propaga- 
tion, reflection, refraction, and diffraction. 

The problem of utilization of very short waves for 
wireless communication is not a new one to me, for I 
have devoted to it much thought and labor since the 
time of my earliest wireless experiments 38 years ago. 


[ Diton the last 12 months, a good deal of atten- 


* Reprinted from Proceedings of the Royal Institution of Great 
Britain, vol. 22, pp. 509-544; 1933. 


In 1896 I was able to demonstrate to the Engineers of 
the Post Office that waves of the order of 30 centimeters, 
corresponding to a frequency of approximately one 
million kilocycles, and now sometimes termed micro- 
waves, could be successfully used for telegraphic com- 
munication over a distance of 12 miles by employing 
suitable reflectors. Later this distance was increased to 
25 miles. These early results were described by the late 
Sir William Preece at a meeting of the British Associa- 
tion in September, 1896, and at subsequent lectures, 
and were referred to in greater detail in a paper which I 
read before the Institution of Electrical Engineers on 
March 3, 1899. At that lecture I demonstrated how it 
was possible, by means of “very shcrt” waves, for re- 
flectors to concentrate transmission in a given direction 
instead of allowing the waves to spread in all directions. 

At that time, however, the use of these very short 
waves did not appear very promising, and for many 
years my investigations, like those of my contempo- 
raries, were directed to the use of progressively longer 
waves which reached the length of ten thousand meters. 

In 1916, war requirements called for methods of radio 
communication more secret than those which were then 
in use, and reopened the interest of the directive proper- 
ties inherent in the very short waves, and I again turned 
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my attention and investigations to the generation and 
reception of very short waves. I am indebted to the 
valuable assistance which I received then from C. S. 
Franklin, of the Marconi Company. 

At that time, using special spark transmitters and a 
2-meter wavelength, 6 miles of reliable communication 
were secured; and later tests with the same wavelength, 
carried out at Carnarvon, gave good signals at a dis- 
tance of over 20 miles, with the indication that a greater 
range would have been possible. 

The remarkable results which I obtained during the 
period 1919-1924 with the use of wavelengths from 100 
to 6 meters, which led to the collapse of the long wave 
Imperial scheme and its substitution by high-speed 
short-wave Beam Marconi Stations, and in fact brought 
about the present radio revolution of short-wave long- 
distance radio telegraph and telephone services, again 
distracted my attention from the study of microwaves.! 

Electromagnetic waves under 1 meter in length are 
usually referred to as quasi-optical waves, the general 
belief being that with them communication is possible 
only when the two ends of the radio circuit are within 
visual range of one another; and that consequently their 
usefulness is defined by that condition. 

Long experience has, however, taught me not always 
to believe in the limitations indicated by purely theo- 
retical considerations or even by calculations, for these, 
as we well know, are often based on insufficient knowl- 
edge of all the relevant factors, but, in spite of adverse 
forecasts, to try out new lines of research, however un- 
promising they may seem at first sight. 

It was about 18 months ago that J decided again to 
take up the systematic investigation of the properties 
and characteristics of these very short waves, in view of 
the palpable advantages which they seemed to offer, 
1.e., the small dimensions of the radiators, receivers, and 
reflectors necessary for radiating and receiving a con- 
siderable amount of electrical energy, and in view also 
of the fact that they do not suffer interference from 
natural electrical disturbances such as atmospherics. 

It was, of course, obvious to me that these investiga- 
tions would be facilitated if it were possible efficiently 
to utilize considerably more power in the transmitters, 
and employ more reliable and practical receivers than 


- those that were then available. I also decided to resume 


these researches in Italy where, as President of the 
National Research Council, I enjoyed special facilities. 


1 “Radio Telegraphy,” paper read at American Institute o {Elec- 
trical tneera, ane 20; *1922-—PROC. IRE, vol. 10, pp. 215-238; 
August, 1922. ; 

“Results obtained over very long distances by short waves and 
directional wireless telegraphy,” J. Roy. Soc. Arts., vol. 72, p. 607; 

4, 

17 Radio communications,” id., vol. 73, p. 121. ; oe, 

“Radio Communications,” paper read before Institute of Civil 
Engineers, October 26, 1926—vol. 222. Session 1925-1926, part 2. 

“Le radiocommunicazioni a fascio,” Nuova Antologia, Rome; No- 
vemeadiC Poneentavions:” paper read before American Institute 
of Electrical Engineers and the Institute of Radio Engineers, New 


York, N. Y.; October 17, 1927. 
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I may also add that I was afforded every possible assist- 
ance and encouragement by the Italian Government. 

Most of the research necessary for the construction of 
the new apparatus employed on these tests has been 
carried out by my personal assistant, G. A. Mathieu. 
His work, aided by suggestions and observations of my 
own, has resulted in the possibility of generating and 
radiating very short waves of greater power than hither- 
to, and in the elaboration and construction of practical 
and easily adjustable receivers. I am also indebted to 
G. A. Isted, of the Marconi Company, for much valu- 
able work. 

At the beginning of our work a choice had to be made 
between two alternative ways of attacking the problem 
—by the magnetron, or the electron oscillator. As a 
powerful transmitter was the principal aim, the mag- 
netron road was a very tempting one; but the necessity 
of employing rather high potentials, of producing an 
auxiliary field, and doubts of being able to ensure good 
modulation, made us prefer the Barkhausen-Kurz 
effect. 

Not less important was the choice of the wavelength 
to be employed. Since it appeared improbable that there 
would be any great difference in the propagation proper- 
ties of waves of say 80 to 20 cm, we decided first to con- 
centrate our efforts on the generation and efficient radi- 
ation of what may be termed a medium wavelength on 
the microwave scale—that is a wavelength of the order 
of half a meter, 7.e., 600,000 kc. 

The first circuit tried was of the well-known Bark- 
hausen and Gill Morell plate grid Lecher wire type, 
which has been used in nearly all recent experiments. 
In that circuit we tried, with varying success, all the 
new and obsolete receiving and amplifying valves of the 
cylindrical. plate type that were available; but as soon 
as any was pressed for power, its life proved to be only a 
matter of minutes. 

Our efforts were, therefore, directed towards the pro- 
duction of a more suitable valve; and after a time a 
valve with a 4-ampere tungsten filament and a mo- 
lybdenum grid, supported by electrical welding on - 
molybdenum, was produced, which led to a great im- 
provement so far as the power obtainable and the life of 
the valve were concerned. 

However, the inadequacy of the plate grid Lecher 
circuit was soon apparent; and a new symmetrical two- 
valve circuit was thought out, and tried after two special 
valves, the mirror images of one another, had been con- 
structed for it. 

The development of this new circuit has led to the 
present new transmitting circuit and is shown in Fig. 1. 

This new electronic oscillator is characterized by 
three definite tuned circuits, namely, an inside and out- 
side filament-tuning, and a plate-tuning circuit, and 
also by the use of a feeder-impedance-transformer, the 
purpose of the latter being to match the internal re- 
sistance of the valves with that of an efficient dipole 
aerial. 
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These various circuits are indicated in Fig. 1. 

The small disks at the end of the dipole aerial are 
acting as end capacities and our experience has defi- 
nitely indicated that their use secures more radiated 
power and renders easier the adjustment of the feeder- 
impedance-transformer than is otherwise possible. 


a 
THE OUTSIDE FILAMENT TUNING ---— 
THE INSIDE FILAMENT TUNING 
THE PLATE TUNING 

THE AERIAL & FEEDER IMPEDANCE TRANSFORMER 


hig. 1. 


The plate-tuning and the inside filament-tuning are 
the most important of all, in fact they are the controlling 
factors of the wavelength at which the transmitter can 
be made to oscillate with efficiency; all the other adjust- 
ments being dependent upon them. 

It is necessary to point out that the correct length of 
conductor required to connect the two plates together 
to secure plate tuning is very small—it is only about 
5 cm for a wavelength of the order of 50 cm—and the 
explanation of the fairly long kind of Lecher wire, shown 
in Fig. 1, is that it has been found possible and also de- 
sirable to add to that short conductor another conductor 
one wavelength long, bent back on itself to avoid loss 
by radiation. 

The action of the plate-tuning is easily followed. It 
controls the frequency of the oscillations in a manner 
analogous to a straight steel bar vibrating with its mid- 
dle point fixed. 

This is really the case, since by connecting a thermo- 
couple in the middle of the tuning-plate conductor and 
leaving the other connections free, the two plates and 
the conductors behave like a dipole aerial terminated by 
large end capacities. 
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The inside and outside filament-tuning might at first 
appear to be acting only as effective chokes, but in fact 
both are necessary to ensure the correct distribution of 
potentials along and between the elements of the new 
circuit. 

The correct distribution of the potential along the 
plate and filament circuits, obtained by these tunings, is 
shown in Fig, 2. 
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Fig. 2—Distribution of potential along filament and 
filament-tuning and plate-tuning circuit. 


It is interesting to note that the circuit still oscillates 
very well—but at about half the power if the filament 
of one of the valves be switched out—but that the set 
cannot be made to oscillate at all if one of the plates is 
disconnected, thus confirming again the controlling ac- 
tion of the plate-tuning circuit. 

Of course, it is not sufficient to tune correctly all the 
external portions of the new circuit, it is necessary also 
to adjust the electrical supplies to the valves employed 
to generate electronic oscillations between their elec- 
trodes to a frequency corresponding as closely as possi- 
ble to that to which the external circuit is tuned. 

There is a definite pulling effect of the oscillation into 
the frequency controlled by the circuit adjustments, and 
the closer the correspondence of the electrical adjust- 
ments to that frequency the more powerful and the 
more stable is the transmitter. 

The degree of filament heating is another important 
factor upon which the efficiency of the transmitter de- 
pends. Starting with cold filaments, the oscillations will 
start as soon as the saturation of the grid current is 
reached, when the radiated energy will go on rapidly 
increasing as the filaments reach a further degree of 
brilliancy until it passes through a sharp maximum; 
after which a further increase in the heating of the fila- 
ment will bring about a rapid decrease in the efficiency, 
and finally the cessation, of the oscillations. 

Naturally, the development of the valves has pro- 
ceeded parallel with that of the circuit. 

The filament thickness of the valves, the diameter and 
pitch of their grids, and the length of their plates and 
grids were successively varied, until the best results 
were obtained. The method of supporting the electrodes 
was also investigated and found to be a matter of im- 
portance. I regret, however, that I have no time to go 
further into this tonight. 
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The radiated energy of one standard unit transmitter 
has been measured by placing the whole apparatus, 
except the aerial and feeder, in a calorimeter and taking 
temperature curves first with the transmitter in oscilla- 
tion, and then in nonoscillating condition, all the electric 
currents being kept constant. 

Consistent results were obtained by this method indi- 
cating an average radiation power of 3.5 watts. 

The power absorbed by the filament is approximately 
30 w, that by the grid approximately 25 w, the over-all 
efficiency being, therefore, about 6 per cent, increasing 
to 14 per cent, if the grid power only be taken into 
account. 

The possibility of substantially increasing the radiat- 
ing power of a transmitter was successfully realized by 
running several of these unit transmitters in parallel 
with their aerials all in line and spaced so as to secure 
the maximum directive effect. 

The keeping of these unit transmitters electrically in 
step has been rendered possible by linking up, two by 
two, the outside filament-tuning of adjacent transmit- 
ters by means of phasing links 15 wavelengths long. 

Fig. 3 shows the schematic diagram of the arrange- 
ment for parallel working. It will be noticed that con- 
densers are placed at the maximum current points, in 
order to permit of the independent regulation of the 
filament heating current of each valve; the same prin- 
ciple applying in the case of four transmitters. 
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Fig. 3—Illustrating method of keeping in step 
two-unit transmitter spaced 3\/4. 


There are several ways of modulating the new trans- 
mitter. The principal methods are to superimpose the 
modulation on the grid high tension positive dc sup- 
ply, or on the plate steady bias negative potential. But 
there are many other ways such as push-pull action on 
the plate or the grid, or even push-pull between two 
transmitting units. All these methods were tried and 
their peculiar characteristics ascertained, but the plate 
modulation was adopted, at least for the time being, on 
account of its simplicity. 

In the case of several transmitting units working in 
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step, all the plate circuits are connected in parallel and 
are consequently modulated simultaneously. 

The plate filament impedance of a unit transmitter at 
1000 cycles has been measured and found to be of the 
order of 2500 ohms. This value has been successfully 
used for designing the modulating transformer. 

During these investigations the problem of wave- 
meter and frequency had, of course, to be taken into 
careful consideration. 

At an early stage in our work, when the plate-grid 
Lecher wire circuit was used, the coupling of a Lecher 
wire wavemeter to the transmitter was found fairly 
satisfactory, and measurements made by observing the 
pulling effect exercised by its coupling on the electrical 
supplies; but this proved quite useless as soon as more 
power was available. 

Sensitive, but necessarily also high resistance, thermo- 
junctions were used at the center of a dipole constituted 
by two straight rods fixed into the terminals of the 
thermo-couple, but the tuning was very flat and in- 
definite. 

With the comparatively large amount of energy 
radiated from the new transmitter, it was then found 
possible to use the thermo-couple of a stand 0 to 125 
milliamperes Weston Ammeter, the low internal re- 
sistance of which had already enabled us to secure a 
much sharper tuning. 

Our present standard wavemeter and radiation indi- 
cator was then developed by placing the thermo-couple 
of that instrument in the center of a dipole aerial pro- 
vided with large end capacities taking the form of large 
disks. Naturally, the total length of the arrangement 
securing tuning is substantially shorter than with the 
usual straight rod dipole arrangement. It is only 8 cm 
instead of 28 cm in the case of 60-cm wavelength, and 
the arrangement secures a marked improvement in 
sensitiveness and selectivity. 

With this type of wavemeter it is possible to measure 
wavelengths to a millimeter, by coupling to the wave- 
meter a Lecher wire which, when in tune, pulls the oscil- 
lation induced in the wavemeter down to practically 
zero. Such an arrangement permits the calibration of 
the standard instrument which, in the system de- 
veloped, is used as a radiation indicator to adjust both 
the transmission and the modulation. 

Having ascertained the mechanism of working of the 
new circuit, it was then possible to investigate if it 
could readily be used for the production of shorter 
wavelengths, say, of the order of 40, 30, or 20 cm. 

The first thing observed was that by varying propor- 
tionally all the dimensions of the external circuits and 
readjusting the electrical supplies, the standard valves 
were capable of generating at practically constant ef- 
ficiency all wavelengths with a perfect continuous range 
from 80 cm to 50 cm. 

Below 50 cm the tuning of the plate circuit became 
very indefinite and the efficiency fell off rapidly. 
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It looked, therefore, as if with the normal type of 
valves the plate circuit at this shorter wavelength was 
behaving as one of our standard disk wavemeters would, 
if the end capacities were disproportionate to the length 
of the connecting rod. 

With a view to checking this conclusion, a set of 
valves was constructed having smaller and shorter 
electrodes, and with them a continuous range from 55 
to 35 centimeter wavelength was obtained with an ef- 
ficiency as satisfactory as with the other type. 

It is interesting to point out here that while with each 
type of valve the grid high potential and plate negative 
potential had to be increased as the wavelength was de- 
creased, the same wavelength of say 55 cm could be 
produced at its maximum power with either of the 
valves, but with a grid potential in the case of the 
smaller valves, smaller than in that of the standard 
60-cm type. 

The idea of utilizing a system of unit reflectors fol- 
lowed logically on that of the system of unit transmit- 
ters just described. 

The advantages inherent in the possibility of placing 
side by side several transmitter units working in phase 
with each other for the purpose of increasing the power 
of a transmitting station would, in fact, have been 
partly lost if the same method could not have been ex- 
tended to the reflector. 

Considering the type of multiunit transmitter de- 
veloped we decided to adopt, at least for the time being, 
the ordinary well-known cylindrical parabolic reflector. 

Of this type of reflector we already possessed a con- 
siderable amount of experience and data, and its design 
was a fairly straightforward proposition. 

However, the high efficiency observed by experiment- 
ing with these very short waves with free and reflector 
rods in place of wires or rods supported at each end by 
insulators, leads to a peculiar type of construction where 
each reflector rod is supported at its middle point by a 
copper tube bent into a true parabolic curve. 

Fig. 4 will convey a good idea of this kind of herring- 
bone reflector construction, and the manner in which 
these units can be mounted side by side to build up a 
multiple unit reflector. 

This reflector system is economical in construction 
and offers the important advantage of a small wind 
resistance. 

The aperture of the reflector was fixed to three wave- 
lengths, because we knew from experience that with 
this type of reflector very little was to be gained by 
exceeding this figure. 

The focal length of the reflector has been made equal 
to % of the wavelength used. 

The distance between the reflector rods has been de- 
termined by the desirability of placing the unit trans- 
mitter and the unit reflector at a distance securing the 
maximum directive effect without producing unduly 
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Fig. 4—Transmitter and receiver installed in the Vatican. 


large and detrimental side beams. This critical distance 
is 2 of a wavelength. 

The fixing of this distance by the above considera- 
tions, and the necessity of preventing the reflector and 
rods from touching one another, determined the maxi- 
mum length of the reflector rods and consequently their 
spacing distance, since these two factors are interde- 
pendent. 

While the addition of two unit reflectors on each side 
of the directly excited reflector unit by one transmitting 
unit secured no appreciable advantage, a very marked 
improvement in the radiation power was observed by 
placing the transmitting dipole no longer at the center 
of one of the reflector units, but on the focal line be- 
tween two adjacent reflector units. 

In the case of several unit transmitters, this method 
of exciting, say, three unit reflectors by two unit trans- 


Ty eet eS 


1957 


mitters, thus securing the simultaneous excitation of the 
center unit reflector by two unit transmitters, offers a 
new method of keeping the oscillation of several trans- 
mitters in phase. 

With this mode of keeping several transmitters in 
phase, the tuning of the outside filament plays an im- 
portant role, and their adjustment is critical. 

With this system of unit transmitters and unit re- 
flectors, many different arrangements are possible, each 
corresponding to a different power of radiation which 
can be made variable over wide limits. 

Fig. 5 shows some of these alternative arrangements. 

Fig. 5(a) shows the simplest and most economical 
case of one unit transmitter working in the center of one 
unit reflector. 

Fig. 5(b) is the next more powerful arrangement; one- 
unit transmitter exciting two reflector units. 

Fig. 5(c), which is our present normal arrangement, 
consists of two transmitting units exciting three reflec- 
tor units, and so on. 

Fig. 5(e) shows the arrangement of our four trans- 
mitter units, five-reflector unit transmitter, described 
hereafter. 
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Fig. 5—Energy polar diagrams. 


On the right side of each of these alternatives has 
been drawn the horizontal polar diagram obtainable by 
each, and the values indicated in decibels are the gain 
due to the directive properties secured by the adequate 
spacing of the unit transmitters. To this gain must be 
added the gain secured by the parabolic reflector itself, 
which is of the order of 8 decibels. 
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The first short distance receiving tests carried out 
indicated that as in the case of the transmitter, electron 
oscillator receiving circuits based on a plate grid Lecher 
wire principle were inadequate. The time spent in in- 
vestigating the possibilities of this type of circuit was 
by no means wasted, however, for, in addition to the 
experience gained in the novel practice of tuning a re- 
ceiver by means of resistance adjustment and by milli- 
ammeter and voltmeter readings, the preliminary ex- 
periments brought to our knowledge the following 
valuable information. 

It was clearly indicated that the successful newly 
developed transmitting valves were very inefficient 
when used in the receiver, thus rather upsetting the 
more or less generally accepted idea that with the 
Barkhausen oscillating circuits the same valves were 
suitable for both purposes. In contrast with what was 
observed in the case of the transmitter, it was found 
that the plates of the valves were the active electrodes, 
and should, therefore, be connected to the aerial in- 
stead of to the grids. Further, it was made clear that 
tuning was best secured by varying grid, filament, and 
plate potentials more or less simultaneously; and that 
no design would be useful commercially unless all cir- 
cuits were ‘provided with current-measuring instru- 
ments. 

I will now show you our last type of receiving valve 
mounted on special antivibrating sockets. 

In view of the results obtained, the plate grid Lecher 
wire circuit was therefore definitely discarded, and a 
receiver was constructed on the same lines as the new 
transmitting circuit comprising a plate, grid, and inside 
and outside filament-tuning. 

The results obtained with this new receiver were most 
satisfactory. It was not at first appreciated, however, 
that too tight a coupling existed between the plate and 
the grid circuit and that, therefore, the big advantage 
of plate and inner filament-tuning was not being 
realized. Consequently, all the first types of receiver 
used in earlier demonstrations were not provided with 
either grid or inner filament-tuning. 

The electrical adjustments of the receiver are critical, 
but this disadvantage has been largely overcome by 
designing special resistances giving only small resistance 
variation for relatively large movements of their con- 
trolling handles. 

Fig. 6 gives the schematic diagram of our latest re- 
ceiving circuit which is in present use. 

Numerous distance tests, and a few official demon- 
strations have been given from time to time, and each 
has gone to prove the availability and practicability of 
these very short waves for the purposes of radio com- 
munication. 

The first demonstration was given to representatives 
of the Italian Ministry of Communications early in 
October, 1931, between Santa Margherita and Sestri 
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Levanta, near Genoa, a distance of 11 miles over sea. 

The transmitter, consisting of two radiating units 
working into four reflector units, was installed at Santa 
Margherita on the balcony of a private villa, at a height 
of 50 meters above sea level. 

The receiver, which was of our first type, without 
plate or inner filament-tuning and without supersonic 
variable plate bias, was installed on the top of a small 
signal station tower at Sestri Levante, at a height of 
70 meters above sea level. 

The elevation of the two instruments was capable of 


giving a direct line of vision over a distance of 24 miles, ' 


that is to say, slightly more than twice the actual dis- 
tance at which the test was carried out. 

On October 29, 1931, a second demonstration was 
given to the same experts and between the same places, 
with an improved receiver, fitted with variable super- 
sonic plate bias; moreover, at that demonstration the 
commercial possibility of a carrier suppressor-voice- 
operated device, developed for the transmitter, was also 
shown. 

The third demonstration took place on November 19, 
1931, between the same transmitting experimental sta- 
tion at Santa Margherita and Levanto, a distance this 
time of 22 miles, mostly over sea. 

The receiver at Levanto was installed on the balcony 
of a private villa, at a height above sea level of 110 
meters. 

The sum of the heights of the two stations was 160 
meters, which is sufficient for a direct vision over 27.5 
statute miles, or 20 per cent in excess of the distance 
covered. This demonstration was given to representa- 
tives of the Italian Government and the Press. 

It is very interesting, I think, to mention that, al- 
though the apparatus used was the same as that for the 
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previous demonstration between Santa Margherita and 
Sestri Levante, the increase of the distance from 11 to 
23 miles made very little difference to the strength of 
the signals received. 

The next was a duplex demonstration, which took 
place on April 6, 1932, again between Santa Margherita 
and Sestri Levante. Its purpose was to show the ad- 
vanced model incorporating two-wire telephone termi- 
nal apparatus, and to demonstrate the practicability 
and the resulting advantages of working both trans- 
mitter and receiver in the same reflector. 

That demonstration was given to experts of the 
Italian Government and representatives from the Uni- 
versities and Technical Colleges. 

All the new apparatus was explained and demon- 
strated, and excellent two-way communication was 
maintained on two wires for several hours. 

Soon after the duplex demonstration of Santa 
Margherita to Sestri Levante, the Vatican authorities 
decided to adopt the new system for telephonic com- 
munication between the Vatican City and the Palace 
of His Holiness the Pope at Castel Gandolfo, near 
Rome. 

This application is of great interest as the distance 
between the two points, a matter of 20 km, is entirely 
over land, and also because there is no actual clear 
vision between' the two places, on account of the 
intervening trees in the Vatican Garden, and those of 
the Avenue built over the Gianiculum Hill, situated at 
about 4 miles from the Vatican. 

Having at the time no experience of such working 
conditions, it was decided to check beforehand the 
possibility of successfully operating such a circuit. 

For that purpose, a small experimental single trans- 
mitter reflector unit was placed at the Vatican City and 
a standard receiver with a single unit reflector was in- 
stalled first at the College of Mondragone, east of 
Castel Gandolfo, from which a direct vision of the 
transmitter was possible, and afterwards at Castel 
Gandolfo. 

These interesting tests took place towards the end of 
April, 1932, and were entirely successful, the signals 
being received with great strength at Mondragone and 
afterwards only slightly weaker at Castel Gandolfo, 
leaving no doubt as to the possibility of successfully 
linking together the two places, notwithstanding what 
would generally have been considered unfavorable con- 
ditions. 

It is also interesting to mention that to reach Mon- 
dragone, the waves had to pass through the masts and 
aerials of the high power Radio Station of the Italo 
Radio Company at Terranuova. 

On April 26, 1932, a demonstration of the apparatus 
was given to His Holiness the Pope. 

At the end of last month, the apparatus for that first 
commercial link on a wavelength below 1 meter was 
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Fig. 7—Remote control equipment of Vatican transmitter. 


installed and tested, and although the official inaugura- 
tion will not take place until next month, the circuit is 
already in operation and working satisfactorily. 

Fig. 4 shows the transmitter and receiver which are 
working in the same reflector, recently installed on the 
roof of the Annex of the main Vatican Wireless Station. 

Fig. 7 shows the remote control of this transmitter 
and receiver as well as the telephone terminal equip- 
ment which permits the extension of the radio circuit 
to any ordinary Vatican or outside telephone line. 

Fig. 8 gives the back view of the same apparatus. 

Figs. 4, 7, and 8 illustrate the new very short-wave 
system as the practical outcome of our recent tests and 
researches. 

With the object of carrying out long distance tests, a 
five-unit reflector, four-unit transmitter was con- 
structed, which constitutes what I believe to be the 
most powerful short-wave transmitter yet produced. 

This transmitter induced 30 milliamperes in the 
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Fig. 8—Back view of remote control equipment of 
Vatican transmitter. 


standard wavemeter at a distance of 12 meters, repre- 
senting 21 wavelengths from the aperture of the reflec- 
tor. 

Fig. 9 (next page) is a photograph of this experimental 
transmitter, while Fig. 10 illustrates the four-unit trans- 
mitters, working in phase side by side, mounted inside 
the screened box, behind the reflectors. 

In July of this year, one of our standard receivers with 
single reflector unit was installed astern of the main 
deck of the yacht “Elettra,” and preliminary tests were 
carried out with the new powerful transmitting station 
installed at Santa Margherita. 

These tests demonstrated that although the optical 
distance corresponding to the small height of the Santa 
Margherita Station and the yacht “Elettra” was only 
14.6 nautical miles, the signals were still perceivable at 
a distance of 28 miles, consequently well beyond the 
optical range and notwithstanding the intervening 
curvature of the earth. These signals began to lose 
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Fig. 9—Experimental transmitter. 


Fig. 10—Four-unit transmitter. 


strength noticeably at about 11 miles from Santa 
Margherita, that is, before reaching the optical limit, 
but after passing that position they were observed to 
decrease in strength only gradually, until no longer 
perceptible. Above a distance of 22 miles the signals 
were suffering from a kind of deep fading causing them 
to disappear completely from time to time. 

At a distance of 18 miles the speech was still 90 per 
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cent intelligible, but from 20 miles until the signals 
could no longer be heard, tone Morse signals only could 
be clearly identified. 

At the end of July, 1932, the equipment of the Santa 
Margherita Station was transported to the obsolete 
Seismographic Observatory of Rocca di Papa which is 
situated about 12 miles south of Rome, at a height of 
750 meters above sea level and about 15 miles inland. 

On August 2, good duplex communication was estab- 
lished between the new experimental station and the 
yacht anchored in front of Ostia, a distance of about 
18 miles, 57-cm waves being used from Rocca di Papa 
to the yacht “Elettra,” and 26-meter waves in the re- 
verse direction. 

On the 3rd, the yacht was forced to leave for Civita- 
vecchia Harbor on account of bad weather, but the 
journey was utilized for a propagation test. 

During this test, and with the view of keeping the 
beam directed on the yacht, the reflector at Rocca di 
Papa was turned east of Ostia, 5° every half hour. 

Very good signals were received on the yacht up to a 
distance of 85 km. At that distance the signal strength 
decreased considerably, but remained perfectly audible 
in spite of the intervening hills masking completely the 
position of the transmitting station. 

The signals were only lost at a distance of 90 km, 
when, having to enter Civitavecchia Harbor, the re- 
ceiving reflector could no longer be kept directed on 
Rocca di Papa. 

On August 6, the yacht with representatives of the 
Italian Government on board, moved on to the line 
Rocca di Papa-Golfo Aranci, Sardinia, for the purpose 
of carrying out a long distance investigation on the 
propagation of these waves. 

The tests started when the yacht was 34 miles from 
Rocca di Papa with excellent duplex telephonic com- 
munication, very strong signals being heard at both 
ends of the circuit. 

At 58 miles good duplex communication was still 
possible; that is to say, already 6 miles in excess of the 
optical range; but shortly afterwards the signals lost 
their strength rapidly, became erratic and suffered from 
slow and very deep fading until, at a distance of 80 
miles, they could only be perceived at times. 

Listening, of course, continued, in spite of these poor 
conditions, when on reaching 87 miles, the average 
strength of the signal suddenly increased and soon 
reached practically the same strength as was observed 
at 46 miles. 

This return to good signal strength conditions lasted 
until the distance of 100 miles was reached, when the 
signals faded away again very rapidly, assuming a slow 
and deep fading characteristic. They were finally per- 
ceived for the last time at a distance of 110 miles. 

On August 10, this important long-distance test was 
repeated. 
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Over the first 70 miles the results repeated them- 
selves very well, but from that distance onwards they 
varied in regard to the following points. 

First, the signals, instead of fading away rapidly to 
nearly complete inaudibility, at the distance of 72 miles 
assumed a character of very slow and deep fading but 
maintained an average intensity of signals nearly con- 
stant up to 110 miles from Rocca di Papa. 

Secondly, at that distance, instead of losing the sig- 
nals altogether, they kept that slow, deep, fading char- 
acteristic with a progressive decrease of average 
strength until they became inaudible from time to time, 
and were heard for the last time on the yacht.at a dis- 
tance of 125 nautical miles from Rocca di Papa. 

The yacht arrived the same night at Golfo Aranci, 
Sardinia, and next morning the receiving apparatus was 
disembarked and installed on the tower of the signal 
station of Cape Figari, 340 meters above sea level. 

Rocca di Papa station had been requested to start 
transmission again at 4 P.M., and we had the great 
satisfaction of being able to pick up its signals almost 
immediately. 

The tests lasted until midnight, the signals, however, 
assuming the same slow, deep fading already observed 
on the yacht, excellent 100 per cent intelligible speech 
being received during the strong periods of the signals, 
but reaching practically inaudibility during the weak 
periods. 

The average signal strength appeared also better be- 
fore sunset than after. 

The distance between Rocca di. Papa and Cape 
Figari is 168 statute miles while the optical distance 
taking account of the height of the two places is only 
72 statute miles. 

It is interesting to add that at Cape Figari the angle 
of reception was investigated several times by tilting 
the reflector and it was found that the waves from the 
distant station reached the receiving experimental sta- 
tion from a horizontal direction. 

In conclusion, I feel that I may say that some of the 
practical possibilities of a hitherto unexplored range of 
electrical waves have been investigated, and a new 
technique, which is bound to extend very considerably 
the already vast field of the applications of electric 
waves to radio communications, developed. 
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The permanent and practical use of microwaves, on 
the Vatican Castel Gandolfo link, provides the first 
example of what will be, in my opinion, a new and 
economical means of reliable radio communication, free 
from electrical disturbances, eminently suitable for use 
between islands, and to and from islands and the main- 
land, and also between other places separated by mod- 
erate distances. 

The new system is unaffected by fog, and offers a 
high degree of secrecy, by virtue, principally, of its 
sharp directive qualities. 

Its strategic uses in wartime are obvious, no less than 
its practical value to navies and aircraft, in so far as the 
communications can be confined to any desired direc- 
tion. 

The fact, however, that the distance of propagation 
of these waves appears to be limited, suggests other ad- 
vantages in wartime, besides greatly reducing the possi- 
bility of mutual interference between distant stations. 

In regard to the limited range of propagation of these 
microwaves, the last word has not yet been said. It has 
already been shown that they can travel round a portion 
of the earth’s curvature, to distances greater than had 
been expected, and I cannot help reminding you that at 
the very time when I first succeeded in proving that 
electric waves could be sent and received across the At- 
lantic Ocean in 1901, distinguished mathematicians 
were of the opinion that the distance of communications, 
by means of electric waves, would be limited to a dis- 
tance of only about 165 miles.? 

In any case, the new system is now available for ad- 
vantageously replacing optical or light signalling in all 
its long-distance applications, as for example, between 
signaling stations along coasts, or between forts con- 
structed along a frontier, and in general will be found - 
advantageous in many cases where the erection and 
maintenance of an ordinary short-distance telephone or 
cable circuit is difficult, or too expensive. 

Other applications such as broadcasting and tele- 
vision are already under consideration, and the study of 
the new fields of application for these so far unutilized 
electric waves will, I feel sure, soon bring about the de- 
sign of greatly improved methods and apparatus. 


2H. M. Poincaré, “Notice sur la télégraphie sans fil,” Annuaire 
pour l’an 1902 du bureau des longitudes, Paris. 
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Diffraction of Surface Waves by a Semi-Infinite Dielectric Slab* 
CARLOS M. ANGULOt+ 


Summary—The discontinuity at the end of the slab is regarded 
as the junction of an open dielectric-filled waveguide and a free- 
space waveguide. 

Avariational expression is set up for the terminal impedance repre- 
senting the effect of the discontinuity on the surface wave. Close up- 
per and lower bounds for the impedance are obtained. 

A variational expression is also set up for the transfer impedance 
between the surface wave and one of the modes of the continuous 
mode spectrum associated with the free-space waveguide. The 
transfer impedances yield the modal amplitudes of the fields. The 
synthesis of all the modal components gives the electromagnetic 
field scattered by the end of the slab. The synthesis is carried out 
for the far field by the method of steepest descents. 

Terminal impedances and forward radiation patterns are plotted 
as functions of the thickness for several permittivities «.=2.49; 
10; 100. The approximation obtained by the variational expression is 
excellent for small values of «, and begins to be bad for «,>10. For 
very large values of e, it is possible to obtain a rough estimate of the 
impedance, immediately, from the values for «¢,=10. 


INTRODUCTION 


T IS WELL KNOWN that surface waves can 
beta along dielectric slabs. In this paper, 
the effect produced by the abrupt termination of 
the slab is studied. Certain familiarity with surface 
“waves is assumed and the reader is referred to Barlow 
and Cullen,! Kiely,? and Zucker,’ for a survey on the 
subject. The diffraction problem is attacked by modal 
analysis and synthesis, considering the dielectric slab as 
an open waveguide. On the use of the waveguide con- 
cepts, as applied to open diffraction problems, and on 
the use of one-dimensional representation theory, the 
reader is referred to Marcuvitz.*® 
We will consider only surface waves with H,=H, 
=E,=0 (see Fig. 1). The symmetry of the structure 
with respect to the plane y= —d suggests immediately 
that the surface waves can be classified as H, even about 
the plane ayecd and H, odd about y= —d. H, sym- 


metry means E-z=0 at this plane and the fields will 
not be disturbed by the insertion of an electric wall at 
the plane of symmetry (z% is the unit vector in the OZ 
direction). H, antisymmetry with respect to the plane 


— 
y = —d means H-z,)=0 at this plane and the fields would 
not be disturbed if we insert a magnetic wall at y= —d. 


* Original manuscript received by the PGAP, December 22, 1955; 
revised manuscript received, April 23, 1956. Presented at Symposium 
on Electromagnetic Wave Theory, Univ. of Michigan, Ann Arbor, 
Mich., June, 1955. 

+ Brown University, Providence, R. I. 

1H. M. Barlow and A. L. Cullen, “Surface waves,” J. Elect. 
Engrg., vol. 100, pp. 329-341; November, 1953. 

2D. G. Kiely, “Dielectric Aerials,” John Wiley and Sons, Inc., 
New York, N. Y.; 1952. 

3 F, Zucker, “Theory and applications of surface waves,” Muono 
Cimento, vol. 9, pp. 450-473; June, 1952. 

4N. Marcuvitz, “Guided Wave Concept in Electromagnetic The- 
ory,” Microwave Res. Inst., Polytechnic Inst. Blyn. Res. Rep. 
R-269-52, PIB-208; 1952. 

5 N. Marcuvitz, New York Univ. Res, Rep. No. En-29; 1951, 
(Field representations in spherically-stratified regions.) 


In view of the above remarks we will not consider the 
semi-infinite dielectric slab as in Fig. 1 but only half- 
space as in Fig. 2. Furthermore, the only difference be- 
tween one-half of the slab with symmetrical excitation 
and one-half of the slab with antisymmetrical excitation 
is that the reflection coefficient at y=—d, looking 
toward y = — ©, is: 


I’ = —1 for symmetrical excitation 
I'=1 for antisymmetrical excitation. 


2 


GUIDE 


dielectric 


electric wall for T=-| 


et ee 


We will carry out all derivations simultaneously for the 
symmetrical and the antisymmetrical excitation with T 
having the meaning just explained. 

The mks rationalized system of units is the only one 
used throughout the paper. 

The time variation is taken as e+/##, 


IJ. REPRESENTATION OF THE FIELD IN THE DIELEC- 
TRIC WAVEGUIDE AND IN THE AIR WAVEGUIDE 


Representation of the Electromagnetic Field in the Dielec- 
tric Slab (Fig. 2) 


a3 
The projections of & or H on a plane z=constant 
yield the other component of the field. We will concern 
ourselves, therefore, only with the components of the 
fields transversal to the direction of propagation z. 
Maxwell’s equations for the components transversal 
to z are (if H, =£,=/0x«=0) 
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_ where € and y are the relative permittivity and per- 


meability of homogeneous and_ isotropic media, 
€9 =1/36710°, wo =4710-7. In the dielectric slab (Fig. 2) 


1 0<y< @ 
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Any field distribution with H,=E,=0 in the dielec- 
tric slab can be represented as a superposition of all its 
characteristic modes with H,=E,=0. As we will see 
later, the mode spectrum is, in this case, partially con- 
tinuous and partially discrete (the surface waves). The 
representation of the fields will be 


By(y, 3) = D2 Valeden(o) + [Vn Dela, den (2a) 


Halo, 2) =X Lnle\inia) + f Tea, 2)Mny yan, 2b) 


where 7 is the propagation wave-number in the OY 
direction for a mode of the continuous part of the spec- 
trum. 

The mode amplitudes V and J carry the dependence 
of the fields on the z coordinate (direction of propaga- 
tion) and are independent of the boundary conditions in 
the cross section. 

The mode functions / and e embody the variation of 
the fields in the cross section of the guide and are inde- 
pendent of the boundary conditions along OZ. 

The fields represented by (2) are solutions of (1) if 


aV 
rag] ee ee (3a) 
02 
ol 
CY V = 0 (3b) 
Oz 
h 
=— (4a) 
e(y) 
dA 56 
feo ayy n= 0 40) 
dy e(y) Oy 
plus the boundary conditions along OY. We have defined 
FR eT Naa Oy) 
eee ry) nO) ot a 
Y WE We 
and 
Ko? = w7u0€o. (6) 


Note that (3) and (4) apply to each mode of the 
spectrum. The functions V, I, e, h in (3) and (4) stand 
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for Vn(z), In(z), en(y), An(y) if we apply the equations to 
mode of the discrete spectrum; and they stand for 
Vin, 2), I(n, 2), e(n, y), h(n, y) if we apply them to one 
mode of the continuous part of the spectrum. 

The propagation wave-number in the OZ direction 
(¢) is a constant independent of y for each mode. The 
propagation wave-number in the OY direction (y) is a 
function of € (y) 


ay hy) = Kyte yee. (7) 
The complete set of modes used in (2) is defined by 
(4). The orthogonality relations are 


f eatodin(y) Op (8a) 


i e(n, y) h(n’, y)dy = — b(n — 7’). (8b) 


—d 
These modes have been found by the characteristic 
Green’s Function method. The reader is referred to 
Marcuvitz,> for the general outline of the method, and 
Angulo,® for its application to our problem. 
The modes of the discrete part of the spectrum (sur- 
face waves) are given by 


é indndyy _4( a y) 
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for 


where u_;(y) stands for the Heaviside’s step function. 

Nan and nan represent the propagation wave-number 
in the dielectric and in the air respectively; they are 
solutions of the resonance equation 


Ndn 1 = Ter?inand 


sr € 1 = Te72inand hy 0 (10a) 
iho — Nene = K((e a) ys (10b) 
The normalization constant JV, is given by 
Hon’ 
1 CoS JMNand a ‘| Par a 1)d 
eo 0 
2KoN,.? = i (11) 
€ ~ Nan Ndn™ 
oe) 
Ky Ko? 


In most cases one is interested in having only one 
mode propagating along the structures. The frequency 
will be chosen with that purpose in mind, and the struc- 
ture will have only the lowest surface wave as the dis- 
crete mode spectrum. 


6C. M. Angulo, Scientific Rep. AF 1391/1, Div. Eng., Brown 
Univ., 1955. (Diffraction of surface waves by a semi-infinite dielectric 


slab.) 
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Fig. 3—, and s vs @ for symmetrical excitation 
(T= —1) and e=2.49, 
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The first solution of (10) (lowest surface wave) has. 


been obtained for ¢=2.49, 10, 100. In Figs. 3 and 4 we 
have the plot of 


. Nal pa 
df eo 


| Mas and haa vs a= 2Kod 
Ko Ko 

for a dielectric slab with symmetrical excitation 
({'= —1). s represents the normalized absolute value of 
the wave-number in the OY direction, in the air, for the 
lowest symmetrical surface wave. r represents the 
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normalized wave-number in the OY direction, in the 
dielectric, for the lowest symmetrical surface wave. 
As we see from the plots 


0<a<ow 
ve—1>r>0 
ag v= 1, 
The lowest symmetrical mode is always present in 
the discrete spectrum no matter how small we make the 


frequency Ky or the thickness of the slab 2d. 
For 


2a 
Ye — 1 
only this mode is in the discrete spectrum. 
In Figs. 5 and 6 we have r and s vs a for the lowest 


antisymmetrical (I‘'=1) surface wave. 
The modes of the continuous part of the spectrum are 
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n and na are the propagation wave-number in the OY 
direction in the air and in the dielectric respectively for 
the same mode; they are related by 


na = VKor(e — 1) + 72. (12d) 
Representation of the Fields in the Half Free-Space 
(Fig. 2) 


This is a special case of the previous paragraph where 
e(y) =1 for all values of y. The spectrum is continuous 
only and V and I become the Fourier transforms of the 
fields. 


3.00 3.50 400 


Fig. 5—r and s vs @ for antisymmetrical excitation 
(T=1) and «=2.49. 


Fig. 6—7 and s vs a for antisymmetric excitation (T= +1). 
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h(y,) = roe 


[ein(utd) — Ten-iny +a] (13) 


for 
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We recognize that this is the Fourier cosine or 
the Fourier sine representation for the half-space 
—d<y<o depending on I being either —1 or +1. 


III. VARIATIONAL EXPRESSIONS FOR THE TERMINAL 
IMPEDANCE AND THE TRANSFER IMPEDANCE EQUIVA- 
LENT TO THE DISCONTINUITY AT THE END OF A SEMI- 
INFINITE DIELECTRIC SLAB (UPPER AND 
LoweER Bounps) 


The Integral Equation for E, and the Variational Expres- 
sions for the Admittance Parameters (Upper Bound of 
the Admittance) 


We look at the end of a semi-infinite dielectric slab 
(Fig. 2) as the junction of the two waveguides. The 
problem of finding the transverse variation of the fields 
has been solved in Section II. The problem of finding 
the variation along OZ has been reduced to the solution 
ro De 

Let us assume that the structure of Fig. 2 is excited 
by the lowest surface wave in the slab incident from 
z=-—o, and by a plane wave of amplitude Jine from 
z=. 

We can represent H, at z=0_ in terms of the charac- 
teristic modes of guide 1 [upper index (1) ] 


N 


H.(y, 0-) = L10(0) ba (y) — Qe Vn Vn (0) hn (y) 


2 


— f vom@voe, O)h®(m, y)dn. (14) 


—o 


And at z=0, in terms of the modes of guide 2 [upper 
index (2)] 


Ay, 0+) ares 2Tine h(n’, y) 
+ if VO(n)VO(n, Kn, y)dn (15) 


The summation in (14) is extended to all the surface 
waves, and the integral must be carried out through a 
path such that Imagf<0 consistently with the time 


dependence et?*. 
The continuity of H, at z=0 requires that (14) and 


(15) be equal, therefore 


1,0) by (y) + Wine h OCH, 9) 


ae f “a(n 9 y)E u(y", Ody" (16) 
-—d 
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where 


N 
Un, ¥, 9") = Do Va hn y ht Cy? 
2 
+f VO(n) h(n, y)h®(n, y’)dn 


+ f “YO(n)hO(n, 9) kn, yen. (17) 


Eq. (16) is the integral equation for the unknown 
field E,(y, 0). Despite our inability to solve it we can 
obtain a great deal of information by variational meth- 
ods. 

In view of the linearity of Maxwell’s equations we 
can write that the electric field at the plane of the dis- 
continuity must be the addition of two terms, each one 
proportional to one of the excitations, that is 


E,(y, 0) = — 11 (0)8i(y) — 2Tine&2(y). (18) 


The contributions of this field (voltages) to the two 
exciting modes are 


1100) = 10) fm EL)ay 
i 
+ Uno ft ()8x(9)dy (19a) 
—d 
VE! 0) = L0(0) f HGH, s)8u(a)dy 
—d 


4 Wino f h(n!, y)8a(y)dy. (19b) 
—d 


Combined with the integral equation we obtain 


Vi(0) = 1,40) f i Y(n, ¥, ¥)81(y) E2(y’)dydy’ 
i! —a 
ZT ine < i 1¥, 9 )E &o(y’)dydy’ 20 
+21, ff x Reesor dvix © Ne) 
V(y!,0) = 1,(0) f f Y(n, 9, ¥)Ex(9!)Be(9)dydy! 
=a =i: 


+ ine f f y(n, 9, ¥")Ea(9)Ea(y")dydy", (20b) 
—d —d 


Eqs. (19) and (20) are exact and provide the link be- 
tween the surface wave in guide 1 and mode 7’ in guide 
2. If we assume that the structure is excited only by the 
surface wave (Jinc’? =0), (19) and (20) become 


Vi%(0) = 11% (0) f-m()8i(9)4y (21a) 
—d 


vn, 0) = 1%0) f hOGA, y)E(y)dy  (12b) 
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and 
V%(0) Hr piled 
= 110) f f “yl. ¥)8U)8(9 dys’ (22a) 
V(r", 0) 
= 10 f : “ylon y» Y)EiCy)8Aa)dydy’. (22b) 


Either set defines the terminal admittance of the slab 
presented to the surface wave and the transfer imped- 
ance coupling the surface wave to mode 7’ in guide 2. 


ViVi (0) = I, (0) (23a) 

VoV® (n’, 0) = 110). (23b) 

We cannot calculate the exact values of the admit- 
tances because we do not know the functions &:(y) and 


&2(y) to be inserted above. However, we can write the 
variational expressions for the parameters 


F f Y(n, y, y)Ei(y)Erl(y’)dydy’ 
-aJ’ —d 


Yu= = (24a) 

f k iy®()8a(y)dy | 

ad 
ff veux reoreorayay 
Vou = = ni in rs (24b) 
f hy (y)&2(y)dy if h(n, y')Ei(y’) dy’ 
= —d 
If we take & =&2, (24b) becomes 
f moyexordy 
Yon = Yu + ______ , (24c) 


h(n, y)8i(y)dy 

We will use (24a) and (24c). 

The expressions (24a) and (24b) are variational and 
independent of the amplitudes of &(y) and &(y). If we 
insert a trial field the error in the admittance would be 
of higher order than the error in the field. 

A reasonable approximation for the field at z=0 is 
the incident surface mode, that is, the field that we 
would have at z=0 if the dielectric were not discon- 
tinued. 

After the necessary integrations the approximation 
yields 


KN? Vu 
Vite Yio 


= Ci(a, e) + C2(a, of cos rx)? («)dx 
0 
+ C3(a, of sin rxH))(x)dx 
0 


+ Cala, of e-**H)(x)dx. (25) 
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Eq. (25) gives the lower bound of the terminal ad- 
mittance of the slab, normalized with respect to the 
characteristic admittance of the surface wave. 

The coefficients of (25) are 
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As we should expect, there is no discontinuity at the 
end of the slab when a—0 and the real part of the ad- 
mittance is an even function of a around a0. The 
imaginary part of the admittance has the expected 


bie oa aoe 
Cie, €) = : 2 te MERI ‘23 2 C/o As), Los ueiita 
REG WAS ae pO MAS Seca aie 
S 1 s" 
r s fi, od H,® 1 2 
as ae ees a 2 
+s? 1—-7}2 °° pees Daas? s ya Se marmecdier $C 
afl iy S 1 
1 s? 
Leis? Sa ellos s 
C3la, e) = — 
a re 2r8 — Ar(r? — 1) Ke) 
Ss Ss e+ 1 a 
Cula, ) = — t] = — -=] as 
aie ot ee Ie Cen oa 


where ¢ is the relative dielectric constant of the slab, 
H,™, H,™ are the Hankel’s functions of second kind 
and zero and first order respectively. The constants 
Ni, Ss, @,7, are defined in the first paragraph of Section IT. 
Notice that, although the coefficients C are written in 
terms of 7, s, €, and a, they are functions only of two 
variables, since the other two are determined through 
(10). 

Eq. (25) cannot be simplified further. Information 
and tabulation for the incomplete Fourier transforms of 
the Hankel’s function can be found in Schwartz.’ How- 
ever, the tabulation given does not cover the range of 
interest to us. 

An asymptotic expression for (25) can be obtained 
using the method of steepest descents; but, unfortu- 
nately, the approximation is good only for a>5 and in 
our problem we are also interested in a<5. We have, 
therefore, carried numerical integrations where neces- 
sary. 

If a—0 only the lowest symmetrical mode remains 
as a possible natural mode of the structure. Making 
I'= —1 we obtain as a—0 


4 Set} (ar << 

ih Pits Bee Tae 88960) 
Y,% 4e? 
VY 1} — 1\2 2 

Imag —=—> (: Vatin— (26f) 
YY, 27 € a 


7L. Von Schwartz, “Untersuchung einiger mit den zylinderfunk- 
tionen nullter ordnung verwandten funktionen,” Luftfahriforschung, 


vol. 20, pp. 341-351; February, 1944. 


singularity at a=0 and is always greater than zero (our 
discontinuity is capacitive). 


If a> « 
Vu 1 re. 
Re > ar 4/ = sin a (27a) 
Vy uxfe Ta 
Vu 2 i 
ag > - — — (27b) 
Y,%) Ve a 


This is the result to be expected, as the thickness goes 
to infinity we approach normal incidence inside the 
dielectric and the end of the slab represents a jump in 
characteristic impedance. 


The Integral Equation for H, and the Variational Ex- 
pressions for the Impedance Parameters (Lower Bound of 
the Admittance) 


One can derive expressions for the impedance pa- 
rameters of the discontinuity which are stationary with 
respect to the magnetic field at the discontinuity. The 
procedure is similar to the one in the previous section, 
and we will write only the final results. 


f f Zn, y, y")Ha(y)SC(y")dydy’ 
—d —d 


[ fa orsertoogy | 


(28a) 
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and 
f if Z(n, y, y')Ir(y)HRo(y’)dydy’ 
A ee tae a = (28b) 
extr(s)8ea(a)dy [6K yata(y!)dy" 
gd —d 
or, with the approximation 3; = KH, 
f amoyenoday 
FRA a ee (28c) 
e(n, y)ICi(y)dy 


-d 


The expressions (28a) and (28b) are minimum for the 
exact field 3C:(y). Any approximate value of (28a) pro- 
vides a lower bound for the admittance. 

The approximation made early in this section yields 
now 


St uae A 
2 2 
KoNi2/14+ s Z 0) 


= yila, €) + y2(a, of cos rxH)?)(x)dx 
0 


+ y3(a, of sin rxH))(x«)dx 
0 


+ yala, of e-* Hy) x)ax (29) 
for the lower bound of the admittance of the slab nor- 
malized with respect to the characteristic admittance 
of the surface mode. 

The coefficients of (29) are 


S-e- 
1 
1+ 2 1 r? 
Bal cy. 6) ree Ee Ns i Tee 
ilies Espey Nets DS aig 
+2 VIFF in(VIFe +5) | 
Ss 
ay af 3 1 a (ag) 
2 E at leona 
as 
= 5 e+ PH (a) (30a) 
S762 
ie 
1 — r? el r SE 
y2(a, €) = a —2s+— (30b) 
2 2 r 
' sre? 
eer 
1 5 (30c) 
v3(a, €) = — | ————- + (1 — 7?) (1 + 25?) 
2r 2} 
( y= rats T+ olen (30d) 
Se LO EP aE oe 
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Fig. /— —— ee Y,®) vs a for symmetrical excitation (I = —1) 


and «=2.49. ——— (Vu/ Vi) vs @ for antisymmetrical excitation 
(T'=-+1) ae e=2.49, 


Plot of Yu/¥i™ vs a 

The terminal admittance of the slab has been con- 
puted numerically for «=2.49 (polystyrene), e=10, and 
¢= 100. 

For «=2.49 the two bounds of the admittance are 
closer to each other than the possible error in the com- 
putation. The agreement is better than 5 per cent. 
Therefore we have plotted only one curve; instead of 
plotting the two bounds, Fig. 7 plots Yun/ Yi vs @ for 
symmetrical and antisymmetrical excitation. We can 
see that the imaginary part is much smaller than the 
real one. 

For e=10 the bounds are no longer so close. (See 
Figs. 8 and 9.) For larger values of € the difference be- 
tween the two bounds is greater; €=10 seems to be the 
larger value of € for which our expressions for the ad- 
mittance give reasonably accurate ole and that 
only for the real part. 

For ¢=100 the admittance is too small to be plotted. 
The real part of Yi/ Yi drops extremely fast from +1 
to zero as a increases. The imaginary part is extremely 
small. 


IV. FoRWARD RADIATION PATTERN 
Eqs. (23b) and (24c), with &:(y) =ea(y) yield 


Ih (0) 


V2) =e iV aad! f =itope OM aen 
—d 
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T=-1! for electric wall 
T=) 


for magnetic wall 


The synthesis of the modal voltages gives 


E,(y, 2) = Zt (0) f an [ eat y’)e(m, ¥) 


0 (yeriV Roady, (32) 


As before the paths of integration in the 7 plane is 
chosen that Imag~/Ko?—7n?<0. The mode functions 
have been given in Section II. 


Fig. BRL ae bs ey G a anes If the proper substitutions are made and the integra- 
; tion in y’ carried out we obtain 
E(p, do) a 


sin? @ + js sin @ — € 
p (sin? ¢ — r*)(sin g + js) 
-cos [e-*Kpa cos ($+¢2) — g—iKp1 cos (on) |dg (33) 


where 


Zul (0 —1 
Lig le cad RON: gobo ae (34) 
2rNil 


The meaning of the new coordinates is shown in 
Fig. 10. 

The path of integration is indicated in Fig. 11(a). 
Sufficiently far away ¢1 ~¢2~¢@o. The first integral has a 
saddle point at ¢=—¢:~—@o and the second at 
¢=¢1~¢0. If we deform the path in each case into the 
corresponding steepest descent path indicated in Fig. 
11(b) we can write 


E,(e, $0) 
=A Tai Sai ic a cos pe iK m2 cos (+ $0 dh 
pz (Sin?  — r?)(sin @ + js) 
sin? 6 + js sin ¢ — ¢ 
ae J (sin? @ — r?)(sin @ + Js) 
Te 


cos pe iKer cos (bd 


; ; Pepe ee 
Fig. 9—Re(Vu/ Vi) vs"a for antisymmetrical + 2njA e-Kore sin do¢—iKe1 Its" cos go. (35) 


excitation (T= +1). €— 
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@ plane 


sin p=-js 


(b) 


Fig. 11 
(1) ae 7K, 
E,(p, 0) = qi) cae e78(x/4) faite! | rosin go — =) e—ikd sin ¢o 
NivVJ/ 20 € ~/Kp sin? dy — r? sin do — 75 


€ 
1 AS hac Loa Esl ee 28 iKd sin ¢0 
-+ (sin do Gk - é i 


In cases like the one in Figs. 11(a) and 11(b) where 
the observation angle is large enough 


| sin do| > 7 


we must add to (35) the integrals around the poles at 
sin ¢ = +r. However, the two contributions cancel each 
other, and we can ignore the two poles at sin @= +r in 
all cases. 

The third term in (35) is the contribution to the 
second integral due to the pole at ¢ =arcsin(—js). This 
contribution is present only if the saddle point ¢ =¢p is 


(36) 


come so close to the plane of discontinuity that we have 
the surface wave added to the radiated field. However, 
the contribution is negligible compared with the radi- 
ated field, since its amplitude decreases as a negative 
real exponential for large p. 

The integration of (35) by the methods of steepest 
descents yields, finally, as a first approximation for the 
far field (the third term of (35) being neglected) 

Following similar steps we would obtain for the first 
approximation of H, 


sufficiently close to 7/2 as to make the steepest descent Hf eos E,(e, $0) : (37) 
path Pj, intersect the imaginary axis below the pole as asl Rag Zp COS $y 
in the case in Fig. 11(b). The physical meaning is obvi- 
ous in Fig. 10, as the observation angle increases we And, from the knowledge of the fields 
(sin go + s? — €) sin do sin (= sin do } + se cos cS sin do 
Je ~ (<=) /1+ s*  cos* do 2 oe 
Es = 38 
Pee OG € Vu |? KoN1? (sin? gy — r?)(sin? do + s?) (38) 
Yo ; 
If '=1 (antisymmetrical excitation) 
(sin? dp + s? ) sin goc ay Ag Bere ij 
—e)si os { — — — 
Palos 0 € do 5 SIN do se Sin "i Sin do 
: 39 
KN? (sin? go — 7°)(sin® $y + 5?) | 9) 


ie — (= “) J/1+ s? 
Beare tg € y aan le 
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Fig. 12—Radiation pattern for symmetrical 
excitation. e=2.49. 


The right-hand members of (38) and (39) represent 
the power radiated at an angle ¢o, per unit width of 
dielectric slab, per unit angle, and per unit incident 
power in the lowest surface wave per unit width of 
dielectric slab. 

The relative. power is plotted in Figs. 12 and 13 for 
several values of a for half of the dielectric slab and 
€=2.49. 
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Fig. 13—Radiation pattern for antisymmetrical excitation. 
((T=+1) and e=2.49. 
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Alternative Field Representations in Regions Bounded by Spheres, 
Cones, and Planes* 


LEOPOLD B. FELSENT 


Summary—Alternative representations are obtained directly 
by the method of characteristic Green’s functions for the fields 
radiated by arbitrarily placed scalar and vector (electromagnetic) 
point sources in regions bounded by surfaces which are describable 
in terms of single coordinates in a spherical coordinate system. Such 
surfaces are spheres, cones, and planes, or a combination of these. 
The representations are distinguished from one another by different 
convergence properties for various ranges of values of the location of 
source and observation points and of the boundary surface geometry. 
Considered in particular are the diffraction by a sphere, a wedge, 
and a wedge with a spherical dome for both the scalar and vector 


cases. 
J. INTRODUCTION 


HE DESCRIPTION of acoustic and electro- 
eee phenomena in regions bounded, re- 
spectively, by rigid and perfectly conducting sur- 
faces which are describable in terms of a single co- 
ordinate in a spherical coordinate system is well known. 


* Original manuscript received by the PGAP, September 28, 
1955; revised manuscript received, May 28, 1956. A portion of this 
paper has been presented at Symposium on Electromagnetic Wave 
Theory, Univ. of Michigan, Ann Arbor, Mich., June, 1955. 

+ Microwave Res. Inst., Polytechnic Inst. of Brooklyn, N. Y. 


Such surfaces are spheres, cones, and planes, and the 
region may be bounded by any combination of these. 
Diffraction problems in such regions are usually solved 
by expressing the desired field solution in terms of modes 
(eigenfunctions) orthogonal over the spherical cross sec- 
tion, and in terms of modal coefficients which depend 
on the radial coordinate and take into account the 
sources in the field. 

The formal solutions so obtained are often incon- 
venient because of the slow convergence of this angular 
mode (radial transmission) representation for certain 
ranges of values of the obstacle parameters and of the 
locations of the source and observation points. It is 
desirable, therefore, to have available a scheme whereby 
the solutions for three-dimensional scalar and vector 
boundary value problems in such regions can be con- 
structed directly in various alternative forms which ex- 
hibit different convergence properties. 

The construction of alternative representations for 
scalar, two-dimensional, azimuthally symmetric Green’s 
functions in spherical regions has been carried out by 
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Marcuvitz! by the method of characteristic Green’s 
functions. From this viewpoint, the two one-dimensional 
problems characteristic of the given two-dimensional 
operator are analyzed separately to yield each a one- 
dimensional “characteristic” Green’s function and its 
associated complete set of orthonormal eigenfunctions. 
These characteristic solutions can be combined directly 
in various forms, thus giving rise to alternative repre- 
sentations for the desired two-dimensional Green’s 
function. For example, the latter can be represented 
either in terms of the angular modes and the radial 
characteristic Green’s function (this is the usual formu- 
lation alluded to above), or in terms of the radial modes 
and the angular characteristic Green’s function. By 
virtue of this formalism, the function-theoretic con- 
siderations, which are necessary to convert one repre- 
sentation into the other, also become particularly clear. 

The principal purpose of this paper is the application 
of the characteristic Green’s function method to the 
formulation of vector diffraction problems in the above- 
described spherical regions. The solution for the vector 
fields and eventually for the dyadic Green’s functions is 
found from spherical transmission line theory? where- 
by propagation is assumed to take place in the radial 
direction and the transverse (to 7) dependence is de- 
scribed in terms of orthogonal vector modes (see Section 
II-B).® This solution is expressed in terms of scalar func- 
tions which are related to the radial Hertzian potentials 
and which resemble closely the three-dimensional 
Green’s functions for associated scalar problems. Thus, 
the dyadic Green’s functions can be represented directly 
in various forms if alternative representations have been 
found for the appropriate scalar Green’s functions. The 
construction of alternative solutions for three-dimen- 
sional scalar Green’s functions (which is of interest by 
itself) is carried out in Section II-A of this paper as a 
directed extension of the two-dimensional formalism 
discussed by Marcuvitz, by treating separately the 
three one-dimensional problems characteristic of the 
three-dimensional operator. The desirability of con- 
structing various solutions for scalar and vector dif- 
fraction problems has also been recognized by Tilston,’ 


1N. Marcuvitz, “Field representations in spherically-stratified 
regions,” Comm. Pure & Appl. Math., vol. 4, pp. 263-315, sec. 5; 
August, 1951. 

2 Cf. S. A. Schelkunoff, “Electromagnetic Waves,” D. Van Nos- 
trand Co., New York, N. Y., chs. 10, 11; 1943. 

3 Marcuvitz, op. cit., (sec. 2b). 

4L. B. Felsen, “Spherical Transmission Line Theory,” Rep. 
R=253-51, PIB-194, Microwave Res. Inst., Polytechnic Inst. Bklyn.; 
January, 1952. 

5 L. B. Felsen and N. Marcuvitz, “Slot coupling of rectangular 
and spherical waveguides,” J. Appl. Phys., vol. 24, pp. 755-770, 
(see appendix); June, 1953. 

67. L. Bailin and S. Silver, “Exterior electromagnetic boundary 
value problems for spheres and cones,” IRE TraAns., vol. AP-4, 
pp. 5-15; January, 1956. An alternative approach, based on the 
Lorentz reciprocity theorem, is presented here. 

V. Tilston, “Contributions to the Theory of Antennas,” 
Dept of Elect. Eng., Univ. of Toronto, Toronto, Onte, Can.; 
October, 1952. (Grant from the Defence Research Board of Canada.) 
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who obtains three alternative representations by apply- 
ing Green’s theorem or the Lorentz reciprocity theorem 
to suitably chosen functions in regions bounded by 
various single-coordinate surfaces. However, with 
Tilston’s method, each representation requires essen- 
tially the solution of a new problem; his formulation 
does not highlight the underlying connection between 
the various representations, which is brought out very 
clearly by the characteristic Green’s function-approach. 

In order to apply the formalism discussed above to 
the representations of various Green’s functions, it is 
necessary to have at one’s disposal the characteristic 
(Green’s function and eigenfunction) solutions for the 
different specified domains. Such solutions have been 
obtained elsewhere®’ and are not listed here except when 
required for the discussion of special problems. As re- 
gards the characteristic Green’s function formulations, 
stress is placed on “perturbation” type representations 
in which the characteristic Green’s functions are sepa- 
rated into two parts, one of which describes an unper- 
turbed solution while the other takes into account the 
effect of the specified boundary. For example, an angular 
characteristic Green’s function for a single, infinite cone 
can be separated into a “free space” portion (with the 
cone absent), and an additional term which accounts for 
the presence of the cone. Thus, the associated three- 
dimensional Green’s function separates directly into a 
free-space solution and a perturbation term which repre- 
sents the scattering from the obstacle. 

The above-described technique has been applied to 
the solution of a number of diffraction problems. Dif- 
fraction by a sphere, a wedge, and a wedge with a 
spherical dome, are treated in this paper (Section III), 
while the diffraction by a cone, and a cone with a 
spherical tip form the subject of a companion paper.” 
Both scalar and vector problems are treated. For the 
sphere, the Green’s function formulation is carried out 
in terms of angular modes (radial transmission), and 
radial modes (angular transmission). As is well known, 
the angular mode representation is convenient for the 
determination of the scattering from a small sphere. The 
angular transmission representation is useful in con- 
nection with some problems for a large sphere;!! in par- 
ticular, it yields a very rapidly convergent expression 
for the current induced in the shadow region on a per- 
fectly conducting sphere when a plane wave is incident. 

The diffraction of the radiation from arbitrarily 
oriented scalar and vector dipole sources by a wedge is 
formulated as a radial transmission problem. This repre- 
sentation is rapidly convergent if either the source point 


: eee op. cit. (sec. 4). 
. B. Felsen, “Alternative Field Representations in Resi 

Set by ey ageee rans, pad Planes,” Rep. R-359-54, PIB-203, 
icrowave Res. Inst., Polytechnic Inst. of Bklyn.: 
z Cra ee. 121, this issue. yee Ae eae 

. A. Sommerfeld, “Partial Differential Equations in Physics,” 
Academic Press, New York, N. Y., ch. 5 i : De 
eT (appendix 2), ch. 6 (ap 
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or the observation point is located near the wedge apex, 
and permits the direct investigation of the field be- 
havior near the edge. For the special case of plane wave 
incidence at an arbitrary angle with respect to the apex 
(.e., source point at infinity), the scalar Green’s func- 
tion solution obtained here in terms of spherical wave 
functions is compared, and shown to agree, with the 
cylindrical wave solution which is arrived at by a 
generalization of Sommerfeld’s method of images.!? If a 
spherical dome centered on the apex is superposed on 
_ the wedge, the radial transmission formulation yields a 
_ representation consisting of the simple wedge solution 
and a perturbation term accounting for the effect of the 
sphere. The latter is rapidly convergent for small sphere 
radius. 


II. ALTERNATIVE REPRESENTATIONS FOR 
FORMAL SOLUTIONS 


_A. Scalar Diffraction Problems 
The Green’s function problem to be solved in the 


region T is 


(V2 + k*)G(r, r’) = — o(r — 1’), (1a) 


where the operator V? is given in spherical coordinates 


by 


Rk real, 


1S 0 1 Ors te) 
sin 0 
r? sin 6 06 


06 
1 0° 


r> sin? @ 0®? 


(1b) 


The delta function source term is defined in the usual 
manner by 


i(r—r’) = 0, rr’; foe = rar! = Deerciny ee te) 
The surface or surfaces bounding the region 7 are to be 
describable in terms of single coordinates in a spherical 
coordinate system (Fig. 1). This restricts the bounding 
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Fig. 1—Spherical coordinate system. | 


2H. Carslaw, “Diffraction by a wedge of any angle,” Proc. 


London Math. Soc., vol. 19, 1919. 
oat. M. MacDonald, Proc. London Math. Soc., vol. 14, 1914. 


Felsen: Alternative Field Representations 


111 


surfaces to be of the following type: 


radial domain, 7, S r S rg: spheresat r= 1, fo 


6 — domain, 6; S @S 62: conesat 0= 61, 02 


& — domain, $; < @< @: planes at 6 = &,, d. (3) 


The end points of the domains may include 7; =0 and/or 
r2= ©, 0,=0 and/or 6:=7, periodicity in ®. The bound- 
ary conditions on G defined in (1) are to be of the fol- 
lowing types over any single-coordinate surface: 


0G/dn = 0 (4a) 
0(rG)/dn = 0 (4b) 
G=0. (4c) 


n is the direction normal to the surface. These condi- 
tions are modified to require finiteness if the domain in- 
cludes the singular points r=0, and/or @=0, 7, and to 
require the radiation condition at infinity if the radial 
domain is unbounded. The Green’s function satisfying 
condition (4a) on all boundaries is proportional to the 
acoustic pressure due to a vibrating point source at 
r=r’. A Green’s function satisfying (4b) on the radial 
boundaries and (4c) over the remaining boundaries is 
proportional to the electromagnetic Hertz potential for 
an oscillating radial electric dipole at r=r’, while a 
Green’s function satisfying (4c) in the radial domain 
and (4b) in the angular domains is proportional to the 
Hertz potential for a radial magnetic dipole [see (16) 
and (22)]. For the acoustical case, the boundaries are 
perfectly rigid, while for the electromagnetic cases they 
are perfectly conducting. 
Eq. (1a) may be rewritten in the form 


(St ay Sn + + glee) 

— + —__ — — —- rG(r,r 
or? a sin 6 00 ea 06 =r’ sin? @ dd? S 
8(r — r')5(0 — 6')5(b — ¢’) 

ar = ra oe 


r’ sin 6 


In view of the separability of (5) [with (4) ] with respect 
tor, 9, and ¢, the solution of the three-dimensional prob- 
lem may be represented in terms of those of the three 
one-dimensional problems characteristic of the three-dim- 
ensional operator. A typical one-dimensional “character- 
istic” Green’s function problem is formulated below. 
The complete set of orthonormal functions character- 
istic of the one-dimensional operator in the given 
domain is obtained by an integration about the singu- 
larities of the characteristic Green’s function in the 
complex plane." The completeness relation is expressed 
as a representation of the identity operator (delta 
function). 


18 Marcuvitz, op. cit. (sec. 3). 
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Typical One-Dimensional Problem: 


Eigenvalue problem: 


d d 
[= (2) —+ tala) + Anas) [XD = 0. 
dx dx 
Characteristic Green’s function problem: 
d d 
[ (a) = + tala) + ral) [Gate #80 
dx dx 
= — 6(x— x’). (7) 
Completeness relation: 
d(x — x’ 
BER eeu r cay 
w(x ) i 
= — — @ G,(, x’; &; \z)ddx. (8) 


2riJ oc 


The variable x stands for either 7, 6, or ¢, and the 
boundary conditions on the eigenfunctions X; and the 
characteristic Green’s function G, are identical with 
those In (rG) in the 7, 6, @ domains, respectively (for a 
discrete spectrum). é is a fixed parameter, while Xz is a 
complex variable whose domain is restricted so as to 
assure a unique solution for G,. The spectral representa- 
tion of the delta function is given either in terms of the 

contour integral of the characteristic Green’s function 
(C encircles all singularities of G, in the complex A, 
plane in the positive sense) or by the symmetric repre- 
sentation in series form in terms of the eigenfunctions. 
The latter representation is obtained from the former by 
evaluating the residues at the singularities of G, which 
are located at the eigenvalues \, =Az;. [For a continuous 
spectrum the series is replaced by an integral and the 
discrete summation index by a continuous index. Also a 
bi-orthogonal representation for the delta function is 
frequently more useful than the symmetric one in (8).*] 
For the characteristic problem in the r domain, x=r, 
p=1=q, =k, w= —1/r’, X=R. For the @ domain, 
x=o, p=1=w, g=0, X=®. For the 6 domain, x=6, 
p=w=-—1/q=sin 0, X =O and &, like X, is a separation 
parameter. Two eigenvalue problems are possible in this 
case: a) & fixed, \; eigenvalue; b) A fixed, eigenvalue. 
The solutions of these two eigenvalue problems are dis- 
cussed in a previous report.® 

The solutions of the three one-dimensional character- 
istic problems can be employed directly to yield alter- 
native representations for the three-dimensional Green's 
function defined in (5). It can be verified by direct sub- 
stitution into (5), interchange of order of summation or 
integration and differentiation, and recourse to the 
appropriate form of (6)—(8) that the solution for G can 
be represented in the following alternative forms (see 
Appendix): 


14 Tbid. (For a detailed discussion of characteristic Green’s func- 
tion problems, the reader is referred to secs. 3 and 4.) 
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rr'G(r, 2’) 
= D> 4,(¢) (6) Dd) O18, A) Or(0’, AaGe(7, 175 2) 
7 l 
1 
1 Ore 


yh @ (¢) &(¢’) pa Ri(r) Rilr’)Go(O, 8; X35; 4). 


(11) 


In the notation of (9)—-(11) the parameter & has been 
omitted in R and ®, and has been replaced by ); in 9. 
The indices ;,;,, denote quantities associated with the 
eigenvalue problems in 7, ¢, and 0, respectively. The 
contour C in the complex \ plane encloses the singu- 
larities of Gp in the positive sense and no others (Fig. 2). 


SINGULARITIES OF Gy - 


e \ PLANE 


SINGULARITIES 
OF Sp 


Fig. 2—Contours of integration and singularities in 
complex ) plane. 


One readily verifies the validity of (9)—(11) by function- 
theoretic means. Thus, the transition from (10) to (9) 
follows directly from (8) with x=8, etc., upon evaluat- 
ing the residues at the singularities of Ge. Eq. (11) may 
be obtained from (10) by deforming C to enclose the 
singularities of G, and applying (8) with x=r, etc. The 
path deformation is possible since G, and Gs are defined 
so as to have no singularities at infinity in the \ plane. 
A great many additional representations are possible as 
well but are not included here;*® the expressions chosen 
above are employed in the evaluation of the problems in 
Section III. They are to be considered as formal, and 
their applicability in any particular given situation as 
regards convergence, etc., must be examined. The repre- 
sentations in (9) and (11) correspond to a transmission- 
line analysis of the diffraction problem in which trans- 
mission takes place along the r and @ directions, respec- 
tively. The characteristic Green’s functions in these 
cases take on the role of transmission line voltages or 
currents. 


B. Vector Diffraction Problems 


The problem to be considered here is the determina- 
tion of the electromagnetic fields radiated by an arbi- 
trarily located and oriented electric or magnetic dipole 


: q 
January — 
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(9) 


Y 049) B16) H NGO MANGIA) (10) 
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source in a region bounded by perfectly conducting sur- 
faces which are describable in terms of single spherical 
coordinates (3). The solution of the dipole problems 
furnishes the dyadic Green’s functions in terms of which 


_the fields due to a distributed source may be repre- 


sented ; thus the dipole problem is basic for the consider- 
ation of any physical radiation problem. As has been 
pointed out previously, the vector problem posed above 
is solved directly by means of spherical transmission 
line theory which regards the region as a spherical wave- 
guide in which propagation takes place in the radial 
direction. The approach to be taken here is to express 


the spherical transmission line solution in terms of 


scalar functions which have properties analogous to 
those of the scalar Green’s functions described in Sub- 
section A so that the alternative representations ob- 
tained there may be utilized for the vector case as well. 

The first problem to be considered is that of the elec- 
tric dipole. The electromagnetic fields must satisfy the 


- Maxwell equations with a delta function driving term 


VX E= — jopH; 
VX H = jweE + J; 


w(pe)t/? = k = 2r/d 
J= G(r — 7). (12) 


The constant vector J denotes the strength of the elec- 


_ tric current source. In conformity with engineering 


practice, a time dependence exp (+ jw#) is assumed in 
(12). w is the angular frequency, k is the wavenumber 
in the medium, A is the wavelength, and uw and «€ are the 
(constant) permeability and dielectric constant of the 
medium, respectively. As is well known, the electromag- 


netic fields can be expressed in terms of scalar radial 


(Hertz) potential functions as follows: 


E(r, r’) = E'(r,r’) + E'(r, 7’); H=H'+H" (13a) 
E(r, r’) =V XV [rll'(r, r’) | 
E’(r, r’) = — jouV X [r1’’(r, r’) | (13b) 
H(z, r’) = jweV X [rll’(r, 2’) ] 
H'(r, 2’) =V XV X [rll'(z, 2’) ]. (13c) 


The single and double primes denote E-mode (H,’=0) 


and H-mode (£,’’=0) quantities, respectively. The 


scalar potential functions II’ and II” satisfy the homo- 


geneous scalar wave equation (1a) where r~r’, and are 
expressible in terms of the scalar transverse mode func- 
tions and the transmission line voltages and currents as 
follows::%8 


juerll'(r, Zz) = ea Ii(r, r’)di(¢), Cl (6, $); (14a) 


> Vir, eile). (14b) 


a 


i is a double summation index (different for E and H- 
modes). The two-dimensional scalar mode functions ¢; 
and y; are solutions of transverse eigenvalue problems 
of the Dirichlet and Neumann type, respectively, which 


joprll’’(r, 2’) = 


15 Felsen, footnote 4 (sec. II E). 
16 Marcuvitz, op. cit., (sec. 2b). 
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are described in the “Waveguide Handbook.”!” V; and 
I; are spherical mode voltages and currents which 
satisfy inhomogeneous spherical transmission-like equa- 
tions.1® The source defined in (12) gives rise to equivalent 
voltage and current generator excitations at r=r’ in 
each modal transmission line, and the terminations of 
the transmission lines are determined by the boundary 
conditions in the radial domain. The two coupled first- 
order transmission-line equations in V; and J; can be 
reduced to second-order differential equations involving 
only V; or I;, which resemble the equation for the radial 
characteristic Green’s function G, defined in Subsection 
A in connection with the scalar Green’s function prob- 
lems [see (7), with appropriate substitutions for the 
radial domain]. Thus, J;’ and V;’”’ in (14) can be repre- 
sented in terms of radial characteristic Green’s func- 
tions; the result is found to be the following (for 
rer \e 


0 ri 
TG ais) ic Ea es i | 
or r 


12 


-[6:(6’, 6")Gir(r, 1’; d’) | (15a) 
Vi (r, 2’) = [—jouds X ro-:V'| 
[W0, b)Gr(r 775 )] (15) 
where 
RN SOE : ba (15c) 
TOU. rsin@ d¢ 
Ie = I — Jr (15d) 


The prime on ;,V’ denotes the replacement of 7, 0, ¢ in 
tV by 7’, 0’, d’. The characteristic Green’s functions G,z 
and G,y satisfy at the end-points of the radial domain 
the same boundary conditions as J; and V;,’’, re- 
spectively. 

Upon substitution of (15) into (14) and interchanging 
of the order of differentiation and summation, one ob- 
tains series whose summands comprise a radial charac- 
teristic Green’s function and a modal representation in 
the transverse 6¢ domain. These series resemble the 
scalar Green’s function representation in (9). In relating 
the transverse scalar mode functions ¢; and y; for the 
vector problem to those defined for the scalar problem, 
cognizance must be taken of the different normalizations 
of the modal sets. In the notation employed here (same 
asin footnote 17), the vector modefunctions V ¢; and Vy; 
are normalized to unity. It is readily shown from an 
application of Green’s theorem and the defining equa- 
tions for ¢; and y; that this specification implies the 
orthonormality of the functions (:kei’) and (Wikei’"), 
where k,;’ = (A;’)!/2 and k. i!’ = (Ai’’)1/? are the appropriate 


17 N. Marcuvitz, “Waveguide Handbook,” MIT Radiation Lab. 
Ser., McGraw Hill Book Co., Inc., New York, N. Y., vol. 10, sec. 1.8; 


1951, 
18 Felsen and Marcuvitz, op. cit. [eqs. (2.14) and (A1)]. 
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eigenvalues, and \;#0.!® On the other hand, the mode 
functions ®; and ©; in (9) are each normalized to unity 
[see (8)] so that the two-dimensional mode set in the 
6 domain is orthonormal as well. Upon employing the 
orthonormal mode functions, one therefore expresses the 
potential functions in (14) as follows (r #7’) 


Co) 5 ? 
jwerll’(r, 2’) = Ji: WV’ Bae £) - © sue, Te 16a) 
1 r 
mi rr) = = GX TeV ot (fy (16b) 


where 


Si'(z, 2!) = D7 DE bj; (G) B;(G)O1 4, AO (6, dj) 
7 1 


Sal(r, 2!) = DY Dd) BiG) BGO, AOL, ANGa(7, 175 a) 
dey ie 


I 


Siz, r’) 


q 


The transverse mode functions satisfy the following 
boundary conditions: 


2; = 0, when $= 41, $2; 


@,0 = 0, when @ = 4i, rs, (18a) 
for the E modes, and 
d 
—,® = 0, when $= $1, ds; 
do 
d 
— @,?) =e 0, when @0= 61, Oo, (18b) 


dé 


for the H modes. On perfectly-conducting boundaries 
at r=, fo, V;=0, dI;/dr =0, so that the radial character- 
istic Green’s functions satisfy the conditions 


ae =0, Gy=0, when r=7,fo. (18c) 
r 


The remarks following (3) and (4) apply here as well. 
It is seen from (17b) and (9) that S,’ represents directly 
a three-dimensional scalar Green’s function with ap- 
propriately specified boundary conditions. Thus, as is 
well known, the problem of diffraction by a radial 
dipole source (1.e., J,=0) is directly reducible to a single 
equivalent scalar problem. The alternative representa- 
tions discussed in Subsection A are therefore directly 
applicable to this case. For a transverse dipole, on the 
other hand, the functions S;’ and S,;’’ resemble the scalar 
Green’s functions, but differ by the additional (1/);) 
factor in the summand. The infinite series in / can be 


19 The case \;’=0 gives rise to the TEM mode which can exist 
only in biconical regions and must be taken into account separately. 
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rr'Gr(r, r) = — ve tVS1'(r, ry, 


XY 4; (6) 6; (GO, (6, d;)O1 (6, d;) 
L 


January 


converted into a contour integral enclosing only the ~ 
singularities of the appropriate Go(9, 6’; dj; A) in the 
complex ) plane [see (10) ]. Since \;—A in this trans- 
formation it is seen that a possible additional pole is 
located at the origin in the plane; in any contour 
deformation this pole must be taken into account. The 
(1/X) factor does not affect adversely the behavior of 
the integrand at |A| >. If a contour deformation 
through an infinite semicircle in the \ plane is possible 
for the scalar problems in sec. A, it is certainly possible 
for the present case containing the pole at \=0. There- 


Git(r, 1’; x) 


(17a) 
rz 

(17b) 

(17) 

aay (17d) 


1 


fore, the alternative representations for G in (9)—(11) 
may be applied directly to S;’ and S;’ defined in (17a) 
and (17d), provided that the additional (1/A) factor is 
included, and the possible pole at A}=O is properly 
taken into account. In (17a) and (17d), \;40. The case 


\1=0 arises only in biconical regions and must be taken 


into account separately. 

From a knowledge of the potential functions II’ and 
II’’, the total electromagnetic fields may be computed 
from (13). After some manipulation the result can be 
written in the following form. 


E(r, r’) = — 2(r, r’)-Y, (19) 
where 
‘—jwes(r, r’) = (V XV X 20) (V! XV! X& 40) S1'(r, 2’) 
= RAV role aemor ire fie (19a) 


a(r, r’) in (19a) represents the dyadic spatial impedance 
(for rr’). In employing the representation in (19) it is 
understood that the dot product post-multiplication is 
to be carried out first. The magnetic field is given in 
terms of the potential functions II’ and II’”’ by (13). 

It should be stressed that (19) and (19a) simplify con- 
siderably for the special case of a radial dipole (i.e., 
J,=0). From these equations, or directly from (16), 
(13a), and (13b) one finds for this instance: 


’ 1 So’(r, r’) 
E(ry 2!) = == WX WX 29) [ea], (20a) 
Oe r? 


(20b) 


y! 


HA(r, r’) = (V X fo) eel 
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_The problem of the magnetic dipole is analyzed in 
direct analogy to the above. The field equations in this 
case are: 


VX E= — jouH —M; M= mi(r— 1’), 


V X A = jock. (21) 


The constant vector m denotes the strength of the mag- 
netic current source. The electromagnetic fields are ex- 
pressed in terms of the scalar potential functions II’ and 
II” as in (13); the spherical mode representation for the 
latter is given in (14). Upon following a procedure 
directly analogous to that employed for the electric 
dipole, one obtains the following representation for the 
potential functions (7 #7’): 


AL (Fh pete, e755 1V'S1'(r, 2’), (22a) 
0 
soprtl!(r, 2’) = me: WV! — SrA r’) 
or’ 
mM; 
$e. A), (22b) 
r 
where 
S2''(r, r’) = 


I 


DD; (g) Bs (6) O1 (8, dj) Or (6’, dj) 
fe 


-Gyv(r, 7’; 1) (23a) 


= rr’'Gv(r, E) ae es Vi iVS1 (2, rs (23b) 


and S,’ and 5S,” are given in (17a) and (17d) respec- 
tively. The dyadic spatial admittance y defined by: 


H(r, r’) =e ae y(r, r’)-m (24) 


is obtained in analogy with (19a) in the following form: 
—jopy(r, 2’) = (V XV X 20) (V’ KX V! XK 410) S1'(z, 5’) 


+ R2(V x ro) (V’ x ro) 51 (r, re (25) 


For a radial magnetic dipole, simplifications analogous 
to those in (20a) and (20b) occur. 


III. APPLICATION TO VARIOUS SCALAR AND 
VECTOR DIFFRACTION PROBLEMS 


In this section the formal theory presented in Section 
I is applied to obtain suitable representations for sev- 
eral scalar and vector diffraction problems. As is cus- 
tomary in mathematical physics, a time dependence 
exp (—iw#) is implied henceforth. The appropriate one- 
dimensional characteristic solutions are merely stated, 
and stress is placed on the direct formulation of con- 
venient representations.”° 


A. The Sphere 
The geometry of the configuration is shown in Fig. 3. 


20 For a more detailed discussion, see footnotes 8 and 9. 
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x 


SOURCE 


Fig. 3—Sphere in free space. 


The origin of coordinates is located at the center of the 
sphere whose radius is “a.” In view of the symmetry of 
the obstacle, the source may be located on the polar (z) 
axis without loss of generality. The boundary conditions — 
in both the ¢@ and @ domains are those of periodicity of 
the Green’s function and its derivative. The correspond- 
ing angular characteristic Green’s functions and eigen- 
functions are listed below [ See (6)—(8) for their formu- 
lation. | 


o-domain 
cos u(m — | d— ¢’|) 
Geto. @ pA) == | | > dX =p ~ (26) 
2u sin pr 
Singularities: simple poles at \=m?, m=0, 1,2... 
/ 1 . 1 
5( — ’) = — Di em cos m(p — 4’), 
T m=0 
1/2, m=0 
én = / (27) 
1, m0. 


The superscript ° on G,° denotes the periodic Green’s 
function. 
6-domain 


us Die ae uae 1) 

2 Vw—pt+1)sin(y—p)r 

- P,-#(cos 0<)P,-#(— cos 95), 
heey @ 1)? ORelp > 0. 


Go°(6, 0’; Aas do) Pal aes 


(28a) 


Ai = By (28b) 
P,#(x) is the associated Legendre function of order y, 
degree v, argument x. 6< stands for 6 when 6<6”’, and 
for 6’ when 0>6’; the converse applies to 65. Consider 
w=p,=0, uy real and fixed. Then the singularities are 
simple poles at \2=(u+)(utn+1), n=0, 1, 2,--°. 
and 
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5(0 — 6’ ae ; T(n + 2u + 1 
en =— > [2(n 4+ ») + 1] pA i Pry #(Cos 0) Paty #(cos 6’) (29a) 
sin 6’ yh a n! 
1 3 n— m)! 
= — }) (2n+ 1) airs P,™cos 0)Pn™(cos 6’), ys = m = integer. (29b) 
Vase (n + m)! 
The boundary conditions on the radial characteristic The spherical Bessel functions z,(«) are defined as 
problem comprise the radiation condition at infinity and 
the following at r=a: a(x) = (4% /2)?Z,41)2(x), (32) 


a) (d/dr)(G,/r) =0 for the acoustical case (perfectly 
rigid sphere), 
b) G,=0 for the vertical magnetic dipole (perfectly 


conducting sphere), 

c) (d/dr) G,=0 for the vertical electric dipole (per- 
fectly conducting sphere). 

Cases a) and b) are discussed in footnote 9; case c) is 
described in footnote 8. The result for case c) is, for 
example: 


i 
G,(7,7’3A) = pens h,™ (krs) 


jy (ka) 


Ohare 


i 
— Sig (Br) ly Cr) 


where 


A=vr(v+1). 


4 


G(r, 2’) 


4a krr’ n=0 


where Z, is a cylindrical Bessel function. The prime on 
a Bessel function denotes the derivative with respect to 
the argument. The first expression on the right-hand 
side of (30) is the radial characteristic Green’s function 
G,° appropriate to a radial domain 0<r< © (i.e., with 
the sphere absent),?! while the second term represents 
the disturbing effect of the sphere. Thus, the representa- 
tion for G, in (30) is of the “perturbation” type alluded 
to in the Introduction. 


1. Scalar Problem: The scalar Green’s function G, 
which is defined in (1a), satisfies the radiation condition 
at infinity, and has a vanishing derivative on the sphere 
surface, is written down directly in the following alter- 
native forms [see (9), (11), (27)-(32); also footnote 1, 
sec. 5]: 


> (2m + 1)Pn(cos 6)jn(Rr<) hin (kr>) 


S jn!(ka) 
= 2 mee) CON Bgl Veen a tee 
oe B OE a ee In! (a) (33) 
a (2& + 1)j,/(ka) 
. Akrr’ : : P:(—cos 0) he (Rr) he®(kr’). (34) 


sin fr — he’ (k 
1 ey Fa (ka) 


The singularities are simple poles at the zeros y=£ 
of h,’ (ka). 


Thus, 
he® (kr) he? (ker’) 72! ( ka) 


ika/ab hy (ka) 


vena) =e eed) 
g 


where 


(0/08) he! (ka) = [(0/dv)h,’™(ka) |y-z. (3b) 


In view of the location of the source at 6’ =’ =0, ¢ has 
no @ dependence and only the m=0 term in (27) con- 
tributes. Since the radial characteristic Green’s function 
representation in (30) is of the perturbation type, the 
radial transmission representation for the total Green’s 
function in (33) separates naturally into two parts, the 
first of which is the free-space result [exp (iku) |/4ru, 


*1 Marcuvitz, “Field representations in s hericall strati 
; as -stratifi 
regions,” op. cit. [see (4.34)]. R ¢ rs 
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u=|r—r'|, while the second is the scattered portion due 
to the sphere. When ka = 27(a/h) is small, the series for 
the scattered portion is rapidly convergent, due to the 
damping behavior of (jn’/h,a’®) when n>>ka. When 
ka>>1, the expression in (33) is poorly convergent, while 
the angular transmission representation in (34) is 
rapidly convergent for certain ranges of location of 
source and observation points. Also, the contour integral 
representation in (10) is convenient for the evaluation 
of the ray-optical scattering as k->«. The scalar prob- 
lem posed here has been studied in great detail by a 

number of investigators?2-* in connection with the 
propagation of radio waves over a spherical earth. The 
result for the other Green’s functions can be written 
down directly in a similar manner. In this connection, 
the recent work of Franz™t on evaluations of Green’s 
functions for cylinders and spheres should be mentioned 
explicitly. 

2. Vector Problem: Considered next is the (vector) 
problem of an arbitrarily, oriented, electric dipole. Such 
a source can be decomposed into a radial and a trans- 
verse current source, and only the latter need be treated 
since the vertical source has been discussed above. In 
view of the symmetry of the configuration, the trans- 
verse source can be placed on the z axis and oriented in 
the xo direction without loss of generality. Thus, 
6’ =’ =0, and J=OoJ = xoJ. The first step is the evalua- 
tion of the functions S;’ and S$,’ defined in (17a) and 
(17d), respectively. From (27), (29b), and (30), one can 
write down directly the following representation for S;’: 
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A PLANE 


Fig. 4—Contours and singularities in complex \ plane 
(sphere problem). 


only the m=1 term in S;’ contributes to II’. Therefore, 
no other terms in m need be retained. It is apparent 
from (9) and (10) that the following contour integral 
representation for S;’ applies: 


bad 
— — — cos (6 - @’) 


Qrt 
aN 
. ¢ Go, ANGr1's®) + (38) 
(6 


The contour C (enclosing the singularities of Ge°) and 
other singularities of the integrand in the A plane appear 
in Fig. 4, above. If the behavior of Gs° and G, at infinity 
in the Jd plane assures that there is no contribution to the 
integral in (38) over a path at infinity it is seen that 


play ko 5 (n — m)! P,™(cos 6) P,™(cos 6’) 
Ss m Cos m(o — ¢’ 2n + 1) 
i 2rk py : Spi a (n + m)! n(n + 1) 
Jn (Ra) 
| jaC re) ha (rs) — In (Fer) lin (kr’) In!) (Ra) | (35) 
In (35) the time dependence exp(—iwt) has been ad- rs = -$ -$ (39) 
hered to. To transform (16), (20), efc., into this scheme, C C1 Cp 


j=(—1)"? is replaced everywhere by —1. Thus, from 
(16a) 


2 


—iwerll’(r, r’) = Site ts (36) 
iwerll'(r, x!) = J Fegagh irr) 
Since 
Fi) 0, m #1 
— P,,™(cos 6’ | = eran 3.7) 
06’ ( ga-o0 —n(n+1)/2, m=1 


2 G, N. Watson, Proc. Roy. Soc. London, vol. 95, p. 63; 1918. - 

23 H, Bremmer, “Terrestrial Radio Waves,” Elsevier Publishing 
Co., New York, N. Y.; 1949. (See Part I.) 

4 W, Franz, “On the Green’s functions for the cylinder and 
sphere,” Z. Naturf., vol. 9a, pp. 705-716; 1954. 


The contour C; encloses the singularities of G,, and the 
contour C, encloses the pole at \=0. The evaluation of 
the integral over the contour C; in terms of the residues 
at the poles which are enclosed yields the representation 
given in (11) save for the additional (1/A) factor. Thus, 


si — 52 G00, of; 15 E+ 1) 
m=1 é 


(2E + 1) he ( kr) he (Rr')jd (Ra) 
 GRE(E + 1)(0/08) he! (Ra) 


cos @ 


[G.Go?],_o. (40) 


T 


118 


Upon substituting for G, and G»® from (30) and (28), 
respectively, and recognizing that 


fy (x) = jo(*) + tno(x) 
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{i (2& + 1) exp (—iém/2) ad 
OS OY" £4 in br(0/a8)hy (ka) dB 
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dent wave of unit intensity,” 7.e., 


Eine = Xo exp (—7kz). (46) 


Upon substituting (42) and (43) into (16) and (13) it is 
found that the incident wave in (46) excites the follow- 
ing tangential magnetic field on the sphere’s back side. 


P:—(—cos @) 


7 — Sin nw(0/On) hy (Ra) 
(2 + 1) exp (—ié/2) P,-(—cos 8) 
sin &r(0/0E) he’? (ka) 

(2n + 1) exp (—inz/2) @ 


= sin x — 1cos x = — ie*, (41) 
Berar 
= — ——c 
pw Ra 
ae 
Hy = ~ 4/~ FZ sin efi dD 
wu ka é 


(2n + 1) exp (—inw/2) P,(—cos 6) \ (47a) 


sin 0 


sin 6 


(47b) 


+> 


one obtains 


De Sn 
ecieg 5 0ER OE sin é4(0/0€) he’ (ka) 
- P= (cos 6’) Pe (—cos @) 
— Chae @ pie baad [etlr—r’] 4 gik(rtr’—2a)] (42) 
4k 2 2 


The convergence properties of S,;’ as given by (35) and 
(42) are analogous to those of S as represented by (33) 
and (34), respectively. 

The function S,;”’ in (17d) differs from S;’ only in that 
G,r in S;’ is replaced by G,y. The radial mode represen- 
tation of S,’’ is found to be (only the m=1 term con- 
tributes) 


1 
vss « = 05 ($= 9) 3 


1 6’ 


Qa 


where 


hy (ka) = 0. (43b) 


The radial mode representation is very convenient, 
for example, for the evaluation of the currents induced 
by an incident plane wave on the shadow side of a large 
conducting sphere. For plane-wave incidence, one em- 
ploys the asymptotic formula 


he ( kr’) w etbr’ tt) r/2 7! 5 «&, (44) 
In addition, the factor A, where 
A = §(u/e)'ik[exp (ikr')|/4nr! = gF, (485) 


is set equal to unity to normalize the result to an inci- 


sin nr(0/dn)h, (ka) dO 


(2n + 1)h,™ (kr) h,®(kr’)j,( ka) 
é sin n(0/dn) hy“? (ka) 


0 
— === tani — cot —- [etelr—r'| ~~ etk(r—r'—2a) | ; 
2 2 


Pi ces a ‘ 


The series in (47) are rapidly convergent for ka>>1, 
6>7/2, i.e., in the shadow region. The terms in the 
series contain a damping factor exp [— | Im | (@—7/2)] 
for 0>7/2, where v stands for & or y, and Im » is large. 
Thus, the induced currents in the shadow region decay 
exponentially away from the shadow boundary. Ap- 
proximate solutions for £ and 7, as well as for the func- 
tions occurring in (47), have been obtained by Sommer- 
feld in his analysis of the scalar diffraction problems?® 
(see also Bremmer”’ and Franz*‘). 

If a vertical electric dipole is situated at the surface 
of a large sphere, the far field for 9@>7/2 is also readily 
computed from the radial mode representation. The 
same applies to a tangential magnetic dipole source on 
the sphere surface, and, therefore, to the gain pattern 


P,\(cos 6’) P,-1(—cos 6) 


(43a) 


in back of the sphere radiated by a a small slot in front 
of the sphere-and fed from the interior. 


B. The Wedge 


The configuration is shown in Fig. 5. The wedge is 
formed by two semi-infinite planes intersecting along 
the z axis and located at 6=0 and ¢=a, respectively. 
The radial domain in this case is 0<r< ~, the 6-domain 
is 0S60 S77 and the ¢-domain is 0 S$¢ S a.* The character- 


Ff LB: jae rag aeeacring from wide-angle and narrow- 
angle cones,” J. Appl. Phys., vol. 26, pp. 138-151; February, 1955. 
(See Appendix B.) = oe 
°° MacDonald, op. cit., Tilston, op. cit. An analysis of the wedge 
problems in terms of spherical coordinates has also been carried out 
ere, 
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istic problem in the 6-domain is identical with that ex- 
pressed in (28a) and (29a). The radial characteristic 
Green’s function G,° is given by the first term on the 
right-hand side of (30). In the ¢-domain, the delta func- 
tion representations in terms of the eigenfunctions ® 
and © in (18a) and (18b), respectively, are the follow- 
ing: 


a) 0 =0 at ¢=0,a 


2 ) 
5(d — ¢’) = — Di sin p¢ sin p¢’, 


Q m=1 
mar 
pene nae (48) 
a 
b) d@;/do =0 at ¢=O0,a 
o ) 
5(@ — $’) = — > em cos pd cos pd’. (49) 


Q m=0 


Fig. 5—Infinite wedge. 


1. Scalar Problem: Consider the acoustic Green’s 
function & satisfying the boundary condition 0G/d¢ =0 
at 6=0, a. The radial transmission representation in 
(9) is obtained directly as follows: 


rr'G(r, x’) = fas DY em cos PG cos po’ 
ka m=0 

© ; T'(n+2p+1) 

Daerah 

n=0 - 


- Paty ?(Cos 0) Pnyp (COS 6”) 


jn+p( kre) Inte (Rr>). (50) 


For plane wave incidence (r’— ~) the Hankel functions 
are replaced by their asymptotic value in (44). To 
normalize the result to an incident wave of unit in- 
tensity [exp (ikr’)|/4mr’ is set equal to unity and one 


obtains 
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G(r; © 0’, ¢’,) 
4n © 
= — Do én cos po cos poe !%f,(r; 0, 6"), (Sta) 
m=0 
where 
es Tw+2p+1 
fGi0, 0) = 3) Dw: pee i) ae eee 
n=0 nN 
‘ Pape CoS 6) Prsp ? (CoS 6’) In-o( Fr) en inn /2 
ey (51b) 
= J,(kp sin 6’)e-ikr 0050 058% 9 — ysing, (54c) 


The identity of the spherical wave representation in 
(51b) and the cylindrical wave representation in (51c) 
is established upon use of the Gegenbauer addition 
theorem.?? 

The representation in (50) is rapidly convergent when 
either the source point or the observation point is 
located near the origin. (For a given location of the 
source, the origin is selected to yield the desired angle 
of incidence, 6’.) In particular, one readily obtains the 
behavior of G near the edge. Upon employing the series 
representation for the spherical Bessel functions, one 
obtains for rr’, kr<1 

i 


G= | ina! + 2 cos g¢ cos q¢’ 
2er’ 


(Ayer) ane + 0(r), (52) 
2 T(1+ q) 


where g=7/a<1,1.e., we have assumed a>z. 

For plane-wave incidence observed far from the 
wedge apex (7.e., kr’ ©, kr>>1), (51a), with (51b), may 
be transformed via the Sommerfeld integral representa- 
tion of the spherical Bessel function into a representa- 
tion which permits a direct asymptotic evaluation in 
closed form. The details of this evaluation have been 
discussed elsewhere?’ and are not reported here because 
of space limitations.?® 

2. Vector Problem: For the electromagnetic problem 
consider a transverse (to r’) electric dipole to be situated 
at r=r’.in Fig. 5.. The scalar functions’ S; and.,S)’" in 
(17a) and (17d) are written down in direct analogy with 
(50), and substitution into (16) and (13), or directly into 
(20), yields the electromagnetic fields. If the transverse 
current source is represented as 


I = 990 + Pode; 


the electromagnetic fields near the edge of the wedge are 
found to be the following (¢=7/a<1): 


(53) 


27 G. N. Watson, “Theory of Bessel Functions,” Cambridge Univ. 
Press, Cambridge, Eng., p. 370 [see (9)]; 1922. 

28 L. B. Felsen, “Radiation and Diffraction Problems Involving 
Wedges and Cones,” paper presented at IRE-WESCON meeting; 
August, 1956. 

29 See also, F. Oberhettinger, “On asymptotic series for functions 
occurring in the theory of diffraction of waves by wedges,” J. Math. 
and Phys., vol. 34, January, 1956. 
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q=1 ‘ é 
E=F (=) (sin 6’)2-1¢-#2"/2(gq cos 6’ sin go’ + Jy cos g¢’)(o0 sin gb + Bo cos go) + O(r?s-), (54a) 


Tq) 


e\12 
H=F(-) | - 245 sin 6’z) + 
a i MTG? 


2qi (kp\t 
d (=) (sin 0’)9-tg—r/2 


“(Je sin go’ + J¢ cos 6’ cos gh’)(oo cos gd — Po sin 1) | + O(r?2-!), (54b) 


where F is defined in (45). Again it has been found con- 
venient to introduce the cylindrical coordinate p as in 
(51c). Also the vector field itself has been represented 
in terms of cylindrical coordinates, where the unit vec- 
tors @9 and Zp) are given by 


Qo = ro sind +6@cos@, z = ro cos @ — Op sin @ (55) 

It is of interest to investigate (54) for the special cases 
of a plane-wave incident at an angle (6’, ¢’) and polar- 
ized so that either the electric or the magnetic vector 
field is perpendicular to the edge. The former case ob- 
tains when js=0. In order to normalize to an incident 
wave of unit intensity, Jj,F is set equal to unity. The 
resulting (54) yield a behavior near the edge which 
agrees at 0’=72/2 (normal incidence) with that obtained 
from the known two-dimensional solution. For 6’ 47/2, 
the field components normal to the edge differ by a 
factor (sin 6’)?—1 from their value at normal incidence.— 
The case J,=0 leads to analogous results. 


C. The Wedge with a Spherical Dome 


The physical configuration in this case, shown in Fig. 
6 is the same as in Fig. 5 except that a sphere of radius 
“a,” centered at the origin, is superimposed on the 
wedge. If the radial transmission representation is 
employed, the results for this problem differ from those 
in the preceding section only in that the radial charac- 
teristic Green’s function G,° is replaced by the Green’s 
function G, appropriate to the sphere. Since the char- 
acteristic Green’s function for the sphere separates into 
two portions, of which one represents the unperturbed 
(no sphere) solution and the other the effect of the 
sphere, the three-dimensional scalar Green’s function 
appropriate to the case of a radial electric dipole, for 
example, can be represented as follows: 


1 2) 


G = Gwedge a 


/ 
karr m=1 n=0 


hing p™ (Rr) inp (Rr’) 
ling-p (Ra) /jntp' (Ra) 


D sin po sin po’ >) [2(n + p) + 1] 


Fig. 6—Wedge with spherical dome. 


The first term on the right-hand side of (56) is the solu- 
tion for the wedge alone as given in (50), except that 
(Em COS Ph cos po’) is replaced by (sin p@ sin pd’). The 
remaining double series represents the perturbation due 
to the sphere and is rapidly convergent when (ka) is 
small. The representation chosen for Gweage need not be 
that employed in (50) but may be taken in any other 
convenient form. For example, for plane-wave incidence 
the solution in cylindrical coordinates is the most con- 
venient [see (51a)]. The far scattering (kr>>1) in this 
case is obtained by an asymptotic evaluation of the 
wedge result,?*.® and the termwise summation of the 
series in (56), if (Ra) is small. 

The electromagnetic vector problem is solved in a 
manner directly analogous to the above. 


D. The Cone 


The problems of diffraction by a cone and a cone with 
a spherical tip are treated in a companion paper. 


Pups ?(COS 8) Po.p (Coe 0) 


Tin + 2p + 1) 
n! 


(56) 
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APPENDIX 
FORMAL VERIFICATION OF (10) 


Upon substituting the Green’s function representa- 
tion from (10) into the left-hand side of (5) and inter- 
changing the order of differentiation and summation 
and integration, one obtains 


) 1 Da sO 1 0? 

Sp sing — + 
Or? sr sin 6 00 00—sor’ sin? @ dd? 
S 


Ae = x @,(¢’) ry dy {o,o6, ( ie 


1 
® 5(o)G, 
+ (9) cir 


+ #) rr'G(r, r’) 


+a 


sical ah 


r>sin?6@ d¢? 


(57) 


In view of the differential equations satisfied by G,, Ge, 
,() [see (6)—(8), with the appropriate definitions listed 
at the end of the paragraph following (8)], one may 
rewrite the right-hand side of (57) as 
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1 
See x ® (¢9’) ¢. dy \-ar- 1 )Go® i($) 
ta 5(8 — 6’) ae 

rsing @ a 

= 8(b =-9))a(r = 7’) pa aNG 

2QriJ ¢ 
5(b — $')d(r — r’)6(0 — 6’) 

ae “4 7(59) 


sin 6’ 
The second term in (58) does not contribute since G, 
has no singularities inside the contour C (see Fig. 2) so 
that £.G,d\ =0. From (59) it isseen that the representa- 
tion in (10) satisfies the differential equation (5). The 
boundary conditions on G are satisfied as well by the 
appropriate choice of boundary conditions on G,, Gs, and 
G3. 
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Plane-Wave Scattering by Small-Angle Cones* 
LEOPOLD B. FELSEN} 


Summary—Rigorous expressions alternative to the familiar 
formulas in terms of spherical harmonic series are developed for 
the scattering of acoustic (and electromagnetic) waves by the tip of a 
perfectly rigid (or perfectly conducting) semi-infinite cone. For plane 
wave incidence the expressions are valid for observation points lying 
in a region excluding the rays which are reflected from the sides of 
the cone according to the laws of geometrical optics. Approximate 
closed-form results are obtained for on-axis or off-axis incidence and 
observation for cones with small apex angle for the acoustical plane 
wave scattering, and for electromagnetic scattering of incident waves 
whose electric vector is directed perpendicular to the cone axis. The 
results are correct to 0(¢*), where ¢ is the cone apex angle, and agree, 
for the special case of plane wave back-scattering along the cone 
axis, with those obtained previously by a different method. 

The case of diffraction by a spherically tipped cone is also treated. 


INTRODUCTION 
[ate GENERAL problem of the construction of 


alternative representations for the fields radiated 
by arbitrarily placed scalar and vector point 


* Manuscript received by the PGAP, September 28, 1955 ; revised 
manuscript received, May 28, 1956. Presented at Symposium on 
Electromagnetic Wave Theory, Univ. of Michigan, Ann Arbor, Mich., 
June, 1955. The research described in this paper was sponsored by the 
AF Cambridge Res. Center, under Contract No. AF-19(604)-890. 

+ Microwave Res. Inst., Polytechnic Inst. of Brooklyn, N. Ve 


sources in regions bounded by spheres, cones, and planes 
has been discussed in the preceding paper.' In this 
paper the formalism is applied to yield solutions for the 
scattering by a semi-infinite cone and by a spherically 
tipped cone. 

A radial transmission analysis of the former problem 
has been carried out previously,?* and approximate 
closed form results have been obtained for the plane 
wave back-scattering along the cone axis for cones with 
large and small apex angle. The radial transmission 
approach leads to a total field representation in terms of 
a very slowly convergent series which has been summed 
approximately to yield the above-mentioned special 
solutions. 

In this paper an angular transmission formulation is 
examined which has the virtue of yielding explicitly the 
desired expressions for the scattering by the cone tip 
outside the domain containing the rays reflected from 


1 Felsen, p. 109, this issue. 

2K. M. Siegel, e¢ al., “Electromagnetic and acoustical scattering 
from a semi-infinite cone,” J. Appl. Phys., vol. 26, pp. 309-313; 
March, 1955. 

3L. B. Felsen, “Back-scattering from wide-angle and narrow- 
angle cones,” J. A ppl. Phys., vol. 26, pp. 138-151; February, 1955. 
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the sides of the cone according to the laws of geometrical 
optics (the solution inside the latter region may be de- 
termined in first approximation from ray-optical con- 
siderations). This (contour-integral) representation for 
the scattering by the cone tip is rapidly convergent for 


1 0 
rr'G'(r; 2’) = —— csc? (Fiabe (tr) 
Ark 2 
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netic Hertz potential due to a radially directed mag- 
netic dipole source outside a perfectly conducting cone. 
From the preceding paper® and Appendix I it is seen that 
the solution for §’ can be written formally in alternative 
forms as follows: 


T(qg + m + 1)(d/d6o)Pg-™(— cos 99) Pg-™(cos 8) P,.-™(cos 6’) . 


1 e) 
- 5p oe em cos ma ® — ®’) >> (2g + 1) ; 
eis I'(q — m+ 1) sin (¢q — me] P, "(eos a) | 
0g06 
jg kr<)hg(kr>) (3) 
aoe >> €m cos m(& — wg dj, Rr<) hy (Rrs)Ge' (0, 6’ m?; d) ; (4) 

217k m=0 c 

small cone apex angles and is evaluated here to first 
she : : where 
order for plane wave incidence and observation either ss 94 
on or off the cone axis. The solutions so obtained agree 3: fm = 1, m + 0 (Sa) 
with those derived from the radial transmission analysis A= pv + 1) = ¥+ 4)? -2 (5b) 
for the special case of plane wave back-scattering along d d 
the cone axis. It is of interest to note, in addition, that <7 P,-™(cos 6) = i Poa meas | = 0... (56) 
0 j 6=09 


the rigorous off-axis differential scattering cross section 
for an electromagnetic plane wave incident along the 
axis obtained here agrees with the expression derived 
by K. M. Siegel, et a/., via physical optics, even though 
physical optics considerations cannot properly be ap- 
plied to surfaces containing a vertex, such as a cone. 


If the cone is tipped with a sphere, the radial trans- 


mission representation is suitable for the evaluation of 
the plane wave scattering when the sphere radius is 
small, while the angular transmission representation is 
useful for some problems involving a large sphere. 


THE CONE 


Scalar Diffraction Problems 


0S’/00=0 on Cone Surface: We wish to find the 
Green’s function G’ which satisfies the three-dimensional 
inhomogeneous wave equation 


(V? + kG, 2’) = 


and the following boundary conditions: 


— 6(r — 2’), (1) 


Pe SSR Raton see 
G’isfiniteatr = 0; 1 F ikG’ |= Oatr— oa . (2a) 
r 


a0'/00 = 0 at 0 = . (2b) 


The geometry of the configuration and the spherical 
coordinate system are shown in Fig. 1. The Green’s 
function §’ so defined is proportional to the excess 
acoustic pressure caused by a point source in the pres- 
ence of a perfectly rigid cone, and to the electromag- 


4K. M. Siegel, e¢ al., “Bistatic radar cross sections for surfaces of 
Gee J. Appl. Phys., vol. 26, pp. 297-305; March, 1955. [See 
3-8).] 


jy and h,™ are spherical Bessel and Hankel functions, 
respectively, and are defined in terms of cylindrical 
Bessel functions as: 


TX Z : 
a v1/2(X), (6) 


where Z, and gz, stand for J,, H,™ and j,, h,™, respec- 
tively. y< stands for r when r<r’, and for r’ when 


Fig. 1—Point source and semi-infinite cone. 


5 Felsen, reference 1 (9) and (10). 
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r>r’; the converse is true for r>. The angular charac- 
teristic Green’s function G,’ is given in (56). The con- 
tour of integration in the ) plane, as well as the singu- 
larities of the integrand in (4), are shown in Fig. 2. The 
singularities of Gs’ are simple poles on the positive real 
_ axis, while those of j,4,“) are a branch point at \=—1. 
The branch cut has been drawn so as to assure regular- 
ity in the d plane for all values of 7, i.e., Re (v-+4)>0. 
It is readily verified by a residue evaluation that (3) and 
(4) are equivalent. The solutions given in (3) and (4) 
were first obtained by Carslaw by a different approach. 
Eq. (3) isa representation for S’ in terms of transmission 
(propagation) in the radial direction, and is rapidly con- 
vergent when either the source point or the observation 
point is located near the cone tip. It is not convenient 
for computation when both r and 7’ are very large; 
nevertheless, the slowly convergent series in (3) has 
_ been summed approximately for the special case of 
plane wave back-scattering along the cone axis, 1.e., 
0=60' =0.2% 

The first term on the right-hand side of (56) repre- 
sents the “free space” portion of G9’, in absence of the 
cone.’ Therefore, if the free space portion only is em- 
ployed in (3) or (4), the result for G’ is the response to a 
point source in free space which is known to be equal 
to [exp (ik|r—r’|)]/4r|r—r’|. The second term in 
(56), Ge.’, represents directly the effect of the cone, and 
its substitution into (4) yields the scattered portion of 
G’, to be denoted by G,’. Since the free-space portion of 
G’ is known, only the evaluation of G,’ need concern us 
here. In order to obtain a representation for G,’ in terms 
of transmission along the @ coordinate we deform the 


1 i) 
rr'G,!(r, 2’) = —— D> em cos m(@ — 6’) 


Sirk m=0 
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\ PLANE 


c POLE 


BRANCH CUT 


Fig. 2—Contours of integration and singularities in \ plane 
(scalar problem). 


SOKCCE 


“NOOENT RAY 


Fig. 3—Ray-optical domains. 


and since h,‘? (x)h,®(y) as well as GO,’ is an even func- 
tion of (v-+4),§ the portion of the integrand containing 
h,”h,Gé6,’ is continuous across the branch cut in the 
d plane [see (5b)] so that it makes no contribution to 
the integral over the path C’. Therefore, the scattering 
due to the cone tip is given by: 


—1/2+ic0 
f dv(2v + 1)h,© (kr) hy, (Rr’). 


—1/2—ivo 


d 
P,-™(cos 0) P,-™(cos 6’) + m + 1) Figs P,-™(—cos 4) (8) 
0 


) 


d 
sin (v — m)rT'(v — m+ 1) on Ps (eos 04) 
0 


contour C into the contour C’ enclosing the branch cut. 
It can be shown that there is no contribution to the 
integral from the infinite circle in the \ plane when 
(0-++6’) <(20.—7), so that the integrals over the paths 
C and C’ are equal. The restriction on (6+6’) excludes 
from the range of applicability that domain which 
contains the rays reflected from the sides of the cone 
according to the laws of geometrical optics (see Fig. 3). 
The expression is valid, however, in the remaining re- 
gion where the diffraction due to the cone tip is most 
noticeable. 
Since 
jure) hs (rs) = Ble? (er) hy (Er) 
+ Bh,(bre) hy P(Rrs), (7) 
6H. S. Carslaw, “The scattering of sound waves by a cone,” 


Math. Annalen, vol. 75, pp. 133-147; 1914. [See (18).] 
7 Felsen, reference 1 (28). 


where (6+6’) <(20)—7r). The transition to the v plane is 
carried out via (5b). It is seen that the representation in 
(8) contains only outgoing waves, in view of the 
h,™(kr) factor. This conforms with the physical re- 
quirements on the behavior of the scattered radiation. 
The @ transmission representation for §’ could formally 
have been written down directly.? However, the above 
approach was chosen in order to avoid convergence diffi- 
culties encountered in a radial mode representation of 
the free-space Green’s function. 

For the evaluation of G,’ in the limit of vanishing 
cone apex angle, use is made of the following approxi- 
mate expressions for the ratio of the derivatives of the 


8 W. Magnus and F. Oberhettinger, “Special Functions of Mathe- 
matical Physics,” Chelsea Publishing Co., New York, N. Y., pp. 17, 
1, and 62; 1949. 

9 Felsen, reference 1 (11), and Appendix. 
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Legendre functions to 0|(—6o)?]: 


2 ppm —66e 0) 
mei vie COS 
dd, : 


P,~™(cos 4) 
ae i COS 
dA ff : 


_ (—1)™aI(1 + » + m) (5 — ‘\", 
~ T(m)0(m + DE + » — m) sinvr 


mz il 09 > 1 (9a) 


— Oo\2 


5 ) ; m = 0, 0 «. (9b) 


av(vy + 1) (: 
= sin yr 
Also, for plane wave incidence, the asymptotic formula 


hy( Rr") ~ ebkr’ iH)? ep! > 00 (10) 


is employed. If (9) and (10) are substituted into (8), use 
is made of the relation 


T(v + m-+ 1) , 
P,™(cos ¢) = Cal soe Scar P,-™(cos $), (11) 
Ty — m + 1) 
and the change of variable 
y= — 4+ ix, x real, (12) 
is introduced, one obtains, to 0[(a —6)?]: 
he ae TEs WY cae 
es 4°V Ink\ 2 
-[3Zo + cos (& — &)I1], (13) 
where 
ert? 
i ihe fate caaasihte) 
(4+ «?)K ae apie 6’) (14) 
C) erml2 
i, = i, adxx Hi. (kr) K "(cos 6) K ,1(cos 6’). (15) 
sted cosh? 1x 


Neumann’s notation 


K,™(cos 0) = P_qj2)4i2(cos 6) (16) 


for the conical functions of Mehler has been introduced 
above. 

If the scattering is to be observed far from the cone 
tip, t.e., kr>>1, the asymptotic formula in (10) may 
also be employed for Hix“ (kr) in (14) and (15). Actu- 
ally, (10) applies only for values of x SN, N<kr; how- 
ever, it can be shown that the error introduced by ap- 
plying this asymptotic expression for all « in (14) and 
(15) is O[N? exp (—aN)], where a=r—65—(64+6’), 
6=0(1/N), 1<«N<kr. Thus, if for a given angle of inci- 
dence 6’, the observation angle @ is not near the geo- 
metric optical boundary of the rays reflected from the 
sides of the cone, the above approximation is justified. 
Upon writing 


e*™ = cosh xm + sinh xr 


(17) 
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and remembering that K,”(cos ¢) is an even function of 
x, it is seen that the (cosh wx) term in (17) does not 


contribute to the integrals in (14) and (15) so that 


rs ei(kr—w/4) 7)! 
akr 


Ip = 2 (18) 


2 
pata. et(kr—w/4) 77 
wkr 


I; (19) 


where 


To! -f- dxx —————— 
y id -{- dxx ————— 


tanh rx 


1 
(— + v°)K cos 6)K (cos 8’), (20) 
cosh rx \ 4 

tanh J, 
eee K (cos 6) K ,!(cos 6’). (21) 


cosh 7x 


The integrals J)’ and J,’ are evaluated in terms of an > 


integral given by Mehler:!° 
2 1 + cos @ cos 6’ 
I)’ = Sea ee (22) 
a (cos @-+ cos 6)3 
i sin @ sin 6’ 


sigh wl Sacedind nscale ey 23 
a (cos 6+ cos 6’)* (23) 


(= 


Thus, the plane wave scattering observed far from the 
tip of a narrow-angle cone is given to 0[(a—60)?] b 


: etkr Ti Ao 2 ; 2 
G(r, r) = 4 ; 
kr 2 (cos 6 + cos @’)8 
. [4+ cos 6 cos 6’+ 2 sin 6 sin 6’ cos (6— 


®’)] (24) 


where kr>1, 007, (6+6’) <(26)—7), and the factor 
[exp (ckr’) ]|/4mr’ has been set equal to unity to normal- 
ize the result to an incident wave of unit intensity. 
When the wave is incident along the cone axis, 6’=0, 
and 


G(r, 2) Joo 


= sabe a) 6 
$ kr 2 2 


sec! —, 


8 <(20o.— x). (25) 


1 
2 


For back-scattering, 9=6’, ®=®’, so that (24) becomes: 


neue r—O 2 
‘ae 5 ) sec? 6’[2 + sin?6’], 
r 
er< ¢ -=). 
0 
2 


The special result for back-scattering along the cone 
axis, 1.¢e.,0=6’ =0, agrees with that obtained previously 
by an evaluation of the slowly convergent series repre- 
sentation in (3).!! 

G =0 on cone surface: The determination of the Green’s 
function G which satisfies the differential equation (1), 
the boundary condition (2a) and : 


G,'(r, 6’, ®’; eel 0's ®) = 


(26) 


10 L. B. Felsen, “Some definite integrals involving conical func- 
tions,” J. Math. and Phys., vol. 35, pp. 177-178; July, 1956. 
1 Felsen, reference 3 (2- 27). 
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G=O0at0= 6 (27) 


is carried out as in the beginning of the second section. 
This Green’s function is proportional to the electro- 
magnetic Hertz potential for a radially directed electric 
dipole source outside a perfectly conducting cone. In 
particular, G can be represented as in (4) except that 
Ge’ is replaced by Gp. Gp is given by (57) provided that 
the replacement 


(d/d8o)P,—™(—cos 6) 
 (d/d0o) P,-™(cos 8) 


P,-™(—cos 69) 
Py leos 00) 


(28) 


is made.'? Upon contour deformation, the scattered 
portion, G., of G is given by the expression in (8), sub- 
ject to the replacement in (28). For a narrow-angle 
cone (0)~7) one obtains, for the m=0 term: 

P,(—cos 4) T 


P,(cos 6) ae Tr — Oo sin oP 
21n 


09 => mr. 


(29) 


Since the m =1 term does not contribute to this order of 
magnitude of (7 —@) [see (9b) and (40) ] only the m=0 
term need be considered here. For plane wave incidence 
observed far from the cone tip an evaluation as previ- 
ously shown leads to the result (to of 1/In[2/(4 —6>) | } iy 


etkr 1 
kr 2 cos 86 + cos @’ 
2 In 
Ue hea 60 


where kr>>1, 00~7, 0+0’<(26,—7). In obtaining (30) 
use has been made of the relation:?° 


G(r, 2’) = — 7 (30) 


= tanh 7x 
f dxx -——— K,,(cos 6) K ,(cos 0’) 
0 cosh rx 


1 1 
= — ———__—__., (31) 
3 cos @-+ cos 6’ 
For the special case where 6=6’=0, the result in (30) 
agrees with that previously obtained by summing a 
slowly convergent series representation similar to that 
in (3),38 


Vector Diffraction Problems 


Consider an electric dipole of vector strength J situ- 
ated at the point r=r’ outside a perfectly conducting 
cone defined by the surface 0 =4) (geometry as in Fig. 1). 
The components of Jin the r, 6, ® directions are J,, Jo, 
and Je, respectively. The total field can be regarded asa 
superposition of the separate responses due to J;, Jo, 
and gg. The response to a radial electric dipole source 
may be obtained from the scalar Green's function G dis- 
cussed in the last part of second section. The electric field 
due to a transverse dipole source of vector strength I 
can be represented in terms of the scalar functions S;’ 


12 See Appendix. 
13 Felsen, reference 3 (2-35c). 
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and S,”’ as follows: 
0? 4 Sy 
E = ro|—-+ k? SA a 
(= i eZ ) Or’ (=) 
—| 32 os,’ 
F of : Gevy 
wer orob or’ 
doe tou on (J x v'S es) 
PPG SHOE teat oe 
—] 3? os , 
+). 5 (J eV’) ; 
iwer(sin 0) drd® Or’ 
dwn 0 32 
oP aa ee (FS: X fo: v's," | ( ®) 
r <o0 
where 
Jo 9 Je . 
Di WV ert a 32b 
ve ’ 96’ #'sing’ aa" ia2@) 
ge 0 So 
FEO Sak anh OP ain oh aathee aan 


An analogous expression can be written down for the 
magnetic field. 

A suitable representation for the scalar function S,’’ is 
given by the right-hand side of (4)" provided that the 
integrand is multiplied by (1/A) and the path C in Fig. 2 
is drawn so as to exclude the pole at \=0. The scalar 
function S,;’ can be similarly represented except that 
G9’ is replaced by Go. The paths of integration Cin the 
planes are as shown in Fig. 4. When applied to S;’, the 


Fig. 4—Contours of integration and singularities in \ plane 
(vector problem). 


poles in Fig. 4 represent the singularities of Ge, and 
when applied to S,’’, the poles represent the singularities 
of G9’. Thus, 


1 ) 
S$! = -—— m cos m(& — &’) 
: nth > : ( 
dy . , 
. f is h,(krs)Go(0, 0’; m?; d), (33a) 
Jc 
5’ =- : . Em COS m(® — &’) 
217k m=0 
(33b) 


dy 
BS jr) bbs), 05m. 
Cc 


14 Felsen, reference 1 (19)—(20). 
16 Tbid., (17d) and (10). 
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Since the angular characteristic Green’s functions Ge 
and G,’ decompose into a “free-space” portion and a 
perturbation term accounting for the effect of the cone 
[see (57) |, the scattered electric field E, is given directly 
by (32a), (32b), and (32c) with Ge and G’ in (33a) and 
(33b) replaced by the perturbation terms Gs, and Go,’, 
respectively. In order to obtain, as in the scalar case, a 
representation which is rapidly convergent for plane 
wave scattering from narrow-angle cones, the contour 
C in the d plane in Fig. 4 is deformed into the contours 
C enclosing the pole at \=0 and C’ enclosing the 
branch cut. Since 
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Go.(0, 0’; m?; 0) 
= — Go,'(0, 6’; m?; 0) 


wanr(G)enG) 
— — tan™| — } tan” | — 
2m 2 2 


Thus, for m=1, Ga, and Gs,’ are finite at \=0 so that 
the integrands in (33a) and (33b) have a simple pole at 
\=0. Let Si,,’ and S;,,’’ denote the contribution to S;,’ 
and S;,’’ from the terms m=1 in the series containing 
the residues in (35a) and (35b), respectively. Then 


m = 1. ~(38) 


—4 2 cos m(b — ’) 6 6’ mw — O\ |” 
Stee) = — Stor’ = —— jol(kr<)ho™(kr>) be —_—_—_——— | tan — tan — tan? J (39) 
2rk ae m 2 2 y 
Tac iz (34) When m=0, G, and G,’ have a simple pole at \=0 
a Cp a [see (57) ] so that the integrands in (33a) and (33b) con- 
it follows that tain a double pole at \=0. The m=0 term need not be 
1 i) 
Si = >> em cos m( — &’)[2ri(Residue at \ = 0) | 
217k m=0 
1 2 —1/2+ ico Iy (Rr) My Rr’) 
+ — Em Cos m(® — vf dv(2v + 1) —————_ 
8rk 2 =yiees v(v + 1) 
P,-™(cos 6) P,-™(cos 6’) (v + m + 1)P,-™(—cos 60) (35a) 
Gaia er Gener a(cos 8) . 
i ) 
Si >> em cos m(& — &’)[2ri (Residue at \ = 0)] 
Qr7k m=0 
1 2 —1/2+4 ico hy (Rr) My( Rr’) 
+ — Em COS m(& — ’) dv(2v + 1) ————_____- 
8rk x LA/S= ies v(v + 1) 
P,~™(cos 6) P,-™(cos 6’)T'(v + m + 1)(d/d6o)P,-™(—cos 8) (35b) 
‘ . 35 


sin (v — m)nxT(v — m + 1)(d/d6o)P,—™(cos 8) 


Si:.’ and S,,’’ denote the scattered portions of S$,’ and 
S,’’. The transition from the expressions in (33a) and 
(33b) to those in (35a) and (35b) is carried out as in the 
scalar case, and the same restrictions on 6 and 6’ apply. 

In the evaluation of the residue of the integrals in 
(33a) and (33b) at \=0 it is convenient to separate the 
m =(0 terms from the others. Since'® 


P,-™(cos 0) = ————— 
T(1 +m) 
0 0 
ann (=) R(—», 94 1:1 + m;sint >), (36) 
where F is the hypergeometric function, and ” 
T'[1 — (m — v)] sin (m — v)e = r/T(m — v), (37) 


it is readily shown that the expressions in (57), with 
(28), reduce to 


16 Magnus and Oberhettinger, op. cit., p. 60. 
17 Tbid., p. 1. 


evaluated, however, since it does not contribute to the 
electric field as given in (32a), (32b) and (32c). Since 
the m=0 term is independent of ® and ®’, there is no 
contribution to terms containing (0/d®) or (0/0®’) in 
(32a), (32b), and (32c). The remaining terms in the @ 
and ®) components of E involve (02/0606’)S,’ and 
(0?/0000’)S,’’. If this partial differentiation is carried out 
on the m=0 term in S;’ and S,’’ as given in (33a) and 
(33b), it is found that this integrand does not contain a 
pole at \=0, in view of the relationship :!8 


d 
i P,(cos 6) = — v(v + 1)P,-(cos 6) = P,\(cos 0). (40) 


Similarly, in the ro component of E (for rr’), the 
m=( term in the expression [(02/dr?) +k?](0/00’)S,' 


18 Tbid., p. 63. 
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does not contain a pole at \=0, in view of (40) and the 
differential equation satisfied by the spherical Bessel 
functions: 


as ae zy kr) = 0, (41) 
r 


In view of (41) it is also seen that S,,’ does not con- 
tribute to the radial component of the electric field. 
Since S,,’ and S,,’’ as given in (35a) and (35b) yield the 
scattered portion of E when substituted into (32a), 

_ (32b), and (32c), one expects from physical considera- 
tions that the solution comprises only outgoing waves. 
It appears that this demand is not met by the residue 
contribution in (39) in view of the presence of the jo 
(standing wave) term. However, it is found upon sub- 
stitution into (32a), (32b), and (32c) that (for 7#r’) the 
contribution of Sj,,’ and Sj,,’’ to the electric field arises 

_ solely from the outgoing part of j» so that the significant 
portion of jo(kr<)hoY(kr>) is ho (Rkr)ho (kr’)/2, in 
conformity with the physical requirement. 

The evaluation of the plane wave scattering from a 
narrow-angle cone can be carried out approximately as 


jn the scalar problems. Consider the case where 
el 


Jo = 0,7 i.e. J: = DoIJo. (42) 
Upon moving this source to infinity one obtains an in- 
cident plane wave whose electric vector is directed per- 
pendicular to the cone axis. If kr>>1, the ro component 
does not contribute to 0(1/kr) [see (41) |, so that the far 
field is transverse (to 7). Since Sj,’ is operated on by 
(0/0®’) in (32a), (32b), and (32c), the m=0 terms in 
(35a) do not contribute to the field. For 0) ~7, only the 
m=1 terms in (35a) contribute to 0(7—6)? [see (38), 
(40), and (9b)]. Upon employing (10) for the Hankel 
functions in the integral in (35a), changing variables 
as in (12) and employing (40) and (9b), one obtains for 


Eo,(r; eel 6’, ’) 
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G)eG 
tan-{ — } tan | — 
D, 2 


cos 8 + cos 6’ 


) 


in view of (16) of Felsen.!° Thus, the contributing por- 
tion of Sj,’ in (35a) to the electric field is as follows 


(to O[(r—4)?)]): 
: a "GON 
etk(rtr’) cos (® =, ®’) C+ ) 
i) 2 
-tan = tan —| 1-++ 


S| 
m=1 
| eral (44) 
2 cos @+ cos @’ 


In the evaluation of S,,’’ to 0[(7—@))?], both the 
m=0 and m=1 terms are required. The contribution 
from the m=0 term in (35b) is as follows (only the in- 
tegral contributes to the field): 

1 


= 2 
Peay gels y, cos 6 + cos 6’ 


where use has been made of (9b) and (31). When m=1, 
the residue contribution is given in (39); the integral in 
(35b) is found to yield the same expression as (43) ex- 
cept for a minus sign. Thus, the contributing portion of 
Si,’’ is given to 0[(a—60)?] by: 


” wt , 
re | ES Sis | es: Sis | . 
m=0,1 m=0 m=1 


The far scattered electric field is found upon substi- 
tuting (44) and (46) into (32a), (32b), and (32c). In 
order to normalize the result to an incident plane wave 
of unit intensity, the factor 


F = gog/* ik 
€ 


is set equal to unity.!® The following result is obtained 
(to O(a —Oo)?): 


(43) 


~ 
vw 


Ark 
6@’ 


=~ 


(45) 


(46) 


etkr’ 


(47) 


Arr’ 


G+) 
— Seco | =— 
pike Sead Nit 445545 ( 2 sin? @ + sin? 6’ 
Rr ( 2 ) cos 8 + cos 6’ 0 0” . oe 
tkr 2 cos? — cos? (5) (cos 6 + cos 6’)? 
2 2 
Y 6’ 
( sec? (=) eed Ce 
eitr fe — 6.\2| —2 sin @ sin 6’ 4 Rees 2 2 
7 Mer = cos = 
Ea,(r; ©, 0, ®) —( 7 ) (cos 6 + cos 6’)3 cos 6 + cos 6’ 
( 6! 
Bd aie pina Ea} 
sin? 6 + sin? 0 (48b) 


+ 


/ 


0 ) 
2 cos? =| cos? 
2 


x — G6 


the integral (when m=1): 
—1/2+i0 


ik 


Ae, 4ietk tr) ( 


1/2—ix | 


5 (eos 6 + cos 6’)? 


(cos 6 + cos 6’)8 


where kr>>1, 00~7, (0+6’) <(20.—7). In view of the 
azimuthal symmetry of the conical obstacle, the co- 


19 Felsen, reference 3, Appendix B. 
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ordinate system may be rotated about the z axis so that 
©’ = —7/2, without loss of generality (see Fig. 1). The 
electric field in the incident wave which gives rise to the 
_ scattered field in (48a) and (48b) is then given by: 


en 2}: ee Rah op ete 
Ejnc(r) = xpe* r= xe ikr(cos @ cos #/—sin @ sin s’ sin ) (49) 


Xo is a unit vector in the x direction in Fig. 1. 
If the wave is incident along the cone axis, 7.e., 0’=0, 
(48a) and (48b) yield (with ®’ = —7/2): 


BAe; oO, 0, —1/2) 


: etkr (a7 — 4 2 6 
=~ (0) cos 6 — @ sin &) — SOC) — bite) 
ikr 2 2 


For back-scattering in the direction of incidence, 0=6’, 
@=@’, so that (48a) and (48b) become: 


E.(r, a o’; a, 6’, ©’) 
int (5) + xsacos'( >) 
sin nas COs / COSFh— 
—( ae “\ 2 2 
= Xo 
tkr 2 


cos? 6 

The results in (50) and (51), for @=0, reduce to the ex- 
pressions for the back-scattering on the cone axis ob- 
tained previously by summing a slowly convergent 
series representation analogous to that in (3).”° It is of 
interest to note that the differential back-scattering 
cross section | rE, 2 obtained from (50) also agrees with 
that obtained by Siegel, et al.,4 from physical optics, 
although physical optics considerations can basically 
not be justified for surfaces containing a vertex, such 
as a cone. 


(51) 


THE CONE WITH A SPHERICAL TIP 


The geometry of the configuration is shown in Fig. 5. 
A cone defined by the surface 6=6 is tipped with a 
sphere of radius a centered at its apex. This problem 
differs from the preceding one only in its radial aspect, 
and the radial characteristic problem is selected in con- 
formity with the boundary conditions on the sphere 
surface. For the case of a radial electric dipole, for exam- 
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i (2E+ 1je'(ka) 


rr'G! = (er Ola phers TNs ee 


ple, the solution of the characteristic problem is that 
stated in (30) and (31) of Felsen.’ If a radial trans- 
mission representation is selected, the three-dimensional 
Green’s function §’ which satisfies the condition 
(0/0n)(rG’) =0 on the boundary, for example, is given as 
in (3), except that G,° from (53) is replaced by G, from 
(30) of Felsen.! Since G, exhibits an “unperturbed” 
(no sphere) portion and a perturbation term accounting 


20 Felsen, reference 3 (3-14c), 


sin — h,' (ka 
br ak é ( a) 


Fig. 5—Cone with spherical tip. 


for the sphere, the radial transmission formulation leads 
to a result which contains the Green’s function for an 
untipped cone (see first part of second section) plus a 
perturbation term. The perturbation term is rapidly 
convergent when (ka) is small, and when either the 
source or observation point is located far from the 
sphere and near the cone axis. 

If the 6-transmission formulation is employed [see 
(11) of Felsen'] the three-dimensional Green’s func- 
tion contains a term which is equal to the Green’s func- 
tion for a sphere and a perturbation term which ac- 
counts for the presence of the cone, in view of the 
separation exhibited by (57). For example, if the source 
is located on the cone axis, the Green’s function §’ can 
be written down directly as: 


P:(cos 0)(d/d69)P:(— cos 60) 


he™ (kr) he® (Rr’) 
; en (d/d0o) P:(cos 8) 


(52) 


The Green’s function for the sphere is given in (33) and 
(34) of Felsen,! or any other convenient form. When 
(ka) is large, and r’>, kr>>1 (z.e., for plane wave in- 
cidence observed far from the sphere), the perturbation 
series in (52) is rapidly convergent if 0<20)—z7, i.e., in 
the diffraction domain outside of the region containing 
the rays reflected from the sides of the cone according 
to geometrical optics. The effect of the cone decreases 
exponentially away from the boundary 
6 =20)—7 of the domain of reflected rays. 


surface 


January 


—— 


£1957 


Felsen: Plane-Wave Scattering by Small-Angle Cones 


129 


The Green’s function solutions for other types of ¢ domain: O<¢S27r 


source configurations and boundary conditions are ob- 


_ tained in direct analogy with the above. | 


APPENDIX 


ONE-DIMENSIONAL CHARACTERISTIC PROBLEMS 
FOR THE CONE 


r domain: V<r<o 


| 


Go'(0, 6’; uw; re) = 


This problem has been listed in Felsen,! (26) and 
(27): 


6 domain: 050 <A 


a) dG,’ /d0=0 at 6=6 


™P,*(cos 0<) [P,*(cos 85) (d/d8o) Py-#(—cos 8) — P,-#(—cos 65) (d/d8o) P,#(cos 85) | 


= Go(9, 6"; mw; Xa) + 


2[Ty — w+ 1)/T(v + w + 1)] sin (v — pw) (d/d0o) P,-*(cos 6) debs 
7a: P,*(cos 6) P,-#(cos 6’) (d/d6) P,-“(— cos 65) 57) 
Ml ie ah 1)/T@ + w+ 1)] sin (» — pw) (d/dO) P,*(cos 4) \ 


Characteristic Green’s function: 
1 
G(r, 7751) = Seid ilo uae aaP 


A. =v(v+i1), Rew+4)>0. (53) 
Singularities of G,: branch point at \;=—4. The 


: branch cut in the ), plane is drawn along the negative 
_ real ), axis. 


La a ~~.” v4 


4 1 
r6(r —7') = a G,(r, 7’; dx) dat 
fb 211 Cy 


5(@ — 6’) 1 
pee ah G00: A, 


sin 6’ 2riJd co 


where Ay =v(v+1), and w=0 and fixed. G is the char- 
acteristic Green’s function appropriate to the “un- 
perturbed” domain 0 $6 S27 [see Felsen,! (28)] so that 
the second term on the right-hand side of (57) repre- 
sents the effect of the conical obstacle. Thus, Gs’ as 
given in (57) is a perturbation type Green’s function. 

Singularities: simple poles at \x=qg(q+1) 20, where 
(d/d0))P ¢~“(cos 0) =0. 


T(qg + w + 1)(d/d0o) Pg *(—cos 9) 


1 Ao Tv 
— csc? — 6,9 — — 2 1) ———— 
9 9 PA) 9 Lg + ) 


P{*(cos 6) Pg #(cos 6’), (58) 


T(qg — » + 1) sin (¢ — u)1(d?/(0gd00) Pg *(cos A) 


Delta function representation: 


(54) 


1 —1/2+i00 


2rk —1/2-i0 


dy(2v + 1)j,( kr) hy (kr’). (55) 


The contour C; in the \; plane encircles the branch 
cut in the positive sense. 7 and r’ in (55) can be inter- 


changed. 


60-6") 


sin 6’ 


— 7 2 Oe +17 


T(p + w+ 1) Pp “*(—cos 80) 
(p — w+ 1) sin (p — pw) 1(0/dp) Pp “(Cos 4p) 


where 5,0=1, 4=0; 6,40=0, 4X0; g>0. C2 encircles the 
positive real \2 axis in the positive sense. 
b) Ge=0 at 6=4% 
Go(0, 8’; w; Ae) is given as in (57) except that the 
replacement 
(d/d6)) Py-"(— cos 80) 
(d/d6o) P,*(cos 8) 


P,-*(—cos 60) 


P,-*(cos 6) oo 


is made. 
Singularities: simple poles at \x=p(p+1) >0, where 
P,™ (cos 6) =0. 


P,-#(cos 0) Pp *(cos 6’). (60) 
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Theory of the Scintillation Fading of Microwaves* 
OSAMU TUKIZI} 


Summary—A theory is presented indicating that the scintillation 
fading may be attributed to the incoherent scattering of microwaves 
by atmospheric irregularities in mass motion at an average velocity. 

By use of the perturbation theory, the resultant of scattered 
fields at the receiver is calculated which, on account of the inter- 
ference with the direct wave, gives rise to the received field oscillat- 
ing rapidly with small amplitudes around a mean level. Account is 
taken of the directivity of transmitting and receiving antennas which 
facilitates the calculation of received field, and also of the Doppler 
effect due to the translational mass motion of turbulent eddies. 

Agreement with experimental results is satisfactory. 


INTRODUCTION 


HE SCINTILLATION is a type of fading appar- 
[enti specific to the waves at hyperfrequencies 

and is characterized by its almost regular oscilla- 
tion with small amplitudes and short periods in contrast 
to the roller, z.e., the kind of fading that is of more or 
less irregularly fluctuating nature. 

It is known that the scintillation is closely related to 
the meteorological condition and, in fact, a steady 
scintillation is likely to occur when the atmosphere is 
fairly calm around the path of propagation. 

Basing on experimental records, Durkee! has classi- 
fied the microwave fading into four types, two of which 
belong to our scintillation. Their specific features are 
summarized as follows: one is quite common in winter 
sometimes lasting for several days at a time. It is com- 
paratively rare in summer and, when it occurs, it seldom 
continues for more than a few hours. The other, on the 
contrary, is almost nonexistent in winter and fairly 
common in summer, being superposed on a steady aver- 
age value or a slow irregular variation. 

The first type in Durkee’s classification might be 
termed the winter type and the second the summer 
type; the difference between these two types of scintilla- 
tion is possibly attributed to the seasonal variation in 
atmospheric condition or more precisely to the differ- 
ence in nature of turbulent eddies. 

It is the aim of the present paper to indicate that the 
scintillation fading can be interpreted as a phenomenon 
arising from interference between the direct and the 
scattered waves. Small turbulent eddies are assumed to 
behave as moving scatterers which in mass give rise to 
a slight shift in the frequency of the resultant of 
scattered waves. 

Effect of the earth will be disregarded because the 
scintillation is known to appear even when no reflection 
at the earth surface is believed taking place, provided 


* Manuscript received by the PGAP, February 1, 1956. 
+ Elect. Commun. Lab., Musasino-si, Tokyo, Japan. 
_1A.L. Durkee, “Results of microwave propagation tests on a 40- 
a overland path,” Proc. IRE, vol. 36, pp. 197-205; February, 


that the transmitter and the receiver elevated suffi- 
ciently are both equipped with antennas of good di- 
rectivity. 


THE SCATTERED RADIATION? 


Consider a nonconducting medium with inductive 
capacity e which may be written 


e(r, f) = eo + a(r, 4), (1) 


where €9 is a constant to be stated later and e(r, ¢) is 
the fluctuating part assumed to be of very small magni- 
tude in comparison with é€. It is known that the Hertz 
vector II(r, ¢) satisfies the following: 
€1 o711 1 
VE + — VN I) eo ea es 
€0 or? €0 
which reduces, for a homogeneous medium, e, =0, to the 
well-known wave equation. With «+0, the equation 
may be solved by perturbation theory where it is as- 
sumed that II may be written 


TT = MW + Mh. (3) 


Substituting this into (2) and neglecting the terms 
higher than the second order, we obtain the following 
two equations for II) and I: 


V7TTo — ou SN P (4) 
ot? €0 
VT — cou sei gel Ey, (S) 
Ot? €0 
where 
Eo = V(V To) — €ou(071Ko/d2?). (6) 


Eq. (4) is the wave equation for a homogeneous at- 
mosphere and has the solution 


1 P(to,t—-— |\R—- 
T1)(R, t) = if (rot = [R= 20] /o) 
Arey v 


| R— 10 
where c is the velocity of light in a medium with ca- 
pacitivity €) and the integral extends over all of space. 
If we assume a harmonic oscillator, p(t) = poe~‘**, at the 
origin and neglect the near fields, (7) reduces to 


1 p(t— | R| /c) 
| R| 


dv, (7) 


0 


I1)(R, t) = (8) 


Arey 


Eq. (5), on the other hand, is the inhomogeneous 
wave equation whose solution is 


* The procedure in this section is after H. Staras, “Scattering of 
electromagnetic energy in a randomly inhomogeneous atmosphere,” 
J. Appl. Phys., vol. 23, pp. 1152-1156; October, 1952. 
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ex(r, t — |R—+#|/c) 


1 f 
Arey v |R—r| 
( Cee 
-Ey\ r,t — te) dv, (9) 
¢ 


the integral extending over all of space. Since E, is the 
primary incident field, we see that the scattered field 
results from the elementary dipoles induced by Eo 
within the elementary volume dv which we shall here- 
after call the scatterer. From (6) and (8), we obtain, to 


a first approximation, the Hertz vector for the scattered 
field, 


I1L,(R, t) i 


nino (AY 


FX [? X p(t*) |dv, (10) 


where k=w/c is the propagation factor for the homoge- 
neous medium and ¢*=t—(|R—r|+|r|)/c. A circum- 
flex has been used for denoting a unit vector. 

Now, we divide «(r, ¢) into two parts and write 


ex(r, t) = (e1) + Ac(r, 2), (11) 


where (e;) is the spatial average of e, and Ae the part 
fluctuating randomly with time and position around 
the average value. If we choose € of (1) such that (e;) 
is equal to the average of the amplitude of fluctuation, 
then by virtue of (1) and (11) 


e(r, t) = e9 + (| Ae| ) + Ac(r, 8), (12) 


where (| Ae| ) =(€) —e9 is the average amplitude of fluc- 
tuation, (€) being the spatial average of e(r, t). Hence, 
we get from (10) and (11) 


=) (Jacl f ea 


the term multiplied by Ae(r, t) vanishing because of the 
random property of the latter. 

Fig. 1(a) illustrates schematically the variation of 
e(r, ) where the part Ae(r, ¢) fluctuates around the con- 
stant average value (e). There sometimes appears, how- 
ever, another component, Ae’(r, ¢) say, that oscillates 
about a constant value with a longer quasi-period and 
larger amplitudes accompanying the former type of 
fluctuations, as shown in Fig. 1(b). It will be readily 
seen that (|Ae| ) in (13) is to be replaced, then, simply by 


(| Ae| )—> (| Be] ) + (| Ae’] ). (14) 


11,(R, t) = — (= 


This case of two-component fluctuations will be re- 
ferred to in Appendix II. 


CALCULATION OF THE INTEGRAL 


In what follows we shall neglect effects of the earth, 
since the scintillation is known to appear even when the 
reflected ray is totally masked out, for example, by an 
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Fig. 1—Schematic illustrations defining ¢9. 


intervening hill. Let the transmitter be at the origin of a 
rectangular coordinate system, the dipole po being 
oriented along the x axis, and the receiver on the g axis 
at a distance R from the transmitter. 

We define first the antenna pattern function by 


#(@) = exp(— 4 sine), (15) 
2 2 

where g is the gain and @ the angle which the positive 
z axis subtends with the radius vector r(r) drawn from 
the origin. If g: and g are the gains of transmitting and 
receiving antennas, respectively, the field at the re- 
ceiver coming from a scatterer at the point (r, 0) will 
be characterized by the effective pattern function de- 
fined by 


U(r, 8) = 9(0)9(0") 
= xp|- rina cose)], ao) 
with 
(nr) =v + (R= 1), nee (17) 


It can be shown that (16) is a fairly good approximation 
except in the immediate neighborhood of the receiver. 
(See Fig. 2.) 

The integral in (13) is obviously a vector parallel to 
— py» so that only the x component of integrand needs 
to be considered. Hence, if we introduce the antenna 
directivity defined by (16), which is axially symmetric 
about the zg axis, we get from (13) the resultant scattered 
field at the receiver 


1 Ae il 
A trey €0 2 
where 
R’ T 
F(R) =| arf hie? (7, 8) io (Rr) ho (Fri) 
0 0 
r? cos 6 sin 6d0, (19) 


ho (kr) being the spherical Hankel function of the first 
kind and r=|r|, 1=|R—r| =(R?+7r?—2rR cos 6)". 


31 > 1585.10" $= 505.107 


#(9) = exp [- $s? z ] 


PATTERN FUNCTION 


ANGLE IN DEGREES 
Fig. 2—Pattern functions V(r, @) and (6). 


For simplicity cos @ has been substituted for 
1— sin? @ approximately, since, as the function V(r, 6) 
indicates, integration is effective only for small values 
of 6 if antennas are of sufficiently high gain. Use of the 
pattern function also allows integration to extend over 
the sphere centered at the origin and of radius R’ which 
we take smaller than R for the moment. 

We shall now take into account the mass motion of 
scatterers which may be regarded analogous to a wind 

-blow in the space of propagation. If a scatterer is in 
motion at a constant velocity v, the wave that the 
scatterer reradiates will have a frequency w slightly 
different from that of the incident wave w . This is the 
well-known Doppler effect. 

Since |v| c, the frequency shift may be written 


R-r =| 


Bea 


Aw = w — wy = bw | (20) 
where kp = w/c is the propagation factor for the homoge- 
neous medium with capacitivity €) and r and R the 
position vectors, as before, of the scatterer and the re- 
ceiver, respectively, both in reference to the transmitter. 

Let be denoted by L(k) the product of all the factors 
that depend on k(=w/c) under the integral sign of 
(19): 


L(k) = k4 exp (—ickt)ho™(kr) ho (Rr:). (21) 


We write k=k )+Ak where the variation Ak is of a very 
small magnitude compared to ky and notice that Ak has 
rather a random nature around an average value, (Ak) 
say, depending on the velocity of scatterer which will as 
much be different in sense as in magnitude from place to 
place. We may then replace L(k) in (19) by the spatial 


average 
(L) = L(o) exp [i(Ak)(R — ct)], (22) 


where R is the distance between terminals substituted 
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for simplicity in place of r+. The average (Ak) is, as 
shown in Appendix I, given by 


2k V 
09() — cos 0, 


fg 


where g; and g are the gains of transmitting and receiv- 
ing antennas, g(v) a function of v alone and V cos © the 


(Ak) = 


component of the average wind speed along the line © 


joining terminals. 
Inserting these expressions for the product defined by 
(21), we get from (19) 


F(R) = G(Ro) exp [—iwot — i(Ak)(ct — R)], (24) 
where 
R’ T 
Gl ho) = ke! f dr f W(r, 8) ho"? (Ror) ho (Ror) 
0 0 
-r’cos 6 sin 6d8. (25) 


Now, we expand ho“ (Ror1) in spherical harmonics and 
integrate term by term with respect to 0, by use of the 
formula? 


f e? 5 8P_(cos 8) cos @ sin 6d@ = 2i,'(z), (26) 
0 


w\tl2 ¢ 
in'(s) =| — — 
@) (=) dz 


Then, we get from (25) 


where 


{Ins1/2(z)/2"!?} (27) 


R’ 

G(ko) = ho! f e092 hig (Ror) 
0 

ae 


n=0 


oore 1a Bor) a (BaR) in (© 6) ar. (28) 


It can be shown that the most predominant terms of the 
series are those with values of m around mp =e/4(Ror - gv)? 
and this makes it permissible to use for h,“ (RoR) its 
asymptotic form (—7)"ho' (RoR) provided that koR>> ge. 
Hence, by use of the formula 


ji(w + iy) = iD) (2n + 1)(—1) n(x) in’(y), (29) 


which may be derived from the Gegenbauer addition 
formula for j:(x-+7y)* by differentiating both sides with 
respect to y, it follows at once that 


G(Ro) = — 2iko*ho (RoR) 
R’ g 
; it eerors (by 4 a) :) ho (Ror)r*dr. (30) 
0 


* G, N. Watson, “Theory of Bessel Functions,” Cambridge Univ. 
Press, Cambridge, Eng., p. 369; 1922, 
4 Ibid., p. 366. 
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If koR>>g>1 which is usually the case, the integration 
can readily be performed, e.g., by the method of sta- 
tionary phase, and yields, at the limit that R’ tends to R 


G(ko) = — 2wiko exp (ikoR). (31) 


By virtue of (18) and (24), this gives ultimately the 
Hertz vector for the resultant scattered radiation at the 


receiver 
|R| 
1 o( Cate ie bathe 
oe a R| - in ( mi ) to 
-exp [i(Ak)(R — ct) |, (32) 
with 


Be every teler EN], Go 


We see from (8) and (32) that the resultant scattered 
field is proportional to the primary field whose fre- 
quency is wo unaffected by the motion of scatterers. 
Adding these together we obtain, by (3), the total field 
at the receiver: 


€ 
RoR 
€0 
. 2kog R 
-exp | 7 ti——)VcosO]}>. (34) 
aaa 4 c 


COMPARISON WITH EXPERIMENT 


MH = My + 1; = 141 ~ inf 


It can be shown that the received field referred to the 
free space is, by (34), 


(E/E)? = 1+ (2rkoR-AN)? + 4rkoR 


[ 2Ro R 
-AN sin | qV cos e-( — =)|, (35) 
Saas 4 c 


where average has been taken over one cycle of the 


carrier oscillation during which the third term is con-/ 


sidered nearly constant in time. The average fluctuation 
of refractive index AN has been introduced in place of 
4(| Ae/eo| ) where €o differs slightly in magnitude from 
the permittivity for free space. 

If 1>>(2rk)R-AN)?, it follows from (35), expressed in 
decibels, that 


E/E, = A sin (vt — 4), (36) 
with 
vy = (4rq(v)/d) (gi + g)~1V cos @, (37) 
R 
A = 20(logio e)(2n)?— AN in dB. (38) 


We see that, to the degree of approximation used, the 
received field manifests a simple oscillating nature as a 
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Fig. 3—Typical samples of scintillation in rapid recording. The full 
scale for about one minute beginning at the time indicated. 


consequence of the interference between the direct and 
the scattered waves. 

In Fig. 3 are illustrated typical examples of scintilla- 
tion taken from records of the propagation test which 
the Electrical Communication Laboratory carried out in 
June, 1953, at a wavelength of 7.5 cm. Records were 
taken at a speed of 12 cm/min, the figure showing the 
duration of about one minute from the time indicated. 

We see that periodicity in records is remarkable and 
that at least two oscillations of different periods appear 
to exist in superposition. The existence of longer period 
oscillations might be ascribed to the different scales of 
turbulence which play effective réles in tropospheric 
radio scattering.® 

Eq. (37) shows that the scintillation frequency ? is 
proportional to the average wind-speed component 
V cos © along the line joining terminals. To check this, 


5H, G. Booker and W. E. Gordon, “A theory of radio scattering 
in the troposphere,” Proc. IRE, vol. 38, pp. 401-412; April, 1950. 
(See also Appendix IT.) 
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SCINTILLATION FREQUENCY PER SEC 


é /o 1S 


Veos 
WIND SPEED COMPONENT IN METERS /S5EC 
Fig. 4—Relation between the frequency of scintillation and the aver- 
age wind-speed component along the line joining terminals. Slope 


of the straight line: 0.076, calculated from (37) and (45) with 
values of g,=1.585- 108 (32 db) and g=1.585- 10? (22 db). 


values of the frequency read from records of Fig. 3 are 
plotted in Fig. 4 against the wind-speed component 
observed at the summit of Mt. Tukuba where the 
transmitter was located. The wind-speed is the average 
taken from anemographic records over a 10-minute 
interval centered at the corresponding time indicated 
in Fig. 3. Corrections have been made of the values for 
specific wind-directions by use of the calibration curve 
supplied by Tukuba Meteorological Station. 

A theoretical straight line is also shown in Fig. 4, 
drawn from the origin with the slope calculated from 
(37). The value of gi+g has been taken as 1.744- 10% and 
that of v as 10, the gains of the transmitting and re- 
ceiving antennas being of 32 and 22 db respectively. 

Out of all 11 records taken during the period of ex- 
periment, 3 are in disagreement with the theoretical 
prediction. Their waveforms are similar to those of Nos. 
2,5, and 6 of Fig. 3, and yet the corresponding values of 
wind-speed are appreciably dispersing as indicated with 
crosses in Fig. 4. The discrepancy might be accounted 
for strong local wind-blow which was occasional at the 
point of observation and was not representative of the 
average to be taken over the entire space of propagation. 

Eq. (38) indicates that the amplitude of scintillation 
A is inversely proportional to the wavelength \ and 
proportional to the distance RK between the transmitter 
and the receiver. Figs. 5 and 6 show the results of 
analysis based on the data of August 1, 1954, which were 
selected from records of a three-path propagation test 
undertaken by the Laboratory. 

The test was carried out for about two weeks between 
Tukuba and Hutago, 149 km apart, at frequencies of 1.5 
and 4 gc/s,® and simultaneously between Mitaka and 
Tukuba at 4 gc/s. The relative locations were such that 
the Laboratory (at Mitaka) was situated just amid and 


6 1 gigacycle = 10° cycles. 
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Fig. 5—Dependence of the scintillation amplitude on the frequency 
of waves. Slope of the straight line, taken equal to the frequency 
ratio. 


AMPLITUDE IN DB, HUTAGO- TUKUBA LINK, 749 KM 


a 025 0.50 O75 yf 


AMPLITUDE IN DB. MITAKA- TUKUBA L/NK, 74 


Fig. 6—Dependence of the scintillation amplitude on the intertermi- 
nal distance. Slope of the straight line, taken equal to the distance 
ratio. 


on the Tukuba-Hutago path. Since no rapid recording 
was effected at this experiment, analysis was made of 
the data read from the chart records which were taken 
at a conventional speed of 12 cm/hour. 

In Fig. 5 are compared the average values of the 
scintillation amplitudes A for the two Tukuba-Hutago 
paths at different frequencies, 1.5 and 4 gc/s, and, in 
Fig. 6, for two links of different distances, 74 and 149 
km, at nearly the same frequency. Averages have been 
taken for each of three paths over a ten-minute interval 
around 6, 8, 11, and 15 hours of the local time. These 
illustrations appear to support the theoretical predic- 
tion, if it is legitimate to assume that the average fluctu- 
ation of refractive index AN is the same over the entire 
space that contains two different links. 

The values of AN estimated from Figs. 5 and 6 with 
(38) are plotted in Fig. 7 as a function of local mean 
time. It appears that the average fluctuation exhibits a 
diurnal variation analogous to that of the atmospheric 
temperature. This agrees with the known fact that the 
scintillation has in general a smaller amplitude in 
winter than in summer. ‘ 
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Fig. 7—Diurnal variation of refractive-index fluctuation. 


_ We see that the average fluctuation of refractive in- 

dex is of the order of 10-*. This order of magnitude is 
“not in contradiction with the observation by Bussy and 
_ Birnbaum’ who report that “fluctuations that occurred 
in distances of from 0.5 to 5 m had an amplitude less 
_ than 0.04-10~* in nm.” It would be plausible to obtain 
_ more appropriate values if the measurement could have 
been made for distances of the order of a wavelength. 
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THE AVERAGE FREQUENCY-SHIFT 


Let v(V,0, ®) be a wind velocity whose angular co- 
ordinates are specified with respect to the fixed refer- 
ence system used in the text. 

The frequency-shift is, by (20), 


J R r n 
Noe i6Nk = mv | = (1 + <) cos ih cosH 
1 ‘it 


_ (1 4- =) sin @ sin H cos (¢ — ») | 


‘) 


(39) 


_ where 7;=(R?+r?—2rR cos 0)1? as before. By taking 
: average over the whole space of propagation, we con- 
sider v(V, 9, ®) constant throughout the region. 
Introducing again the antenna pattern function 
Wir, 0) of (16) and (17), we define the average (Ak) by 


Te wT Qa 
(Ak) = fab arf anf W2(r, 0)(Ak)r? sin Odo 
DJ 0 0 
(40) 
with 


ee T Qn 
D= f arf wf V(r, O)r? sin 6d 
0 0 0 


7H. E. Bussy and G. Birnbaum, “Measurement of variations in 
atmospheric refractive index with an airborne microwave refractom- 
eter,” J. Res. NBS, vol. 51, pp. 171-178; October, 1953. 
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ue ar \ +12 
an f (=) Ty )2(u)r'dr, 
0 K 


and 


w= 228) = by + A(R 1-4] (41) 
Eq. (40) implies that contribution to the average is 
considered to depend on the fraction of power that ar- 
tives at the receiver after being re-radiated by a scat- 
terer to which the shift Ak is prescribed. 

If we insert (39) into (40) and integrate with respect 
to @, we have 


es V Ri © 
iN 27 ko wc OS ef ar f e H#(1— cos 8) 
C 0 0 


—— 


— = COS ab r* sin 6d0. (42) 


Ty 


The integral that comes from the second term in (39) 
has vanished because of the axial symmetry of the pat- 
tern function. 

Now we expand 1/7; in zonal harmonics and inter- 
change the order of summation and integration which is 
permissible obviously. It follows that 


a R 
f e# cos 8 ___ gin Od8 
0 11 
oO Y n Tv 
= 5S, (=) f e# ©°8 9P_ (cos 6) sin 6d0 
n=0 R 0 


= (7) fran + E (ZY reantenh 
Lh n=0 R 


T r Te 0) im re 
{ ev 008 § cos @ sin 6d9 = — —{ et 008 4 = sin O09 
0 R Ou 0 


11 Ty 


oaN tis = ( an 
wir BF) Tn+s/2(u) 
( =) n=0 R 
T Qa 1/2 
f e# c08 § cos @ sin 6d = (*) T3y0(). 
0 U 


If we introduce these relations, (42) reduces to 


and also 


= V ie 2n\ 1? 
N = 2rko —cos 0 f ge (=) { Ts /2(u) = T3)2(u) | r2dr, 
C 0 Mb 


whence, pu being large compared to 7/2, 


(Ak) = N/D 


V R? 92 Bae 
ix—cos0| ff Har/ f “irl. 
C Gaeite hue 


I 
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By virtue of (41), this may be rewritten 
ey ie 
(Ak) = ko —cos @-— — [— log p(v)], (43) 
C g ov 


where 
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(E/E)? = 1+ (2rkoR)?(AN? + AN” 


ko 


2 
+ 2AN-AN’ cos 1 
81 =| 


(ow) 
g 


(-D=] 


2Ro 


+ 4rkyR E sin 1 


81 


g(v)V cos O 
§ 


The integration can be effected in a straightforward 


manner and it is readily shown that : 


2k R 
+ AN’ sin { av" cos0-(1— =) ]. 
fit g C 


) 1 
— — log p(v) = q(v) (44) Neglecting the second term, smaller than others, we 
ov ait have in decibels 
with E/E, = A sin (vt — 6) + A’ sin (v't — 8’), (46) 
1 yv+i1 
| (3502 — 3p = 25y 41) (v2 — 28y + 19) + 2(2y? — Sy -+ 1) logy 
VAD 3 
qv) = m4 (45) 
TT Vv 
cpp ADY San = 1) + ; (v? — 10v + 1) + 2v(v — 1) logy 
From (43)—(45) it follows that with 
2 koV v = (4n/d)q(v)(g1 + g)7V cos O 
se Tee ote: i (4ar/d) g(r) (gi + 8) . \ (41) 
Sit y C = (4r/d)g(»)(g1 + g)*V’ cos @ 
and 
APPENDIX II a : R 
Two-CoMPonENT FLUCTUATIONS Aye DUNS Bi EAE) a an 
Consider an inhomogeneous medium containing in i R (48) 
unit volume a large number of eddies whose dimensions A’ = 20(logio e)(27)? 5G as 


are of or less than the order of wavelength. 

If the density of these small eddies varies with po- 
sition and time, the atmospheric index of refraction will 
be of the two-component fluctuations as in Fig. 1(b). 
Such a density fluctuation of eddies may arise from a 
larger-scale turbulence whose translational motion will 
in general be slower than that of component eddies. 

By use of primes to indicate quantities that concern 
subsidiary turbulence, we obtain, instead of (35), 


It is seen that the scintillation has two components of 
oscillations as observed, e.g., in record No. 8 of Fig. 3. 
The frequency ratio 7/7’, estimated from the record, 
is of about 6.2 and the ratio in amplitude A/A’ is of 
about 1/2.2. These values appear, as (47) and (48) sug- 
gest, to be of reasonable orders of magnitude for the 
ratios V’/V and AN/AN’ respectively, although the 
corroboration is left to future investigations. 
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Ray Theory vs Normal Mode Theory in Wave 
Propagation Problems* 


LESLIE G. McCRACKENT 


Summary—The Euler-Maclaurin expansion, as a possible tool 
for summing mode series in wave propagation problems, is examined 
for the problem of a dipole radiating monochromatic energy between 
two parallel plates. When the expansion is applied to this problem, 
it is found that the expansion formula transforms the mode series into 
the known ray theory solution. 


INTRODUCTION 
\ ees S of the field in tropospheric wave 


propagation problems lead to the use of series 
expansions based on ray and normal mode 
_ theories. In using these expansions, one finds that when 
a few terms of the ray theory solution approximate the 
field reasonably well, many, many terms of the normal 
mode solution would be required to achieve the same 
_ order of approximation, and vice versa. The ray solution 
_ usually suffices at ranges close to the transmitter; the 
normal mode solution is used for distances far from the 
transmitter. At intermediate ranges, neither of the two 
_ expansions is satisfactory for practical calculations. 

Previous studies of C. L. Pekeris have been aimed at 
finding ways to calculate the field in the intermediate 
region? and at discovering the connection between ray 
and mode theories. In Pekeris’ recent paper,® he found 
that the two expansions are related by a Fourier cosine 
transform* and suggested that it might be possible to 
use the Euler-Maclaurin expansion> to sum either the 
ray or the normal mode solution. This suggestion of 
Pekeris forms the basis of the present paper. 


THE PROBLEM 


To show the power of the Poisson formula 
hast = 
VB E F.(0) + 2 Fond) | 
A ol = 
= va{—0 Dna) |) 


* Manuscript received by the PGAP, October 7, 1955. 

+ Dept. of Elec. Eng., Lehigh Univ., Bethlehem, Pa. : 

1€. L. Pekeris, “The field of a microwave dipole antenna in the 
vicinity of the horizon,” J. Appl. Phys., vol. 18, pp. 667-680; 
Jay OL. Pekeris, “The field of a microwave dipole antenna in the 
vicinity of the horizon, II,” J. Appl. Phys., vol. 18, pp. 1025-1027; 
November, 1947. f 

2C. L. Pekeris, “Ray theory vs normal mode theory in wave 
propagation problems,” Proc. Symp. Appl. Math., vol. 2, pp. 71-75; 
Amer. Math. Soc., 1950. . ; 

4E, C. Titchmarsh, “Introduction to the Theory of Fourier 
Integrals,” Oxford Univ. Press, New York, N. Y., p. 61; 1937. 

5 &. T. Whittaker and G. N. Watson, “Modern Analysis,” Cam- 
bridge Univ. Press, Cambridge, Eng., p. 12721935. 


where 


Fi(u) = fe cos uxdx 


f(«) of bounded variation on [0, © | 

f(z) NO as x &w, 
Pekeris addressed himself to the problem of a point- 
source radiating monochromatic energy between two 
perfectly conducting, parallel plates of separation dis- 


tance H. For this problem, he expressed the ray and 
normal mode solutions as follows in (2) and (3). 


Y = {gle + (4 —2)?] — gle? + (kh +27} 


tae SE ee a) 


n=0 
+ g(r? +(g—ht+ 2nH)?| 
— gir? + (e+ h+ 2nH)?] 


— g(r? + (— 2 — + 2nH)*]} (2) 
where 
—ikoR 
g(R?) = i 


h=height of dipole above lower plate located at z=0, 
(r, 2) =cylindrical coordinates, 


H=separation distance of plates. 


Qri\ & nh NTS 
— (+) 2 Hy (Rar) sin (=) sin (=) 


nin F 
| Py = | at 5 i IP ’ Ro = nw /H 


where 


1/2 
is if" Bas ne he nate 
FH? 


Using the mode solution (3) and the Poisson formula 
(1) Pekeris succeeded in generating the ray solution (2). 
Thus, he clearly showed that the terms of the two ex- 
pansions are related by Fourier cosine transforms. Using 
the same example treated by Pekeris, we shall establish 
another connection between ray theory and mode 
theory using the Euler-Maclaurin expansion. 
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THE EULER-MACLAURIN EXPANSION 


The Euler-Maclaurin sum formula reads® 


Cm KO: 
(2 — a)f"(a) = f@) — fla) — —— {f'(2) — f'(a)} 


n—1 1B Be 2m 

ae De (—1) m—1 Balz — a) { f2™(z) = f2(a) } 
m=1 (2m) ! 
(zg = Dent 


— are. don(t) fer) {a +- (zg aad a)t} dl. (4) 


Here ¢,(t) is the mth Bernoulli polynomial, {B,} are the 
Bernoullian numbers, and f(z) is analytic on [a,z]. By 
integrating (4) from a toa+rw, Whittaker and Watson 
show 


a+ra 
f F(x)dx 


ro 1 
= \- F(a) + DO F(a+ no) + 7 Fe - rt 


n=1 
Bywe™ 


(zm)! 


+ y (—1)™ {FE"™(q + 10) — Fe" (a) } 


+ Rn (5) 


where 


Ry, 


@2nti if r—1 
(2n)! f 2n(t) DL Fea + mo + wi) dt. 
nN): 0 m=0 


Making the transitions given below 


a—0 


r— © (6) 


wo 


we arrive at the following sum formula 


i) 1 re) 
DIO) = 510) + lb fae 


Tae (i ™B, 
KOE {fm (c0) — J™-0(a)} 


ee = Hf “éna(l) {3 fem i a. (7) 


m=0 


THE CONNECTION 


Starting from the mode solution where 


win CH) BY" 
tes ny - 
; (=) (=) 
‘sin — 
H H 


6 Tbid., p. 128. 


(8) 
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we use (7) and obtain APS sum. Let x=(na/H) and 


fhe 
f(n) ape: Sil); 
then 


il 2 pee RE 
= re) o 2 f H,® |r ko? — x?| sin zx sin hadx 
0 


n—1 (—1)"Bn oa 2m—1 ee 
~ 2 (2m)! ie) 
-{fpem-D(o) — fxem—Y(0)} — Ra (9) 


The factor («/H)?”—! in (9) arises from differentiation, 
and the remainder term Rijn corresponds to the one in 
(7). But f:(0) =0, fi (0) =0, so 


by =— 2 f Ay [r/ ko? — x?| sin zx sin hadx 


0 


Ft (HD Bm (Vr 2m—1 5 
+E Get dg) ATO) Re ae 


The integral in (10) has been evaluated by Pekeris, 
hence the sum can be written as 


D = {elr? + (h— 2)?] -— gl? + (h+2)?]} 


mt (=) * Bm f © \2" hs > 
oH 2 oo) fre” 0) — Re AN) 


The first two terms of (11) agree with the corresponding 
terms of the ray solution, (2); these take care of the 
direct ray and the ray reflected from the plane z=0. 
The summation and the remainder Rj, require some at- 
tention to show that they can be used to generate the 
remaining terms of the ray solution. We now go into 
the problem of calculating the derivatives and complet- 
ing the summation in (11). First, the derivatives. 
We have 


ieee (0) —— (=) 
H 


ad 2m—1 


dx? m—1 


[Hy [r/ko? — x2] singwxsin hx]... (12) 


The differentiation can be done easily, after an integral 
representation of the Hankel function is inserted in (12). 
The one chosen is 


1 en ikv +0? 
Hy [rVk, — «?| = 


f Se e'2dyy 
“1p Gs r + w? 


where the contour C, is shown’ in Fig. 1. The result of 


(13) 


7 This integral representation is based on Weyrich’s formula; 
cf., W. Magnus and F. Oberhettinger, “Special Functions of Mathe- 
matical Physics,” Chelsea Publishing Co., New York, N. Y., p. 34; 
1949. The phase sense of the contour was established by integrating 
(13) for small arguments and comparing the resulting logarithmic 
singularity with the one well known for the Hankel function of the 
second kind. Gene Corum’s interest in this regard is gratefully 
acknowledged. 
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Fig. 1. 


differentiation and allowing x—0 is given by 


1 
fern) = —— | elt +atl{lie— b+ apm 


+ [io —z+ h) 2" — [iw+h+2))2™ 
— [i — h — 2) ]?”} do. (14) 


The summation in (11) can now be carried out. Calling 
the result S,, we have 


4 
Sn = >, V2 sin (jx/2 — 4 /4)T; (15) 
j=1 
where 
n—1 ne (=) 
Ye — fe SET ee ee) (Perens 
: pe (2m)! \H 
1 
Jes 2 _ 2 1 ate j) 2m—1 dy) (16) 
oH mis w| [i(w w;) | 
_ and where 
Oy = h—33 we = 2— hi ws = —h—23 042 h+2. (17) 


Now the generating function for the Bernoullian num- 
bers is known to be 
= 1) m—1B 


t + Sie lle ™ p2m 
it 


ef — m=1 (2m)! He 


hence the sum for 7; can be found if we let n~. The 
result is 


wi/H 


a +} (19) 
eit /H(w—wj) — J 
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When this is substituted in (15), the middle terms 


( 11 Tt Tt Tt 
DET sshd ages -) 
drop out and we are left with 


ast Paphs 1 
= » V2 sin (jr/2 — 1/4) — g(r? + w?) 
ai 2n1 Co 


{ ) wi/H 
: dO, 
wo — W; E17 |H (w—w;) we" . 


The second term in the integrand of (20) has simple 
poles at w=2nH+w;,n=0, +1, +2, +3,---,and the 
residue at the poles is unity. As a consequence of 
Mittag-Leffler’s theorem,® (20) can be written as 


(20) 


> poikv ta? 

= 1/2 >) sin (jr/2 — TS 4 pe 

i) Co Jr? + w? => w? 
2 1 


ay 


——_————— (21) 
“~ w — (2nH + w;) 


and the integral is readily evaluated when the contour 
C, is closed properly and when the poles it contains are 
specified. The contour C; can be closed by the point at 
infinity when the one-valuedness of the integrand of (21) 
is established and when the conditions for convergence 
are laid out. Single-valuedness of the integrand can be 
retained by noting a second branch cut® from w= -+ir 
to w= ©. Convergence of the integral is established by 


considering the behavior of e-‘#¥7*##? as | w|—> «0. These 
considerations lead to the selection of a contour as 
shown in Fig. 2 below. The second branch cut is drawn 


8K. Knopp, “Theory of Functions, Part II,” Dover Publishing 
Co., New York, N. Y., pp. 34-57, 112-118; 1947. 
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asymptotic to an axis separating the half-planes of con- 
vergence and nonconvergence; on each sheet of the two 
sheeted Riemann surface, the integral is convergent in 
only one half-plane. The orientation of these half-planes 
is determined by the value of &. In the problem at hand, 
k has been assumed to be real; so that the axis of separa- 
tion corresponds to the real axis. 

Now that the contour is closed, the integral can be 
evaluated. Around the point at infinity (taken in the 
proper half-planes), no contribution is realized as a 
consequence of Jordan’s Lemma,? hence the value of the 
integral is 277 times the sum of the residues of the poles 
enclosed by the contour. 

The result is easily shown to be given by 


co 


SS glr? + (2nH + h — z)?| 


n=1 


co 


+ >s g(r? + (2nH + 2 — h)?| 


n=1 


co 


— Yi glr? + (2nH — 2 — h)?] 


n=1 


co 


— do glr? + (2nH + h+2)?]. 


n=1 


(22) 


Consideration of the remainder term is the last point 
in the analysis. According to (7), the remainder term is 


R, = ont. ont) { fe m+ ak Cae) 


m=0 


Whittaker and Watson, op. cit., p. 115. 
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Since each of the integrals [don(é)fO(m+é)dt is 
bounded, passage to the limit n> yields a zero re- 
mainder. The final result of the analysis is thus 


Ww = {g[r + (h — 2)*] — gl? + (44+ 2)? 


ine] 


+ >) glr? + (QnH +2 —- h)?| 


n=1 


+ 2 gir? + (2nH + h — z)?] 


n=1 


- st g[r? + (nH — h — z)?] 


n—1 


She Gane poe (24) 


The connection between the mode theory and ray 
theory solutions has now been clearly established. 


CONCLUSION 


Starting out from the mode solution to the parallel- 
plate boundary-value problem, the ray theory solution 
has been generated through the use of the Euler- 
Maclaurin expansion. 

The analysis has shown that the success of the trans- 
formation method depends on one’s ability to find suit- 
able) Fourier transforms for the radial and height-func- 
tions of the mode solution. The analysis also shows that 
the method is not as direct as that based on the Poisson 
summation formula. 


Universal Curves for the Vertical Polarization 
Reflection Coefficient* 


GUNNAR P. OHMANT 


Summary—A set of universal curves is presented by which the 
approximate magnitude and phase of the reflection coefficient for 
vertical polarization can be determined at any grazing angle with 
relatively little computation. The approximation, which is almost 
always sufficiently accurate for engineering purposes, is excellent 
if the relative impedance of the reflecting medium is high and still 
quite good even if the impedance ratio is only moderately greater 
than unity. 


* Manuscript received by the PGAP, January 24, 1956; revised 
manuscript recevied July 30, 1956. 
t Naval Research Lab., Washington, D. C. 


DESCRIPTION OF THE UNIVERSAL CURVES 


a Res VOLTAGE reflection coefficient for vertical 


polarization at a plane interface between two 
mediums is given by! 


ee nae Ae a cbs al 
7? sin y + V/n? — cos? yp 


(1) 


a. See, for example, H. R. Reed and C. M. Russell, “UHF Propaga- 
tion,” John Wiley and Sons, Inc., New York, N. Y., p. 90; 1953. 
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where y is the grazing angle, and 7 is the ratio of the 
intrinsic impedances of the two mediums, and is given 
e by,?, 


eget cee cee a 87 oe 
(€1 — joi/w) pe 


(2) 


_ For the important case of reflection of a ray in air by 
the earth’s surface, €, is merely the dielectric constant of 
the earth (air taken as unity), and X =60o.A (rational- 
_ ized mks units). 
. The calculation of the reflection coefficient by (1) is 
_ fairly laborious especially when 7? is a complex number. 
_ It is the purpose of this article to present a set of uni- 
versal curves by which the reflection coefficient can be 
found with relatively little computation, although at the 
expense of some, usually negligibly small, theoretical 
inaccuracy. The derivation of these curves is based on 
an approximation which sets the quantity, 7? — cos? y, 
equal to the constant, Wn? — cos? Woo, where Woo is the 
grazing angle at which the phase of the reflection coef- 
ficient is —90°. With this approximation the magnitude 
and phase of the reflection coefficient are given re- 
spectively by 


(OF Rar Fy? 


x 4 / (3) 
(1 + p)? + Roo — p)? 


Dv 


and 
—4pRs9 


d, = tan? —______—_ 
(p? — 1)(1 + Roo?) 


(4) 


_ where Roo is the magnitude of the reflection coefficient 
_ when Y=vVo0, and p=sin Y/sin Woo, a dimensionless 
parameter. Eqs. (3) and (4) are plotted as families of 
curves in Figs. 1(b) and 1(c) (next page) respectively. 

Before these curves can be used to find the reflection 
coefficient, both Woo and Rg must be determined. For- 
- mulas for these quantities, which can be derived by 
setting the real part of (1) equal to zero, are 


Yoo = cos™} j/ lilt 0= Vino = Cah = 1)(|n|§— |a/9, 


and 


1 dG xX 
Ro = tan =( tan-! — — tan? —,). (6) 


€, €, — COS” Yoo 


In order to permit graphical determination, curves of 
constant Woo and Roo are plotted vs e, and X in Fig. 1(a). 
- When 7? lies outside of the range of Fig. 1(a), the follow- 
ing simple, approximate formulas may be used; 2.e., 


when |7|2>>1, 


2 Ibid., p. 86. 
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Yoo = cot! We? + X? (7) 
1 xX 
Roo = tan (+ tan! ). (8) 
4 €, + 1 


USE OF THE CURVES 


When the parameters e, and X are known, Figs. 1(a), 
1(b), and 1(c) may be used to determine the approxi- 
mate magnitude and phase of the reflection coefficient 
at any grazing angle. The procedure is as follows: 


1) Read Roo and Woo vs €, and X on Fig. 1(a). 

2) Calculate p=sin W/sin Wo or the reciprocal if 
greater than 1. 

3) On Figs. 1(b) and 1(c) read the magnitude and 
phase of the reflection coefficient corresponding to 
the value of Roo found on Fig. 1(a) and the calcu- 
lated value of p or its reciprocal. 


As numerical examples the reflection coefficient will 
be found at y=14.48° and y =33.8° for the specific case 
of ¢-=2 and X =3 by the procedure outlined. 


1) Roo is read as 0.200, and Wo as 30.00° on Fig. 1(a). 

2) For y=14.48°p =sin 14.48°/sin 30.00° =0.500, and 
for ~=33.8°p =sin 33.8°/sin 30.00°=1.111, and 
1/p =0.900. 

3) Using the curves marked Ro) =0.200 on Figs. 1(b) 
and 1(c), the reflection coefficient at ~=14.48° 
(o =0.500) is found to be 0.388/ —152.85°, and at 


W =33.8°(1/p =0.900), 0.207/—74.65°. 


Although not required in these examples, interpolation 
between curves will generally be necessary. 


ACCURACY 


To illustrate the accuracy possible with the universal 
curves, the reflection coefficient has been calculated 
exactly (1) for three different values of n? and the results 
are compared with those obtained using the approxi- 
mate formulas (3) and (4) on which the universal curves 
are based. These values are n?=2—j3 (Ro0=0.200, 


(S) 


|n|®—1 


Woo = 30.00°), 8 —j1.849 (Roo — 0.050, Woo == 19.272), and 
32 —j13.92, (Roo =0.100, Yoo =9.61°), and the results are 
compared in Fig. 2. The phase calculations are com- 
pared only for the first case because the difference is too 
small to be shown conveniently in the last two. 

Fig. 2 shows that the over-all accuracy of the uni- 
versal curves improves as 7? is taken larger, and that the 
maximum error occurs at y= 90° in each case. It will be 
found that the error here is largely one of magnitude, 
being too high, if e, is much larger than X, and in phase, 
phase lag being too small, if the opposite is true. At Y =0 
and w =w the error is zero, and, unless 7? is very small, 
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Fig. 1—Universal curves for the vertical polarization reflection coefficient (approximate). 
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Fig. 2—Reflection coefficient calculated by the exact and 


approximate formulas. 
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the error at intermediate grazing angles should be com- 
pletely negligible. The approximation made in deriving 
these curves insures high accuracy in the vicinity of the 
grazing angle corresponding to the magnitude minimum 
since it is known that this occurs very close to Woo, 
especially if y? is large. 


In general these universal curves will furnish a good 


over-all approximation to the reflection coefficient for 
vertical polarization whenever sin Woo is less than 0.5, 
and an excellent one if it is less than 0.3, provided that 
€, is at least 2 in both cases. If X is very large, the re- 
striction on €, may be relaxed some. Rarely are e, and 
X known with sufficient certainty to justify a more ac- 
curate computation. 
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communications 


Aircraft Telemetry Antenna* 
FRANK E. BUTTERFIELD} 


cator Antenna of Anderson, Dorrenbacher, 

Krausz, and Margerum! should not go unmen- 
tioned. The directivity in the aft direction, illustrated 
in the lefthand portion of their Fig. 2, is, of course, a 
consequence of the traveling wave or quadrature por- 
tion of the currents flowing on the aircraft fuselage. 

- These currents become important for large diameter 


\" ALTERNATIVE to the Angle of Attack Indi- 


conductors. Consider the continuity of current required 
at the quarter-wave stub feed point, as illustrated in 
Fig. 1. 

Z,, antenna current, must equal J;, fuselage current. 
I, is a maximum at the feed point for stub length ]=)/4. 
I,, and hence, J;, can be reduced by making /=}/2 as 
shown in Fig. 2, This technique has been used with pre- 
cisely the result illustrated in Fig. 2 of Anderson, et al. 


DISTANCE ALONG AIRCRAFT 


Fig. 1—Currents on antenna and fuselage for 
quarter-wave radiator. 


— 


DISTANCE ALONG AIRCRAFT 


Fig. 2—Currents on antenna and fuselage for 
half-wave radiator. 


* Received by the PGAP, May 27,1956. : 
+ Sylvania Elec. Products, Inc., Mountain View, Calif. 


1R. E. Anderson, C. J. Dorrenbacher, R. Krausz, and D. L. 
Margerum, “A multiple telemetering antenna system for supersonic 


aircraft,” IRE TRANs., vol. AP-3, pp. 173-176; October, 1955. 


Furthermore, the half-wave radiator may be shunt fed, 
providing a solid metallic path from fuselage to radiator 
requiring no isolating chokes for instrument wiring. 
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The Optimum Aperture Function in a Long Array 
GLENDON C. McCORMICK} 


UNIFORM amplitude distribution over an aper- 
A ture, assuming phase constancy, produces the 
maximum gain. This familiar fact is slightly 
modified in a very long linear array where ohmic losses 
are significant. In a linear array fed from a transmission 
line carrying a traveling wave; e.g., in the slotted wave- 
guide array, let the power radiated by the rth slot be e,. 
It can usually be justified physically that 


= kf," (1) 
where f, is the magnitude of the amplitude function and 
k is a constant. Then the total power radiated, P, is 
given by ‘ 


P=&))f?. (2) 


It is readily shown that 


alee cap ice —1)8| 


Rk (3) 


y ftexp [(* — 08] 


where P; is the fractional power left over, NV the total 
number of elements, 8 = 0.230 ad, where d is the spacing 
between elements, and a the attenuation in the line in 
decibels per unit length. 

The power gain of the array is proportional to NP. 
Replacing the summations by the equivalent integrals 


W{1— Prexp [(N — 1)8]} | fP(x)dx 
NP = ce 


4) 
1 Nx 
exp [(W/2 — 1)8] [ f(z) exp (=) rf 


—1 


For given P; and f there is an optimum value of N to 
produce the maximum gain, obtained by differentiating 
the above expression. It follows that optimum N is ob- 
tained from the solution of the equation 


‘af? exp (tx)dx 
1/t — coth (a — f) = —__——_—__ (5) 
f f? exp (tx)dx 
1 


where t=8N/2, a=3(6—log, Pr). 


* Received by the PGAP, April 3, 1956. 
7 Radio and Elec. Eng. Div., Natl. Res. Council, Ottawa, Canada. 


A similar result for a uniform aperture distribution 
has been obtained by Gruenberg.* 
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a 


A related problem is to find the optimum function f, — 
for maximum gain for a given NV and P,, Ifthe aperture — 
phase varies linearly, the gain will be a maximum, sub- ~ 


ject to (3), for 


N 
> f- = maximum. 
1 


(6) 


Applying Lagrange’s method of undetermined multi- — 


pliers 
N 
2 df, = 0 
1 


oe f, exp (rB)6f, = 0 


from which 


fr exp (r8) = 2 


fr = \ exp (—18) (7a) 
and for the corresponding continuous distribution 
f(x) = exp (—?z). (7b) 


The maximum signal is proportional to 


N 
pile »: ‘= 
1 
Therefore, the gain of the optimum distribution in com- 
parison with that of a uniform distribution is given by 


ee Ropt 


N 2 
Gunit a u a (ro) [NX 


and it follows readily that 


Gopt cn t ), 
Gunis t 
The solution of (5) for the optimum function gives 


(9) 


or since £=1/20 log, 10 al, where / is the total length of 
the array, 


(8) 


lopt = a/2 


honk So gS a logio lee 
Qa 


(10) 


1H. Gruenberg, “A waveguide array for solar noise studies,” IRE 
TRANS., vol, AP-3, pp. 147-152; October, 1954. 
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Taking P,=0.05 and substituting the values of a@ for 


standard waveguide, Jo», has the following values: 


S band (brass) 540 feet 
X band (aluminum) 145 feet 
K band (silver) 54 feet. 


These lengths can be regarded as the limit beyond which 
no increase in gain is possible. It is obvious that they are 
only of interest in radio astronomy. 

Since fop:=0.75 for P,=0.05, it is evident from (8) 
that the distribution, (7), could result in a significant 
improvement of gain for a very long array, but the 
effect is negligible for arrays the length of which is not 
extraordinary. The asymmetrical distribution causes an 
increase in side-lobe level, as shown in Fig. 1. 


Fig. 1—Amplitude pattern of optimum aperture function, Pp =0.05. 
Pattern of uniform distribution (- - - -) shown for comparison. 


If it is required that the optimum aperture function 
be symmetrical, an additional restraint is imposed. The 
same procedure as before leads to 


N, 
fr = dA Sech (= — "8) (11a) 
or 
f(x) = sech tx. (11b) 
Eq. (11a), when substituted in (5), gives 

sech ¢ 
coth (a — t) = (12) 

gat 


McCormick: The Optimum Aperture Function in a Long Array 


-80 


“75 


“60 


50 
| 


145 


where gd t=2 tan™ exp (¢) —7/2, while the correspond- 
ing equation for the uniform distribution is 


coth (@ — #) = 2/t — coth?. (13) 


The solutions of (9), (12), and (13) are plotted as a func- 
tion of a in Fig. 2. 
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Fig. 2—Curves for the determination of optimum length for particu- 


lar aperture functions, £=0.115 Jop4; a —3 log, Pt. 


The symmetrical distribution, (11), produces a negli- 
gible improvement in gain, even at ¢=0.7 (0.2 per cent), 
while the side-lobe level of the pattern is slightly re- 
duced, to about 18 per cent. 

The writer is indebted to Dr. H. Gruenberg for point- 
ing out two errors in the original manuscript, and for 
several interesting discussions thereof. 
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Variational Principles for Electromagnetic 
Resonators and Waveguides* 
VICTOR H. RUMSEY 


READ THE above paper! by A. D. Berk with 
if interest and appreciation, but I think I should point 

out that the reaction concept does give “varia- 
tional” formulas when applied to the general aniso- 
tropic problem. Indeed, variational solutions to all of 
the problems considered by Dr. Berk are represented by 
the general equation! 


(aa) = 0 (1) 


which, in addition, applies to the general lossy case. 

Since the familiar reciprocity theorem does not apply 
to an arbitrary anisotropic medium, it is natural to 
assume that the reaction concept is restricted to iso- 
tropic media. This is not so, as I pointed out in the 
original articles,? but since I have met several people 
who are under this impression, it may be worthwhile to 
demonstrate as an example the variational properties of 
(1) for the cavity resonance problem considered by 
Dr. Berk. The reader is referred to Berk! for a descrip- 
_ tion of the problem and the notation. 

We note that the self reaction (aa) is a function of fre- 
quency w and the approximate frequency at resonance 
is the particular value of w for which (aa) vanishes. Let 
a and 6 represent two different assumed distributions 
and let w, and w, represent the approximate frequencies 
at resonance calculated from a and 6 by using (1). Let 
the subscript w, or w, denote the frequency at which a 
typical reaction is evaluated. Thus 


(40) wa 0) (2) 
(6b)as = 0. (3) 


* Received by the PGAP, June 22, 1956. 

t University of Illinois, Urbana, III. 

TRE Trans., vol. AP-4, pp. 104-111; April, 1956. 

*V. H. Rumsey, “Reaction concept in electromagnetic theory,” 
Phys. Rev., vol. 94, pp. 1483-1491; June, 1954; and vol. 95, p. 1705; 
September, 1954. 


Now suppose that 6 differs slightly from a, 1.e., 6 is a 
slight variation of a. Then a will differ slightly from aa, 
(assuming (aa) to be a continuous function of w). Thus 


(6) 
0= (bb) ws Fe (0) sa Ss (wy = Wa) jw (bb) 


+ higher terms (4) 


and 
(BB) = (00)un + Cb — G),, Chan +407 (6 = @)) oa 
+ (6 = a), (6 = @))on 
= (a, (b — a))oa + ((6 — a), @)oan + higher terms. (5) 


Now let a represent the correct distribution, so that we 
is the correct frequency at resonance. Then since the 
correct solution at resonance is source-free 


(0 \gq = 0 and. (rac U (6) 


for any test source x. It follows from (5) that (06). =0 
and therefore, from (4), (@—@.) is of the second order 
provided (0/dw) (bb)| w-w, 18 not zero. This proof applies 
to anisotropic media because we have preserved the 
order of the two symbols xy in the typical reaction 
(xy), 2.e., we have not assumed (xy)= (yx). Indeed, it 
might appear to the uninitiated that the proof rests 
simply on a baffling notation, without depending on 
Maxwell’s equations or any electromagnetic theory. 
Actually (6) implicitly depends on the generalized rec- 
iprocity theorem for anisotropic media,? and conse- 
quently the proof hinges on this theorem. 

Having made my point let me say that its signifi- 
cance might well be questioned because, in practice, we 
usually have no assurance that the assumed distribution 
is close to correct. As Dr. Berk emphasizes, the practical 
success of the formulas depends overwhelmingly on the 
assumed distribution. 
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Symposium on Present and Future Uses of Refractive Index 
Data for Radio Propagation Purposes* 
L. J. ANDERSON} 


was convened at Lexington, Mass., on “Present 

and Future Uses of Refractive Index Data for 
Radio Propagation Purposes.” The symposium was 
sponsored by Commission II of URSI, and the host 
agencies were the Air Force Cambridge Research 
Center and the Lincoln Laboratories of Massachusetts 
Institute of Technology. The objectives of these meet- 
_ ings were: 


3 O' SEPTEMBER 6 and 7, 1956, a symposium 


1) To acquaint the numerous groups using routine 
weather and refractometer data for propagation 
purposes with the progress made by the other 
groups in the field; 

2) to outline the areas in which weather data has 
been reduced to refractive index; 

3) to specify the limitations of refractive index data 
as imposed by measuring and processing tech- 
niques; 

4) to acquaint the data users and data suppliers with 
each other’s needs and problems. 


_ The agencies represented were: 


Air Force Cambridge Research Center 

Lincoln Laboratories, M.1.T. 

Air Weather Service 

Army Electronic Proving Ground 

Bell Telephone Laboratories 

Central Radio Propagation Laboratory 

Cornell University 

Ent Air Force Base 

Evans Signal Laboratory, SCEL 

Fourth Weather Group, Air Research 
and Development Command, Baltimore 


* Manuscript received by the PGAP, November 15, 1956. 
+ Smyth Research Associates, San Diego, Calif. 


Johns Hopkins University 

National Weather Records Center 
Radio Meteorological Section, SCEL 
Rome Air Development Center 

Signal Corps Radio Propagation Agency 
Smyth Research Associates 

University of Texas, EERL 

U. S. Navy Electronics Laboratory 
Wright Air Development Center. 


The first day’s sessions were held at AFCRC, with 
Dr. Philip Newman acting as Chairman. They were 
devoted to the presentation of descriptive papers on 
tropospheric refraction, ducting, scattering, and radio 
meteorology. The second day’s sessions were held at 
the Lincoln Laboratories and were moderated by J. H. 
Chisholm. The data-supplying agencies described the 
nature and extent of their data and its limitations. 
Service representatives then described their future re- 
quirements in the field of propagation predictions. The 
afternoon session was an informal discussion concerned 
with the coordination and implementation of the future 
programs. One topic of considerable interest was the 
establishment of a central repository for refractometer 
data, which are being collected in increasing volume. 
The University of Texas group offered to serve in this 
capacity and suggested the form in which such data 
should be forwarded to their file. The purpose of such 
an agency would be to serve as a source of refractometer 
data for any one having a need for it. The data would be 
supplied for the cost of reproduction and would be in 
unanalyzed form. 

It was felt by all attendees that the meetings were 
very worthwhile and adequately fulfilled the objectives 
set up. Both host agencies are to be commended on the 
arrangements and the facilities provided. 
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From the IRE-URSI Symposium | 
Held April 30, May 1-3, 1956—Washington, D. C. 


Applications of the Reaction Concept— 
V. H. Rumsey, University of Illinois*— 
This paper is an extension of the author’s 
article in Physical Review, vol. 94, pp. 1483- 
91, June, 1954 which included applications 
to calculations of impedance, scattering co- 
efficients, etc. The first aim of this paper is 
to show in a more general manner how the 
reaction concept provides a simple technique 
for analyzing any practical measurement of 
the effects associated with electromagnetic 
waves. The second aim is to present a new 
class of applications which gives approximate 
formulas for the parameters of antennas, 
waveguides, etc., based on assumed distribu- 
tions, as hitherto, but requiring less alge- 
braic and computational labor. 

Five Years of 21 CM Research—Bart 
J. Bok, Harvard Observatory—On March 25, 
1951, Ewen and Purcell succeeded for the 
first time in the detection of 21 cm radiation 
from interstellar neutral atomic hydrogen. 
In the brief interval of five years that has 
elapsed since that discovery, 21 cm research 
has become one of the most effective ap- 
proaches to the study of our galaxy. 

The most spectacular advances have 
been made in the search for the spiral struc- 
ture of our galaxy. In this area the Dutch 
and Australian groups have made a major 
contribution and detailed studies of the 
G. R. Agassiz Station of Harvard Observa- 
tory and at the Department of Terrestrial 
Magnetism of the Carnegie Institution are 
rounding out the preliminary picture. The 
analysis of the profiles is beset with diffi- 
culties since no clear-cut direct distance cri- 
teria are available, but, by judicious blend- 
ing of the analyses in galactic longitude and 
latitude, the description of the spiral] features 
of our entire galaxy lies within reach. The 
need must be stressed for related optical 
studies of associations of blue-white stars of 
spectral types O and B and of continued 
emphasis on optical and radio studies of the 
distribution function of circular velocity in 
our galaxy and of peculiar motions in the 
interstellar neutral atomic hydrogen. 

A second important area for 21 cm re- 
search is that of astrophysical studies of the 
interstellar medium. The groupat the Naval 
Research Laboratory has pioneered in the 
detection and study of absorption features 
and through this research they are con- 
tributing effectively to our knowledge of the 
cloud structure of the interstellar medium 
and to the distance measurement of various 
sources of strong continuous radio radia- 
tions. At the G. R. Agassiz Station, astro- 
physical research in the 21 cm field is being 
developed along these broad lines. 

_ Firstly, the study of the association of 
interstellar gas and dust has shown that in 
most interstellar clouds and complexes 
neutral atomic hydrogen has a density 


* This work was partially supported by Contract 
AF33(616)-3220, 


roughly equal to one hundred times that of 
the cosmic dust. Secondly, a comprehensive 
study of the Orion region indicates that 
neutral atomic hydrogen enevlops most of 
the spectacular optical features in this sec- 
tion and that this neutral atomic hydrogen 
plays a critical part in the evolutionary de- 
velopment of these features. Thirdly, we are 
learning much about the fine structure of the 
interstellar medium from related radio 
studies for closely-spaced networks of posi- 
tions in the sky; notably are we finding out 
about the extent and masses of the hydrogen 
clouds. 

Finally, we mention briefly the area of 
extra galactic studies of 21 cm research. 
Here there is still a great paucity of concrete 
results, but the field appears critical for the 
future. The Australian discovery of the 21 
cm radiation associated with the Magellanic 
Clouds was the first major contribution in 
this area and the recent Naval Research 
Laboratory observations of an absorption 
feature originating in the very remote 
Cygnus source represents another major dis- 
covery in this field. 

For future 21 cm research we require 
first of all steerable precision paraboloid an- 
tennas with surfaces accurate to within half 
an inch or so and with the largest attainable 
apertures. Second, we need a variety of 
stable electronic equipment, some with very 
narrow bandwidth—at least to 5 kc/sec— 
for use in the study of the fine structure of 
the galactic interstellar medium, others 
with broad bandwidth adapted especially to 
the study of weak extragalactic features. 

The Great Solar Regions of February 
9-24, 1956, and Their Terrestrial Effects— 
A. H. Shapley, National Bureau of Stand- 
ards and W. O. Roberts, High Altitude 
Observatory—The history of the most active 
solar regions of the new cycle, which began 
in 1954, will be presented. Worldwide reports 
from the cosmic data network have been col- 
lated by the joint National Bureau of Stand- 
ards-High Altitude Observatory group that 
works together on sun-earth relationships. 
The biggest spurt of solar activity since 
the peak of the last solar cycle occurred in an 
extensive group of active centers 20 degrees 
north of thesolar equator, which passed the 
east limb between February 9 and February 
14. These regions were the source of major 
activity, including several large solar flares 
with associated outbursts of solar radio 
noise. The fastest-moving solar prominence 
ever detected occurred above this area, at 
the east solar limb. Sudden ionospheric dis- 
turbances of all types and peculiar geo- 
magnetic disturbances were recorded while 
the regions traversed the solar disk. The 
largest cosmic ray increase ever recorded 
was also reported in association with west 
limb passage of these groups. 

The Earth Satellite Program. 

1) Satellites in the IGY—Lloyd V. 
Berkner, A ssociated Universities, Inc. 


2) The International Geophysical Year 
Earth Satellite Program—Homer E. Newell 
Jr., Naval Research Laboratory.—Present 
VANGUARD plans call for a sphere at least 
20 inches in diameter and weighing 21.5 
pounds. The satellites will be launched by 
means of a three stage rocket from Cape 
Canaveral, at the Patrick Air Force Base, 
Florida. It is hoped that an orbit of inclina- 
tion between 35° and 45° can be achieved, 
with perigee no less than 200 miles. The 
VANGUARD satellites will be tracked both 
optically, and by radio using the Naval Re- 
search Laboratory Minitrack system. There 
are plans to organize the amateur astronom- 
ers to aid in the optical tracking program, 
and to encourage the radio amateurs to 
participate in the radio tracking of the 
satellite. Telemetering of measurements will 
go via the Minitrack rf link. Computing 
centers will be set up to compute the orbit 
being followed by the satellite and to analyze 
the tracking information for geodetic studies 
and to determine upper air densities. The 
ephemerides of the satellite will be widely 
disseminated to permit the various observers 
around the world to acquire the satellite. 
The Technical Panel on the Earth Satellite 
Program, of the U. S. National Committee 
for IGY, is now considering various pro- 
posals and suggestions for experiments, and 
will select those to be done in the IGY 
satellites. Typical among those being con- 
sidered are geodetic studies; determination 
of upper air densities; measurements of dust 
and micrometeors in space and their erosive 
effects upon the surface of a satellite; obser- 
vation and measurement of the sun’s radia- 
tion in the ultraviolet and X ray wave- 
lengths, especially in the Lyman alpha 
region at 1216 A; determination of the 
amount of hydrogen in interplanetary space 
by means of the Lyman alpha observations; 
measurements of the earth’s albedo; mag- 
netic field measurement; ionospheric stud- 
ies; and cosmic ray observations. 

Accuracy of Standard Radio Frequencies 
Received at a Distant Point—Warren C. 
Stickler, National Bureau of Standards— 
The National Bureau of Standards operates 
two standard-frequency broadcasting sta- 
tions. One is located at Beltsville, Maryland, 
and the other on the island of Maui in the 
Hawaiian Islands. The frequencies as trans- 
mitted are guaranteed accurate to within 
plus or minus one part in ten to the eighth. 
However, largely because of the vertical 
motion of the ionosphere, the accuracy of 
the received frequencies can not be stipu- 
lated, but only estimated. A radio receiving 
station was established near Boulder, Colo- 
rado, for the purpose of evaluating the fre- 
quency changes which are introduced be- 
tween transmitting and receiving point. 
Limited frequency recording was com- 
menced in November, 1954. Among others, 
sixteen months of frequency recordings are 
now available from the WWV 10 mc signal, 


and some interesting information can be de- 
termined from these records. A brief dis- 


cussion of the station, the circuitry in use, 


4 


and equipment in operation to date will be 
presented. Specific examples of frequency 
records will be shown and discussed. Plans 
for the future will be mentioned briefly. 

A New Method of Measuring Microwave 
Pulse Power—Harold A. Thomas, Na- 


tional Bureau of Standards—The theory and 


preliminary results of a proposed new 
method of measuring microwave pulse 
power will be discussed. An electron beam 


_ is passed through a waveguide parallel to the 
_£— field produced by the microwave power 


flowing in the fundamental mode. The dc 
accelerating potential of the beam is ad- 
justed so that the transit time of the elec- 
trons crossing the guide is half cycles of the 
microwave frequency where x is an odd in- 
teger. Electrons entering in the favorable 
phase gain an amount of energy propor- 
tional to the field intensity and involving 
only other easily determined quantities. 
A retarding potential method is used to 


_ measure the increase in energy of the elec- 


trons and thus the field intensity in the guide 
is determined by means of a dc potential 
measurement. The power flowing in the 
guide can then be calculated from the field 
intensity by means of the Poynting vector. 
Some of the accuracy limitations and uncer- 
tainties will be discussed and also mention 
will be made of other applications of this 


principle to coaxial power and vhf potential 
_ measurements. 


Method for Accurate Measurement of 
Antenna Gains—H. V. Cottony, National 
Bureau of Standards—Critical examination 
and comparison of antenna gains encoun- 
tered in technical literature sometimes re- 
veals discrepancies and suspected inac- 
curacies of the order of several decibels. 
Experimentation with scaled model an- 
tennas for vhf scatter propagation led to the 


adoption of techniques which resulted in 
consistent and reproduceable measurements 


of gain in the frequency band of 300-400 
me. The practices include the use of a trans- 
fer reference antenna, half-wave dipole as a 
standard for calibration of the reference 


-antenna, and a technique for correcting for 


reflections from terrain irregularities. The 


- equipment used is briefly described. A stand- 


ard antenna with a computed gain of 9.36 
decibels was measured at various times with 
the average discrepancy of approximately 
0.06 decibels. Construction of balun trans- 
former is discussed. A comparison is made 
with the gains obtained by alternate meth- 
ods. 
Advances in the Design and Application 
of the Radio-Frequency Permeameter— 
Alvin L. Rasmussen, Albert W. Enfield, 
and Alfred E. Hess, National Bureau of 
Standards—Improvements are described 
for increasing the frequency coverage, ac- 
curacy, and ease of application of the radio- 
frequency permeameter developed at the 
National Bureau of Standards to measure 
initial complex permeability of toroidally 
shaped ferromagnetic materials of low con- 
ductivity. The rf permeameter is an im- 
pedance transformer, the primary of which 
is wound on a powdered iron toroid. The 
secondary is a shorting enclosure or section 
of coaxial line which envelops both the pri- 
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mary and the toroidal test sample. Remov- 
able primaries have several inductances so 
that they are usable for measuring a wide 
range of permeabilities from 0.05 to 50 mega- 
cycles. A miniature oven is inserted in the 
secondary for temperature dependence meas- 
urements. A dc field applied parallel to the 
rf field in the secondary is used in measuring 
parallel reversible premeability. Calibra- 
tion is accomplished through the use of a 
transfer permeability standard. 

The Impedance of a Coil Near a Con- 
ductor—D. L. Waidelich and C. J. Renken, 
Jr., University of Missouri*—The results 
are given of experiments undertaken to de- 
termine the manner in which the apparent 
inductance and resistance of an alternating 
current coil changes when it is brought near 
a plate of nonferrous metal. An approximate 
theoretical analysis of the situation is in- 
cluded which gives good results when the 
distance between the metal and coil is 
more than ten per cent of the coil diameter. 
Most of the results are given graphically and 
give the change of coil inductance and re- 
sistance as functions of distance from coil to 
metal, frequency, metal conductivity, and a 
combination of two dissimilar metals, one 
upon the other. Suggestions as to possible 
uses of this information in the instrumenta- 
tion field are included. 

A Theory of Ionosphere Forward Scatter 
Scaling Laws—A. D. Wheelon, Ramo- 
Wooldridge Corporation—The weak and 
fluctuating field strengths observed over 
very long distances at vhf are here attributed 
to scattering from £E region turbulence. An 
earlier phenomenological model used to ex- 
plain qualitatively the frequency and scat- 
tering angle dependence of this propagationt 
is refined by extending the hydrodynamical 
theory of homogenous turbulence proposed 
by Villars and Weisskopf. One finds that 
the propagation constants g=47/ sin (6/2) 
corresponding to the experimental band 
30 to 108 mc just straddle the “smallest 
blob” cutoff K,=27/l, ~ (2 meters) of the 
Eregion. Numerical integration of the turbu- 
lence theory is used to determine the correla- 
tion of dielectric fluctuations at small sepa- 
rations and from it, the scattering cross 
section, which is found to change its char- 
acter rapidly within the above band. Re- 
fractive corrections to the scattering are 
included and give interesting modifications 
to the scattering when the transmitter fre- 
quency (w>28 mc) is not too far above the 
maximum usable frequency for the path. 
Corresponding power ratios amongst the 
28, 49, and 108 me transmissions exhibit 
frequency dependences in excellent agree- 
ment with the measurements of Bailey, 
Bateman, and Kirbyf at NBS, if one chooses 
the single arbitrary constant K,~1/2m. 
The variation of signal level with scattering 
angle @ is calculated for 49 mc and also found 
to be in accord with NBS data. Explanations 
for the diurnal and seasonal variations of 
the exponents which occur in these scaling 
laws are given. 


* This work was completed under Contract No. 
ANL-31-109-38-575 with the Argonne Nat. Lab. | 

+ A. D. Wheelon, “Note on scatter propagation 
with a modified exponential correlation,” Proc. IRE, 
vol. 43, pp. 1381-1383; October, 1955. ; 

{D. K. Bailey, R. Bateman, and R. C. Kirby, 
“Radio transmission at vhf by scattering and_other 
processes in the lower ionosphere,” Proc. IRE, vol. 
43, pp. 1220-1221; October, 1955. 
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Oblique Incidence Radio Observations 
of Meteor Trails—G. R. Sugar, National 
Bureau of Standards—An experiment was 
performed at 49.8 mc over two 1240 km 
paths to examine some of the characteristics 
of radio reflections from meteor trails. The 
experiment, utilizing the highly directive 
antennas and other apparatus set up for the 
Carysbrook investigations,* compared the 
numbers and durations of meteor trail re- 
flections observed at two receiving locations 
during the same time interval. These loca- 
tions were chosen such that the transmitting 
and receiving antenna beams for the first 
receiver intersected over the midpoint of the 
great circle path from transmitter to receiver 
whereas for the second receiver the antenna 
beams intersected at a point seven degrees 
off the great circle path. The system sen- 
sitivity was such that the meteor trails ob- 
served had minimum electron line densities 
of 102 electrons per meter. ; 

It was found that the number of trails 
observed at the second location was 3.5 
times that observed at the first location. 
The average duration of the reflections ob- 
served at the second location was 0.5 times 
that observed at the first location. The re- 
sults appear to be, in general, consistent 
with those which would be predicted from 
the theory of meteor trail reflections de- 
scribed by Eshleman and Manning.t 

Some Comments on the Specular 
Meteoric Theory of Ionospheric Scatter- 
Transmission{—H. G. Booker, School of 
Electrical Engineering, Cornell University— 
Two theories have been proposed to explain 
the experiments of Bailey ef alia§ on 50 
mc between Cedar Rapids (Iowa) and Ster- 
ling (Virginia) : 

1) According to Bailey e¢ alia! the trans- 
mission is due to scattering by irregularities 
in electron-density caused by atmospheric 
turbulence. The ionization rendered irregu- 
lar in this way could be produced by ultra 
violet light, by protons, by meteors, or in 
any other way. 

2) According to Eshleman and Manning || 
the transmission is entirely due to specular 
reflection from meteor trails that have not 
been affected by atmospheric turbulence, 
and no other source of ionization is involved. 

McKinley** has drawn attention to the 
importance of assessing the contribution of 
meteoric ionization to scatter-transmission 
by converting radar data concerning me- 
teors. There is a Martyn’s type theorem for 
this problem according to which scattering 
at frequency f at an angle @ to the forward 
direction is related to backscattering at fre- 
quency f sin 6/2. From this theorem it fol- 
lows that scatter-transmission at 50 mc 
from Cedar Rapids to Sterling is to be de- 
duced from radar observations at about 10 
mc. McKinley did not have radar data 
available at this frequency, but presented 


* A. D. Wheelon, “Note on scatter propagation 
with a modified exponential correlation,” Proc. IRE, 
vol. 43, pp. 1381-1383; October, 1955. ; 

+V. R. Eshleman and L. A. Manning, “Radio 
communication by scattering from meteoric ioniza- 
tion,” Proc. IRE, vol. 42, pp. 530-536; March, 1954. 

£ This research was supported by U. S. Signal 
Corps Contract DA36-039-sc-56748. 

§ Bailey, Bateman, Berkner, Booker, Montgom- 
ery, Purcell, Salisbury and Weisner, Phys. Rev., vol. 
86, p. 141; 1952. 7, eile 

|| V. R. Eshleman and L. A. Manning, “Radio 
communication by scattering from meteoric ioniza- 
tion,” Proc. IRE, vol. 42, pp. 530-536; March, 1954. 

** McKinley, Can. J. Phys., vol. 32, p. 450; 1954. 
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data for the vhf band from which a reason- 
able extrapolation to 10 me is possible. 
Operating in this way on McKinley’s Table 
VIII, it follows that the background signal 
of scatter-transmission cannot be explained 
in terms of short-duration meteor-echoes 
having no irregular fading but might be ex- 
plained in terms of long-duration meteor- 
echoes lasting more than a second. The 
latter however are the irregularly fading 
meteor-echoes that have to be explained by 
the effect on the trail produced by at- 
mospheric turbulence as explained in an- 
other paper.* It follows therefore from 
McKinley’s data that if meteoric ionization 
makes a substantial contribution to the 
background signal in scatter-transmission, 
as it probably does at night, it does so via 
the long-duration category of meteor-re- 
flections whose effect has to be calculated 
by a theory of type 1) and not by one of 
type 2). 

Ionospheric Motions Observed on High- 
Frequency Backscatter Soundings—L. H. 
Tveten, National Bureau of Standards— 
Range-time records of F, propagated back- 
scatter signals often show a pattern of well- 
defined, regularly-spaced striations repre- 
senting the effect of focusing regions, which 
change their range as a function of time. In 
a study of many of these records it appeared 
that the observed pattern was usually a 
result of motions in the reflecting F, region. 

A simple expression for the speed of 
motion is given as a function of the time 
rate of change of the range of the striations, 
which can be scaled directly from the rec- 
ords. Wavelengths of ionospheric ripples 
can also be deduced from scaled data. In 
general, only components of velocity and 
wavelength can be scaled, using a single 
antenna orientation. Measurements in more 
than one direction or from more than one 
point should yield enough information to 
enable values of velocity and wavelength to 
be obtained. 

Components of ionospheric motion were 
measured along azimuth 150° from Sterling, 
Virginia. The mean component thus meas- 
ured for December, 1952 agreed approxi- 
mately with that observed during the same 
month, in the same quadrant, in a vertical- 
incidence experiment near Harvard Uni- 
versity. 

The records showed few periods of ap- 
parently little or no motion. Some records 
were characterized by striations suggesting 
motion in more than one direction at the 
same time and others by fixed-range stria- 
tions. 

Some Direction-Finding Observations 
on Traveling Ripples in the Ionosphere— 
W. J. Ross, lonosphere Research Laboratory, 
Pennsylvania State University}—An account 
is given of some continuous wave direction- 
finding measurements made in New Zealand 
in the high frequency range over a 2600 
kilometer East-West path using a new type 
of direction-finder. Several records taken 


* Booker, see elsewhere in abstracts of papers. 
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show a distinct periodic variation in azimuth 
of the incoming wave direction, of quasi- 
triangular form with period about two min- 
utes and amplitude a few degrees. These 
fluctuations have been interpreted as arising 
from traveling ripples in the ionosphere. The 
calculated wavelengths and amplitudes of 
these ripples are found to agree fairly well 
with the values found by other workers, but 
the periodicities are smaller and the calcu- 
lated velocities (about 100 km/min) much 
larger than have been found elsewhere. These 
results and a tentative identification of the 
ripples as compressional waves in region F 
are discussed briefly. 

Methods of Analyzing Fading Records 
From Spaced Receivers*—G. S. Sales, 
Tonosphere Research Laboratory, Pennsyl- 
vania State University—This paper is based 
ona report by Dr. R. B. Banerji of the above 
laboratory. 

An examination is made of methods of 
analysis of drift records at three spaced re- 
ceivers. The interrelation between various 
methods of drift measurement is discussed, 
and a comparison made of the amounts of 
data and computation required. The effec- 
tiveness of the methodsin taking into account 
random motions superposed on steady drifts, 
and anisotrophy, is also dealt with. The 
Puttert method is extended to include the 
case of random motion. 

Some experimental results on the fading 
of 75 kc waves are summarized briefly. 

Fading of Low Frequencies and the 
Double Gaussian Correlogram{—S. A. 
Bowhill, Jonosphere Reesarch Laboratory, 
Pennsylvania State University—The fading 
of radio waves can be studied in two ways: 
by its structure in time or in space. The 
temporal and spatial correlograms for a 
randomly fading signal are frequently found 
to be Gaussian in form, and it is possible to 
define a structure size and a fading time as 
the characteristic widths of these correlo- 
grams. 

At low frequencies (below 200 kc), the 
fading often contains two components with 
markedly different fading times. These give 
a correlogram which is no longer Gaussian in 
form but can be represented by the sum of 
two Gaussian curves of different widths and 
amplitudes. A simple method of analysis is 
described which enables these two com- 
ponents to be resolved for any experimental 
curve. The application of the method to the 
study of low frequency fading signals is 
dealt with in some detail. 

On Meteor Echoes from Underdense 
Trails at Very High Frequencies §—Morton 
Loewenthal, Lincoln Laboratory, Massa- 
chusetts Institute of Technology—The cylin- 
drical model for a weakly ionized meteor 
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trail leads to a (wavelength)* dependence in 
the reflected power and a (wavelength)? in 
the duration of the echo. In the frequency — 
ranges which have been investigated most 
extensively (25-100 mc), both these laws 
agree with the experimental evidence. It is 
apparent, however, that such agreement 
cannot continue with increasing frequency 
since the derivations of the frequency de- 
pendence ignore the trail formation process; 
that is, they assume that the time for the 
meteor to produce the reflecting trail is 
small compared to the duration of the echo. 
It is the purpose of this paper to analyze the 
behavior of the echo in the frequency range 
where the time of trail formation is impor- 
tant. As a result, it is found that the duration 
and amplitude of the echoes are considerably 
smaller than those predicted by the lower 
frequency relations. The theory involves the 
properties of Fresnel integrals or error 
functions of complex arguments. These were 
programmed on the Whirlwind II Computer 
and from these computations it is possible to 
determine the effect of diffusion on the echo 
amplitude. The problem of expressing this 
relationship by closed form approximations 
in terms of elementary functions is consid- 
ered. Applications of these results to meteor 
problems are desired. 

The Harvard Radio Meteor Program— 
Gerald S. Hawkins, Curtis L. Hemenway, 
and Fred L. Whipple, Harvard College Ob- 
servatory—Harvard College Observatory, in 
conjunction with the Lincoln Laboratory of 
M.I.T., is embarking on an extensive pro- 
gram for the study of meteors by radar 
methods. A megawatt transmitter and six 
receiving stations are being set up in south- 
ern Massachusetts, each site having a dipole 
array of approximately 100 elements. The 
experiment will give information on the 
heights, velocities, and orbits of individual 
meteors down to 12th magnitude. In addi- 
tion the ionization will be determined at six 
different points along the trail giving a direct 
measure of the length of the electron column 
produced by the meteor. These facts are 
vital in assessing the influence of meteors on 
the ionosphere and their role in forward 
propagation. 

Galactic and Solar Radio Emission as 
Limiting Background Noise in Systems 
Using Ionospheric and Tropospheric Scat- 
tering—Vernon H. Goerke, National Bureau 
of Standards—An important factor which 
must be considered in estimating the require- 
ments for ionospheric and tropospheric 
scatter propagation circuits is the back- 
ground radio noise due to galactic and solar 
radio emission. An evaluation of the maxi- 
mum and minimum sadio noise received by 
large aperture antennas is made over a fre- 
quency range of 25—10,000 mc. 

The reported noise levels have been de- 
rived from published radio astronomy meas- 
urements, from solar radio astronomy meas- 
urements at the National Bureau of Stand- 
ards and from measurements made with 
antennas used in the investigation of iono- 
spheric scattering at vhf. 

The expected fluctuations in solar radio 
noise emission is discussed. 

A Compound Interferometer for Radio- 
Astronomy with a Single-Lobed Radiation 
Pattern—A. E. Covington and N. W. Bro- 
ten, National Research Council of Canada 
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—The 150-foot slotted waveguide antenna 
for operation on a wavelength of ten ¢centi- 
meters at the National Research Council, 
Ottawa, Canada, is now in operation as one 
element of an interferometer. The other ele- 
ment is a simple interferometer with element 
separation equal to that of the long array 
and offset to one side of the long array. A 
rotary phase-shifter is in the arm connection 
between array and simple interferometer 
and, after Ryle, is used with a phase-sensi- 
tive detector. The resultant pattern consists 
of the product of the three terms: 1) the 
single lobe pattern of the long array; 2) the 
interference pattern of the simple interfer- 
ometer, and 3) the interference pattern be- 
tween the simple interferometer and array. 
The presence of two interference patterns 
suggests the name, “compound interferom- 


eter,” and the new antenna produces a 


fan-shaped beam 2’ E-WxX2° N-S. The 
instrument is now being used to obtain daily 
drift-curves of the sun. 

Limitations in the Determination of the 
Position of a Radio Star—S. Matt, General 
Electric Company—In the determination of 
the position of a radio star the accuracy 
limitations can be divided into two classes, 
those external to measuring equipment and 
those which can be attributed to the meas- 
uring equipment. 

Of the limitations external to the meas- 
uring equipment the superposition of two 
radio sources, such as Cygnus A superim- 
posed upon a galactic background is given 
major consideration here. In such a case it 
is the unsymmetrical component of the 
background with respect to the “point” 
source which shifts the position of the source. 
The total background contributes to the 
signal power received increasing the mini- 
mum resolvable power level. The use of an 
antenna array as an inphase array or as an 
interferometer are compared. 

Some of the limitations caused by the 
measuring equipment are considered such as 
the integration error and the minimum re- 
solvable power deviation. 

Systematic Errors Caused by the Scan- 
ning of Antenna Arrays: Phase Shifters in 
the Main Feed Line*—J. L. Spradley and 
W. J. Odlum, Hughes Aircraft Company— 


If it is assumed that the mutual coupling 


between elements in an antenna array is the 
same for all elements for a given interelement 
phase shift, but is a function of phase shift, 
a useful equivalent circuit representation of 


_ the entire system is possible. The equivalent 


circuit consists of a main transmission line 
periodically loaded by branch transmission 
lines which are terminated by identical im- 
pedances. The impedances represent the 
radiating elements and are functions of phase 
shift. If the array is scanned by placing 
phase shifters in the main line between 
branch line junctions, these phase shifters 
can be mathematically treated as variable 
lengths of transmission lines. 

The problem thus is reduced to circuit 
theory. Expressions for the radiating cur- 
rents as functions of phase shift and equiva- 
lent element impedances are deduced from 
which the radiation pattern is obtained in 


* The work described in this paper was done un- 
der contract No. AF19(604)-1317 with the Air Force 
Cambridge Research Center. 
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the form of an infinite series. The first term 
of the series is the desired pattern and the 
remainder has been defined as the system- 
atic error. The analysis indicates that the 
pattern will not be deteriorated by the sys- 
tematic error and is relatively insensitive to 
the amount of mutual coupling present. Ex- 
perimental results show a good correlation 
with the theory. 

Closely Spaced Transverse Slots in 
Rectangular Waveguides*—Richard F. Hy- 
neman, University of Illinois—A structure 
consisting of closely and periodically spaced 
transverse slots cut in the broad face of a 
rectangular waveguide imbedded in an in- 
finite ground plane is considered. By em- 
ploying the Reaction Concept an approxi- 
mate expression for the complex propaga- 
tion constant of the dominant traveling 
wave is obtained. Solutions to this equation 
for various waveguide and slot dimensions 
and for slot spacings up to about one-quarter 
wavelength are presented. It is found that 
considerable control over the rate of at- 
tenuation is exercised by the slot spacing to 
slot width ratio and by the depth or narrow 
dimension of the waveguide. In addition to 
the dominant wave, an unattenuated slow 
wave similar to that observed with corru- 
gated surfaces is shown to exist under certain 
conditions. Experimental measurements 
show good agreement with the theory. 

Approximate Reflection Computations 
Using a Variational Principlet—Stephen J. 
Fricker, Lincoln Laboratory, Massachusetts 
Institute of Technology—A method is given 
for the approximate determination of the 
reflection produced when a plane wave is in- 
cident upon a region of variable dielectric 
constant (variable in the direction of propa- 
gation). The method is similar in principle 
to the “steepest descents” method of solving 
sets of simultaneous equations, where an 
error function is set up, the magnitude of 
which is then reduced in steps in the most 
direct manner. The reflection problem is set 
up in the form of an integral equation, and a 
variational formulation then gives a func- 
tion which is stationary with respect to the 
correct solution. This function is used as the 
error function to be minimized. An initial 
trial solution is used in the minimization pro- 
cedure, which then yields a correction term 
for the initial solution. In principle, this 
corrected solution is then itself corrected, 
etc., in prceatice the rapidly increasing alge- 
braic complexity discourages higher order 
corrections. Examples for some simple cases 
are given, with the initial trial function taken 
as the unperturbed incident wave (the 
“Born” approximation). The first term cor- 
rections give solutions which are quite close 
to the exact solutions, and more accurate 
than those obtained through use of the 
“Born” approximation alone. 

A Constant Beamwidth Radiator—kK. S. 
Kelleher and C. Goatley, Melpar, Inc.— 
For particular applications in the field of 
direction-finding, it would be desirable to 
utilize an antenna having a radiation beam 
which is essentially of constant angular 
width over a wide frequency range. One 


* This work was sponsored by Wright Air Devel- 
opment Center under contract No. AF33(616)-310. 
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type of radiator which approaches the ful- 
fillment of this desired characteristic is a 
circular arc source along which all points 
are radiating in phase and with equal ampli- 
tude. 

Analytical investigations of this radiator 
show that if the radius of the arc, R, is suffi- 
ciently long (viz R/d becomes large enough), 
the radiation pattern tends to take the form 
of a sector of a circle. Concurrently, the 
beamwidth becomes less dependent on fre- 
quency and approaches a value equal to the 
angle subtended by the arc. 

Experimental investigation has verified 
the predicted appearance of the radiation 
pattern. The experimental radiator consists 
of a waveguide horn flared in the E plane 
and approximately 21 wavelengths in radius 
at 12.5 kmc. Radiation patterns of the an- 
tenna are shown and the radiation pattern 
analysis is discussed. 

A Perturbation Method for the Analysis 
of Leaky Wave Antennas—L. O. Goldstone 
and A. A. Oliner, Polytechnic Institute of 
Brooklyn—A perturbation method, based 
on a transverse resonance, is presented for 
the analysis of “leaky” wave antennas. The 
method yields approximate results which 
are in simple and practical form. Application 
is made to a number of practical structures 
for which experimental data are available 
for comparison. These include slotted rec- 
tangular and cylindrical waveguides carrying 
various modes. Satisfactory agreement is 
obtained between measurement and theory. 

Shaped Beams from Microwave Lenses 
—C. W. Morrow, P. L. Bachman, and H. T. 
Ward, Melpar, Inc—Microwave lens-type 
antennas which produce specified radiation 
patterns will be discussed. Design equations, 
based on geometrical-optics approximations, 
are derived. The theory is similar to Chu’s 
theory of shaped beams from reflectors. 

A two-surface symmetrical lens between 
parallel-plates has been constructed and 
evaluated. The lens surface nearest the horn 
feed has the shape to give the desired pattern. 
The second surface is designed to coincide 
with a line of constant phase. Consequently, 
no refraction occurs at the second surface, 
and its influence is thereby obviated. The 
desired pattern was a 60° flat-top beam; 
the measured pattern agreed with the 
specified one to within +1 db and had 20 
db sidelobes. The modification of the pattern 
as the size of the lens is changed from its 
original value (20A aperture) and the varia- 
tion in diffraction effects are noted in data 
taken over a 2 to 1 frequency band. 

A second, two-dimensional, asymmetri- 
cal lens has been designed to give a 30° flat- 
top beam. One lens surface has been elimi- 
nated by totally immersing the feed in the 
dielectric material and extending it back 
into the waveguide. This simplifies the de- 
sign and construction, and gives increased 
gain, since reflections at one interface are 
eliminated. The measured pattern agreed 
with the specified one to within +2 db and 
had 13 db sidelobes. The measured diffrac- 
tion effects on the specified pattern are cor- 
related to theoretical patterns obtained by 
simple diffraction theory. 

The Theoretical Loss of Antenna Gain 
Resulting from a Random Aperture Dis- 
tribution—W. C. Hoffman, Rand. Corpora- 
tion—A quantitative treatment is given of 
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the nonrealization of the theoretical gain of 
an antenna with a random aperture distribu- 
tion. The method developed can be applied 
to forward-scatter reception by appealing 
to reciprocity and specifying the covariance 
function of the aperture distribution. 

The Fresnel-zone form of the diffraction 
integral is employed with appropriate modi- 
fications, in particular the introduction of 
the aperture distribution F(e, u)=Ao exp 
{—j¥(e, w)}, where ye, w)=S(e, w) +7 In 
A(e, »)/Ao, and S and A are, respectively, 
the phase and amplitude distributions across 
the aperture and Apo is the constant ampli- 
tude characteristic of a homogenous me- 
dium. The modified phase function (e, ») is 
assumed to be a complex Gaussian process, 
so that forming the expression for the aver- 
age power gives rise to appearance of the ex- 
ponential form of the Gaussian character- 
istic function under the integral sign. One 
thus obtains an explicit expression for the 
average antenna gain function in terms of 
an integral involving the covariance of the 
phase differences across the aperture. 

A variational approach then leads to an 
integral equation for the form of the (plane) 
aperture which is optimum from the stand- 
point of maximizing value of the diffrac- 
tion integral in the direction of the beam 
axis for a preassigned covariance function 
of the complex phase y(e, 1). 

Reduction of Doppler Contribution to 
Total Spectral Line Bandwidth by a Method 
Utilizing Spontaneous Coherent Emission— 
L. E. Norton, RCA Laboratories—In fre- 
quency stabilization of a conventional oscil- 
lator, using as reference a standard fre- 
quency defined by a microwave spectral 
line, the precision ultimately obtainable is 
limited largely by the Doppler effect asso- 
ciated with thermal motion of the absorbing 
particles. A method* for reducing the Dop- 
pler contribution to total spectral line band- 
width is described. The signal was usually 
obtained as a self-induced coherent micro- 
wave emission (frequently termed spontane- 
ous coherent emission), excited by coher- 
ently pulsed resonance excitation. In view 
of the present interest in coherent spontane- 
ous emission, and its relation to molecular 
and atomic oscillators and amplifiers, it 
appears desirable to describe these early 
experiments which have not been published. 
Experimental results are shown and de- 
scribed. 

Amplitude Stabilization of a Microwave 
Signal Source—G. F. Engen, National 
Bureau of Standards—The recent and con- 
tinuing advances in the microwave measure- 
ments art are placing ever increasing de- 
mands on the stability of the microwave os- 
cillator. The problem of amplitude or power 
stability has, in general, received less atten- 
tion than the companion problem of fre- 
quency stability. An amplitude stabilizer has 
been developed at the NBS Boulder Labo- 
ratories, employing a recently developed self 
balancing de bolometer bridge and a com- 
mercially available electrically controlled 
ferrite attenuator, which achieves power 
stabilities of a few parts in 104 per hour. 


* Reports No. 1-No. 10 Investigation of Practical 
Utilization of Molecular Absorption Phenomena for 
Frequency Control. Contract No. DA36-039-sc-15525 
placed by U. S. Army, Signal Corps Engineering Lab- 
oratories, Fort Monmouth, N. J. 
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Use of a high directivity directional 
coupler permits stabilization of the forward 
traveling component of the signal, thus 
providing the equivalent of a matched, 
stable generator. In practice, a broadband 
source match of vswr less than 1.07 is 
achieved, and this figure may be further 
improved, at a given frequency by suitable 
tuning. 

The device also has applications as a pre- 
cision calibrated attenuator, since known 
changes in power level may be achieved by 
switching certain of the associated de com- 
ponents. 

Performance of Three-Millimeter Har- 
monic Generators and Crystal Detectors— 
John M: Richardson and Russell B. Riley, 
National Bureau of Standards—Because of 
the growing applications of millimeter wave 
measurements, a fairly thorough investiga- 
tion of what could be expected from sources 
and detectors in the 3 mm region was made. 
The sources consisted of fourth-harmonic 
generators from a 1.25 cm fundamental. A 
type of crystal holder for both harmonic 
generators and detectors in which a small 
crystal wafer is positioned in the broad wall 
of the millimeter waveguide, being con- 
tacted by a whisker passing across the wave- 
guide (the flush-crystal type) was found to 
be superior in general to units using crystal 
cartridges or modifications thereof. Factors 
affecting the performance of these units 
have been investigated statistically. These 
factors were principally the type of silicon 
used, the condition of the whisker point, 
and surface cleaning of the silicon. It was 
also found that the short-circuit current 
sensitivity in micro-amperes per microwatt 
of a good crystal detector of the type de- 
scribed above is not greatly less than the 
value for crystals at lower microwave fre- 
quencies, so that the minimum detectable 
signal is about the same. The factor limiting 
the dynamic range of a measurement is the 
maximum 3 mm power that can be produced, 
which in this report was 50 ww. As an addi- 
tional result, evidence for an important 
effect in which the harmonic generation 
process degrades the signal-to-noise ratio 
of the source is presented and discussed. 

Novel Circuit for a Crystal Controlled 
Variable Frequency Oscillator—D. Makow, 
National Research Council, Ottawa Canada— 
In the past quartz crystals have been used 
extensively to control single frequencies. 
This paper describes a circuit where a crystal 
exercises considerable control over a con- 
tinuously variable frequency spectrum. 

The circuit is characterized by multiloop 
feedback, which enables oscillation to be 
maintained at three frequencies, fi, fs, and 
fs, and fittfe=fs, with the corresponding 
voltages confined to certain branches of the 
circuit and coupled to each other through 
three mixers. The frequency fs is restricted 
by a quartz crystal resonator, whereas the 
frequencies f; and f, are tunable in-such a 
manner, that as f; increases, fz decreases and 
vice versa. The L-C resonators which con- 
trol f; and fe drift in the same direction when 
the ambient conditions change. Such a drift 
cannot influence f; and fs, since the latter 
can change only when the L-C resonators 
shift in the opposite direction. The presence 
of a crystal in the feedback loop also im- 
‘proves the phase stability of the circuit 
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Since two L-C and one crystal resonator de- 
termine two frequencies only, high fre- 
quency resetability is possible. 

An experimental model has been tested, 
and shows a thirty to hundredfold reduction 
of the frequency drift with temperature, 
excellent short and long term stability and 
a remarkably small initial frequency drift 
with switching on. 

The Phase of the Low Radio Frequency 
Ground Wave—J. R. Johler, National 
Bureau of Standards—The phase of the low 
frequency ground wave is implicit in its 
theoretical development. Most computa- 
tions in the past have considered only the 
amplitude. But, in recent years, the im- 
portance of a precise evaluation of the 
phase has increased, especially in connec- 
tion with the use of various systems of low 
frequency radio navigation. The phase of 
the propagated ground wave is also an im- 
portant consideration in the solution of the 
more general problem of the propagation of a 
transient in a radio communication system. 

This paper is concerned with the compu- 
tation of the phase of the low frequency 
ground wave from the mathematical model 
developed by Sommerfeld, Watson, Brem- 
mer, Van der Pol, Norton, and others. The 
effect on the ground wave of frequency, dis- 
turbing influence of the source, finite con- 
ductivity of the earth, altitude above the 
surface of the earth, and vertical lapse of the 
permittivity of the earth’s atmosphere are 
demonstrated. The special theoretical con- 
siderations pertinent to the evaluation of 
the phase and the physical significance of the 
phase are discussed. 

Back-Scattering Characteristics of the 
Sea in the Region from 10 to 50 KMC— 
J. C. Wiltse, S. P. Schlesinger, C. M. John- 
son, The Johns Hopkins  University— 
Measurements of back scattering from the 
ocean have been made over the frequency 
range from 10 to 50 kmc by means of sev- 
eral cw doppler microwave systems operat-_ 
ing simultaneously. The systems were 
mounted on the bow of a ship and various 
antenna depression angles from 0° (hori- 
zontal) to 90° were used. Data were obtained 
for vertical, horizontal, and circular polari- 
zation, and for the cross-polarized com- 
ponent of vertically polarized radiation. 
Horn antennas of 20 db gain were used at 
each frequency of operation, and, in addi- 
tion, higher and lower gain antennas were 
used at certain selected frequencies. Signals 
recorded from a variety of sea conditions 
have been used to calculate the back-scat- 
tering cross section per unit area, o°. These 
calculations indicate that o° is nearly con- 
stant with microwave frequency and in- 
creases as the antenna depression angle is 
increased. The doppler frequency character- 
istics of the returned signals have also been 
obtained from the measurements. A com- 
parison is made between the results obtained 
and those predicted theoretically from simple 
scattering mechanisms. 

Propagation Through the Troposphere 
and Ionosphere—Virgil A. Counter, Lock- 
heed Aircraft Corporation—There are vari- 
ous applications in radio astronomy as in 
other fields in which knowledge of character 
and amount of deviation from free space 
propagation is desired for transmission 
through the troposphere and ionosphere, 
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Frequencies are considered which are 
large compared to the critical frequency. 
Approximate methods are presented for the 
direct evaluation of the ray integrals in a 
stratified atmosphere for finite source dis- 
tances at all elevation angles. Values of 
Tange deviation and elevation angle devia- 
tion are presented for normal and extreme 
atmospheric conditions. 

Approximate formulas for the total at- 
tenuation of a clear troposphere are dis- 
cussed, Formulas and values for the rotation 
of the polarization vector and attenuation 
of the wave during passage through the 
ionosphere are also presented. 

Ray-Caustics Method for Anomalous- 
Refraction Propagation—Ming S. Wong, 
Wright Air Development Center—Simple ray 
tracing explains the radio holes, antiholes, 
‘ducts, and dense signal fadings observed 
in airborne propagation at 250-10,000 me. 
Ray-theoretical angles of arrival, phases, 
and range corrections for multipath signals 
are in line with experiments. Ray densities, 
however, become infinite at caustics (which 
are numerous’ and widespread in case of 

_ dense fadings). 
In place of a rigorous solution for re- 
‘fraction in 3-dimensionally variable air 

(studied by mathematicians several ways), 
‘classical theory of caustics can be adapted 

to obtain good-enough approximations 
showing all essentials of the observed radio 

field-intensity variations. Results by Keller, 

Kay, et al. (NYU) on caustics are used with 

rays traced for any spatial variations of the 
~atmospheric refractive index. 

Amplitude Fluctuations on Line-of- 
‘Sight Transmission Paths—R. B. Much- 
more and A. D. Wheelon, Ramo-Woolridge 
_Corp.—Phase fluctuations on line-of-sight 
_paths have previously been discussed by the 

authors.* This paper treats amplitude fluc- 

tuations on such transmission paths theo- 

‘retically. Expressions for the amplitude 
fluctuations induced by antenna-to-medium 

coupling are derived and compared with the 
amplitude variations induced in the medium 
itself. It is shown that, for even very large 
“receiving antennas, the antenna-to-medium 
coupling is unimportant in producing signal 
strength variations. This leaves the medium 
itself as the important agent in production of 

‘amplitude fluctuations. It is shown that 
these fluctuations are, under the proper 

conditions, very simply related to the phase 
“variations. 

Propagation of 8.6 Millimeter Radio 
Waves at 14,000 Feet Elevation—C. W. 

Tolbert and A. W. Straiton, The University 
_of Texas—Radio propagation measurements 

‘between Pikes Peak and Mount Evans were 
made during August, 1955 using a frequency 
-of 35,000 megacycles per second. Attenua- 
tion due to water vapor and oxygen absorp- 
tion appeared to be small in the absence of 
precipitation. Simultaneous comparisons 
“made with 10,000 megacycle signals showed 
that when precipitation produces as much as 
three decibels attenuation at the lower fre- 
quency, the 35,000-megacycle signal was 
attenuated into the noise level twenty-two 
decibels below the free space signal level. 


‘ * “Tine-of-sight propagation phenomena—Il. ray 

treatment; II. scattered components,” URSI Spring 
. meeting 1955, also PRoc. IRE, vol. 43, pp- 1437-1458; 
- October, 1955. 


The Effect of Superrefractive Layers on 
50-5,000 MC Non-Optical Fields—E. E. 
Gossard, U. S. Navy Electronics Laboratory 
and L. J. Anderson, Smyth Research Asso- 
ciates—Field strength data on a 94-mile 
overwater link are correlated with refractive 
layer parameters as derived from radiosonde 
data. Regression coefficients are obtained 
for describing fields at 52, 100, 550, 3300, 
and 5000 me. These coefficients are used to 
compute empirical attenuation coefficients 
over the frequency range as a function of 
duct height and intensity. The procedures 
for performing the analysis were chosen 
such that the derived attenuation coeffi- 
cients form the basis of an objective method 
of predicting nonoptical fields at ranges up to 
200 miles. 

Twilight Region Propagation of Micro- 
waves Beamed over Great and Small Circle 
Paths*—Thomas J. Carroll and Rose M. 
Ring, Lincoln Laboratory, Massachusetts 
Institute of Technology—From the view- 
point of mode theory with an air layer, 
tropospheric propagation into the twilight 
region occurs because the tropospheric 
air layer partially suppresses the upward 
leakage of energy which gives rise to the 
large db/mi attenuation rates just beyond 
the horizon in conventional airless 4/3 earth 
theory, which treats only the earth curva- 
ture effect on the diffraction of radio waves 
beyond the horizon. These large airless 
earth attenuation rates are experimentally 
observed for only a few tens of miles beyond 
the horizon until the twilight region is 
reached where it is essential to consider the 
full effect of the leaky waveguide action of 
the air layer. 

Of all planes which may be passed 
through two terminals T and KR on the 
earth’s surface, the plane through the 
center of the earth cuts the surface in a 
great circle of largest radius. As the plane 
through T and R is rotated, it cuts sea level 
in a small circle whose radius decreases as 
the plane departs more from the plane of the 
great circle. If the axes of two sharp-beamed 
antennas be swung equal amounts off-azi- 
muth so as to point along a particular small 
circle joining T and R, the profile to be sur- 
mounted in the plane of the swung beam 
axes constitutes a greater obstruction than 
does the profile of the great circle path which 
would obstruct propagation between an- 
tennas oriented on-azimuth. 

However, the large antenna pattern 
losses imposed on propagation in the great 
circle plane by sharp beams at the terminals 
swung off-azimuth may allow larger twilight 
region fields to be propagated in the vicinity 
of the plane of the small circle determined by 
the swung beams. The sharp swung beams 
may thus discriminate too much against 
the great circle profile to which thinking 
about the earth profile as an obstacle is 
usually limited. 

The extra loss for small circle propaga- 
tion of a single mode compared to great 
circle propagation for antennas oriented 
on azimuth has been calculated from air 
layer mode theory for a linearly or curvi- 
linearly tapered air layer, in good agreement 
with the synchronously swung beam experi- 


* The research in this document was supported 
jointly by the Army, Navy, and Air Force under con- 
tract with the Massachusetts Institute of Technology. 
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ments of Chisholm e¢ al., over the 188 mile, 2 
degree path, in 1953-54, with 0.6 degree 
beam antennas. The calculation involves 
merely substitution of the small circle radius, 
the index of refraction variation, and the air 
layer thickness appropriate to the plane of 
the swung beams in the mode attenuation 
formula applied formerly only to great circle 
profiles. 

Thus experiments on the swinging of 
sharp beams in twilight region propagation 
can be interpreted very simply in terms of 
earth and beam geometry and an idealized 
air layer, without other ad hoc assumptions, 
as can most other features of normal high 
power tropospheric propagation well beyond 
the horizon. 

Plausible seasonal changes of surface 
index and gradient cause the single mode 
calculation to behave qualitatively as do 
the experiments, both as regards swung- 
beam pattern shape and the absolute level 
of the signal. 

Long Distance High Power Radio Propa- 
gation at Frequencies Exceeding the MUF* 
—W. G. Abel and M. L. Philips, Lincoln 
Laboratory, Massachusetts Institute of Tech- 
nology—Usable median signal levels on 22 
me were recorded continuously during two 
five-day periods in June and July, 1955 at 
distances of 1540 and 1800 miles from a 500 
kilowatt cw transmitter. Except for an hour 
or so on several of the days, the frequency 
of the transmitted signal exceeded the muf 
for the path, at times by as much as 10 mc. 
Diurnal variations of the median signal 
level in excess of 90 decibels were recorded 
during a single 24-hour period. Maximum 
signal levels were obtained about noon and 
shortly before midnight local time; mini- 
mum levels at approximately 0700 and 1800. 
Minimum median signal to noise ratio was 
about 10 decibels. 

Comparison with vertical incidence 
ionospheric data taken near the midpoint 
of the transmission path indicates roughly 
a linear variation of signal intensity in deci- 
bels above a reference level with the log- 
arithm of the F:-layer muf, the slope de- 
creasing with prevalence of high fE,. For a 
given muf, high signal level seems generally 
associated with low fH;, suggesting possible 
obscuring of Fy-layer scatter by the under- 
lying layer. 

Radioteletype Transmission Above the 
MUF—H. A. Schulke, Jr., Signal Corps 
Eng. Labs.—As part of the continuous effort 
to find more efficient means of spectrum 
utilization for long range radio communica- 
tion circuits, a series of three tests were con- 
ducted by the Long Range Equipment Sec- 
tion of the Signal Corps Engineering Lab- 
oratories and Lincoln Laboratory to investi- 
gate the feasibility of maintaining continu- 
ously usable! signal levels on a single fre- 
quency at ranges of 1800 to 2000 miles using 
a 500 kw hf transmitter. The results of the 
first two tests indicated the possibility of 
transmitting radioteletype information over 
the Dallas, Texas, to Caribou, Maine, test 
circuit. The third test was conducted on 
21.57 mc from July 25 to 30, 1955, using 
standard 850 cycle shift fsk teletype, and the 
test results indicated that using a broad- 


* The research in this document was supported 
jointly by the Army, Navy, and Air Force under con- 
tract with the Massachusetts Institute of Technology. 
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band fsk converter 86.1 per cent of the trans- 
mitted lines of copy were received without 
error, and that using an experimental nar- 
row-band fsk converter 91 per cent of all 
transmitted lines were received without error, 
The third test also pointed out that extreme 
multipath conditions occur daily for periods 
up to eight hours with signal delays of as 
much as 36 milliseconds. 

The Communication Possibilities of a 
New Type of Ionospheric Scatter*—Allen 
M. Peterson, O. G. Villard, Jr., Ray L. Lead- 
abrand, and Philip B. Gallagher, Stanford 
University—A new class of radio echoes 
from the ionosphere has recently been iden- 
tified at Stanford University.t These echoes 
originate within the E and F layers, under 
conditions where the line of sight from a 
radar meets a line of the earth’s magnetic 
field at perpendicular incidence. This ap- 
pears to be the first direct evidence of a 
potentially useful ionospheric scatter oc- 
curring at F layer height. 

The echoes are seen primarily at night, 
and are readily detectable with low power 
radars operating in the 6 to 30 mc frequency 
range. They are observable for several hours 
at a time on a large percentage of the nights. 
Although their exact cause is unknown, it is 
reasonable to suppose that they are a mani- 
festation of low-latitude, low-intensity au- 
roral activity in view of their night-time oc- 
currence, and their aspect-sensitivity with 
respect to the earth’s magnetic field. On the 
other hand they have been seen regularly as 
far south as New Mexico and are not directly 
associated with geomagnetic disturbances. 

The field-aligned ionization may be used 
for communication purposes in much the 
same manner as auroral ionization, that is, 
by pointing the antennas at both locations 
wishing to communicate, generally towards 
the north. 

The geometry of reflection from the 
field aligned ionization is investigated, 
outlining the area of “useful” ionization and 
the “region of communication” for both the 
£& and F layer heights of reflection. The 
probability of obtaining communication 
from a transmitter located at Stanford to a 
receiver at any location within the region 
of communication is determined. 

The Geometry of Auroral Communica- 
tions—Ray L. Leadabrand and Irving 
Yabroff, Stanford University—Auroral ioni- 
zation was found by radio amateurs to be 
useful for communication purposes as early 
as 1939. Such ionization makes hf and vhf 
propagation possible over paths as great as 
several hundred km when other more nor- 
mal propagation modes do not exist. The 
geometry of reflection is investigated for a 
variety of transmitter locations based upon 
the assumption of specular reflection from 
columnar ionization aligned with the earth’s 
magnetic field lines. The results of the in- 
vestigations outline the areas of useful 
auroral ionization and the regions of propa- 
gation. The probability of obtaining propa- 
gation from a particular transmitter location 


* This research was supported jointly by the U. S. 
Army, the Navy, and the Air Force under contract 
Nonr 251(07) with Stanford University. 

A. M. Peterson, O. G. Villard, Jr., R. L. Leada- 
brand, and P. B. Gallagher, “Regularly-observable as- 
pect-sensitive radio reflections from ionization aligned 
with the earth’s magnetic field and located within the 
ionospheric layers at middle latitudes,” J. Geophys. 
Res.; December, 1955, 


to any receiver location within the region 
of propagation has been determined. These 
geometrical studies allow the communicator 
to predict the most useful transmitter and 
receiver locations in utilizing auroral ioniza- 
tion for communication purposes. It also 
makes ‘possible the minimization of the 
effects of auroral propagation when it is 
considered a detrimental propagating mode 
—resulting in undesirable multipath effects, 
etc. 

Methods of Measuring Ionospheric 
Reflection Coefficient Using Sweep Fre- 
quency Equipment*—H. Myron Swarm, 
University of Washington, and R. A. Helli- 
well, Stanford University—Two methods for 
the measurement of ionospheric reflection 
are described. They make use of sweep 
frequency equipment and are designed to 
provide information on the variation of the 
reflection coefficient of the Sporadic-£ 
layer as a function of frequency. 

The first method is based on the measure- 
ment of the highest frequency at which each 
multiple-hop trace can be observed. For 
each frequency a value of the layer reflection 
coefficient can be computed when certain 
equipment parameters and the ground 
reflection coefficient are known. Information 
regarding absorption and focussing can be 
obtained by studying the lowest frequency 
of each multiple-hop trace. 

In the second method the relative ampli- 
tude of each multiple-hop echo is recorded. 
From the ratios of the amplitudes averaged 
over several fading periods both the reflec- 
tion coefficient and the over-all system 
sensitivity can be estimated. The method can 
thus be extended to layers producing only 
single-hop reflections. 

Examples of the application of these 
two methods are shown. 

Interference Measurement of Small 
Multipath Delay Changes—De Forest L. 
Trautman, Jr., Hughes Aircraft Company— 
Oblique incidence ionospheric-sounding 
studies heretofore have been made with 
short pulses, ideally shorter than the mini- 
mum delay differences between the propa- 
gation components, but limited by the 
greater bandwidth and peak power required 
to shorten the pulses. 

Precision of delay difference measure- 
ment is limited by the pulse length used. 
This technique has been extended by trans- 
mitting alternately short and long pulses; 
the long pulses being sharply rectangular 
with as rapid rise and decay as the short 
pulses. Typical pulse widths have been 20 
and 1000 microseconds. 

At the receiver, a C-scope display shows 
both the multiple short pulses from the 
individual propagation components as with 
prior sounding techniques plus the successive 
superposition of the long pulse components. 
The relative magnitudes of the individual 
components is measured by the height of 
their short pulses while the magnitudes to 
which they combine in the received long 
pulse depends also upon their relative in- 
stantaneous phase. 

Study of cine recordings yields these 
interference fading cycles, which establish 
the rate of change of phase or delay be- 


* This research was sponsored by the Electronics 
Research Directorate of the Air Force Cambridge Re- 
search Center. 


tween propagation components except for 
sense or sign, which generally can be es- 
tablished from prolonged observation of 
the short pulses. ¥ 

The complexity of the long pulse shapes | 
increases with the number of multipath com- 
ponents present and interpretation of delay | 
change rates becomes difficult when mori 
than three components overlap. Overlapping . 
can be controlled, however, by suitably 
shortening the pulse when many multipath 
components are arriving. _ | 

Short and long pulse transmissions from _ 
Dayton, Ohio, have been recorded in Los | 
Angeles (3080 kilometers) and Honolulu | 
(7120 kilometers). Typical recordings and | 
their analyses will be shown. This extension | 
of oblique incidence sounding technique | 
provides greatly improved sensitivity of | 
delay changes and should facilitate study of © 
ionospheric layer mobility and similar 
phenomena. 

Corner Reflector Antenna with Arbi-— 
trary Dipole Orientation and Apex Angle— 
R. W. Klopfenstein, RCA Laboratories— 
It has recently been pointed out that for 
certain dipole orientations, a corner reflector 
antenna serves as a circularly polarized 
radiator of moderate gain and bandwidth | 
characteristics.* This has led to renewed 
interest in corner reflector characteristics for 
arbitrary dipole orientation and apex angle. 

This paper is concerned with the deter- 
mination of corner reflector characteristics 
for reflectors of arbitrary apex angle excited — 
by any infinitesimal dipole source which is 
tangent to a circular cylinder having the 
reflector axis as its axis. Use is made of the 
dyadic Green’s functions for the perfectly | 
conducting wedge recently given by C. T. 
Tai,f and the results are obtained as infinite — 
series of Bessel functions. 

The quantities of interest are the relative - 
phase and magnitude of vertical and 
horizontal components of electric field, the _ 
directive gain of the antenna, and the 
radiation resistance of the dipole source. 
These have been computed for a continuous 
range of apex angles from 30° to 180° for 
dipole-axis spacings up to about a wave-. 
length. 

The results of this general analysis are 
useful not only for the determination of 
reflector characteristics for apex angles not 
subject to image analysis, but also for the - 
obtaining of certain limiting forms for 
small apex angles which are not readily 
apparent from the image analyses. 

A Circularly Polarized Corner Reflector 
Antenna—O. M. Woodward, Jr., RCA 
Laboratories—Unidirectional, circularly po- 
larized radiation may be obtained by tilting 
a dipole in a corner reflector. Inherent ad- 
vantages of this antenna are the simplicity 
of both the construction and adjustment, 

The theory of images is employed to 
develop the basic theory of the antenna for 
the cases of greatest practical interest. An 
experimental investigation has been made 
on the radiation characteristics of a prac- 
tical-sized antenna as a function of its geo- 
metric parameters. From _ this data, an 


*O. M. Woodward, Jr., “A circularl i 
corner reflector antenna,” submitted for see 
at we See Ry pecerines: 1956. 

: soe ale glossary of dyadic Green's func- 
tions,” Tech. Rep. No. 46, Stanf i 
ford, Calif., July, 1954. viens ake 
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antenna producing unidirectional, circularly 
polarized radiation has been designed “and 
constructed. 

A demonstration of the adjustment and 
operation of the antenna will be presented. 
_ Measurement of Scattering Cross Sec- 
tions of Figures of Revolution*—J. Honda, 
S. Silver, and F. Clapp, University of Cali- 
fornia—Interest in scattering cross sections 
is motivated by many fundamental and 
practical considerations. Work on echo 
cross section (back scattering) has been 
particularly intensive because of radar ap- 
plications. One of the striking features of 
echo cross section measurements is the di- 
vergence between results obtained by inde- 

pendent investigators. This paper is a 
report of developments of the program on 
scattering measurements in our laboratory. 

_ We have employed the half-space technique 
which is applicable to obtaining the differ- 
ential cross section for figures of revolution 
in the principal planes. The considerations 
‘underlying cross section measurements are 
discussed and the particular measurement 
techniques which we have developed are 
presented. Data on echo cross sections of 
spheroids and cones are given to illustrate 

_ the problems and methods. 

Scattering from Finite Cones—K. M. 
Siegel, Engineering Research Institute, The 
University of Michigan—For the small 

wavelength approximation, the radar cross 
section of a finite cone is in agreement with 

physical optics approximations. It is rea- 
soned that the main contributors to the 

- nose-on cross section are the ring singularity 
in the rear and the point up front. It becomes 
clear that in the small wavelength approxi- 

mation, the ring singularity contribution 

_dominates. An upper bound to the nose-on 
cross section for a finite cone is given by the 
nose-on result for the loop. As one ap- 
proaches the resonance region from the 
small wavelength side, one finds that the 

_ cross section of the cone starts approaching 
the loop answer and at the first major maxi- 
mum one finds the results are in agreement. 

This indicates that the cone near or on the 

_ first resonant maximum has the same be- 
havior as a resonant loop. Many other cone 

results are discussed. 

The author wishes to acknowledge con- 

tributions to this paper from Professor 
S. Silver, J. Honda, and F. Clapp of the 
University of California, and Dr. S. Chap- 

“man of Cornell Aeronautical Laboratory, 
Inc., and Dr. M. J. Ehrlich of Microwave 

- Radiation Company, Inc. 

Evaluation of the Field Produced by 

Slots on a Wedge—C. E. Schensted and 

A. L. Maffett, Engineering Research In- 
stitute, The University of Michigan—An 
expression for the field produced by two 
symmetrically located and excited slots ona 
wedge can be derived by the usual separation 

of variables technique. The ¢ component of 
the electric field is given by 
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where Vo is the voltage impressed across the 
slots which are at a distance a from the tip 
of the wedge whose faces are given by 


¢=¢0. For ro this approaches the 
asymptotic value 
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This series can be related to scattering of a 
plane wave by a wedge. After the geometric 
optics terms for the plane wave scattering 
have been subtracted off, the remaining 
series can be summed for large ka. The first 
terms of the asymptotic series for large ka 
are 
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where U(x) : (x>0). 

Second Order Beams of Two-Dimen- 
sional Slot Arrays—L. A. Kurtz, J. S. Yee, 
Hughes Aircraft Co.—Second order, or 
“forked” beams are found to exist in the 
radiation patterns of many two-dimensional 
slot arrays. These beams appear at large 
angles relative to the main beam, and their 
magnitudes vary as the main beam is 
scanned away from broadside. These beams 
arise because the slots usually do not have 
the same element factors. Successive slots 
may have either opposite angles of inclina- 
tion or opposite displacement from the 
centerline of the waveguide. In such cases, 
they have slightly different polarizations and 
consequently different element factors. 

In the analysis of the second order 
beams, two successive slots are considered 
as one element of the array so that all the 
elements are similar. These slot pairs are 
spaced more than a wavelength apart, thus 
giving rise to three principal maxima in the 
radiation patterns. The relative magnitudes 
of these maxima are determined by the 
element factor of the slot pair. 

The analysis has been applied to calcu- 
late the magnitudes and positions of the 
second order beams of two-dimensional 
arrays of both series and shunt slots. For 
many conventional designs, the forked lobes 
are seriously high and prevent the achieve- 
ment of the desired sidelobe level. Methods 
of preventing this are discussed, and experi- 
mental results are presented to substantiate 
the analysis. 

New Method of Antenna Coupling to a 
Balanced Two-Wire Line—Carlyle J. Slet- 
ten, Air Force, Cambridge Research Center— 
A very simple method has been discovered 
whereby one can control the radiation from 
a two-wire line by properly orienting a dipole 
radiator with respect to this line. A relative 
conductance from 0 to 0.3 g/Gp can be ob- 
tained by rotating the dipole through an 
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angle of 20°. A brief treatment is given of 
the electromagnetic coupling principle em- 
ployed. Experimental curves of impedance 
characteristics as function of adjustable 
parameters are presented along with antenna 
patterns made with arrays of these elements. 
Cross polarization, line unbalance, fre- 
quency response, resonant element length, 
H-plane patterns and other effects related 
to this new method of feeding electric 
dipoles are described. Antenna performance 
with this feeding principle is very satisfac- 
tory and applicable to many problems of 
array design. 

A Variable Polarization’ Microwave 
Transducer—W. A. Snyder, Hughes Air- 
craft Co—A microwave transducer which 
converts a linearly polarized input signal 
to an arbitrary elliptically polarized output 
is described. With a plane polarized input to 
the device, an output having the same or 
the orthogonal plane polarization, or an 
elliptical polarization of any axial ratio, in- 
cluding circular polarization, can be elec- 
tronically selected. Both right and left 
handed senses of circular or elliptical polar- 
ization are equally obtainable. 

The device consists of a ferrite rotator in 
conjunction with a quarter wave plate (i.e, 
a 90-degree differential phase shifter) in a 
waveguide of circular cross section. The 
ferrite rotator is actuated by a solenoid. 

By controlling the solenoid current, and 
hence the magnetic field in the ferrite ma- 
terial, a given linearly polarized input wave 
can be rotated so as to be incident on the 
quarter wave plate in such a plane as to 
produce the desired output polarization. In 
particular, a linearly polarized incident 
wave lying in either of the symmetry planes 
of the quarter wave plate passes through 
unaffected. Incident waves lying in planes 
at 45 degrees or —45 degrees with the phase 
shifter symmetry planes result in either 
right handed or left handed circularly 
polarized outputs. For other planes of in- 
cident polarization, elliptically polarized 
outputs result. 

An important characteristic of the po- 
larization transducer is nonreciprocal opera- 
tion. The transducer has the properties of a 
four port circulator, the two senses of circu- 
larly polarized output modes and the two 
independent plane polarized input modes 
corresponding to the four terminal pairs. 

The polarization transducer can be 
switched electronically with a speed which 
is limited only by the electromagnet and the 
associated circuits. 

A Theory of Long-Duration Meteor- 
Echoes Based on Atmospheric Turbulence*— 
H. G. Booker, School of Electrical Engineer- 
ing, Cornell University—The theory of 
atmospheric turbulence has been applied to 
meteor trails and the following deductions 
have been made, relevant to the 90 km level 
in the atmosphere: 


1) The general circulation supplies tur- 
bulent energy at a rate of about 20 watts per 
kilogram of atmosphere. The formula for 
this quantity depends only on quantities 
directly measured by radio meteoric tech- 
nique. 


* This research was supported by U. S. Signal 
Corps Contract DA36-039-sc-56748 and by the Na- 
tional Science Foundation. 
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2) The smallest eddies permitted by 
viscosity to exist have a size of about 1 
meter and a turbulence velocity of about 
2 meters/second. The size of the smallest 
eddies is therefore about 60 molecular mean 
free paths. 

3) The largest eddies present have a size 
of about 1 kilometer and a turbulence veloc- 
ity of about 300 meters/second. 

4) The time required for the smallest 
eddies to mix the trail is about 0.4 second 
and that for the largest eddies about 40 
seconds. 

5) Diffugion of the trail is only controlled 
by molecular diffusion during about the 
first 0.4 second. After this, eddy diffusion 
takes over and the coefficient of diffusion 
increases proportional to the square of the 
time elapsed since the formation of the trail. 
After about 40 seconds have elapsed, eddy 
diffusion is controlled by the largest eddies 
and the coefficient of diffusion thereafter 
remains constant at a value of the order 
of ten thousand times the molecular value. 

6) Calculation of the radar echo from a 
meteor trail must be made in two parts: 

(a) The coherent contribution calculated 
by the theories of Lovell and Clegg* and of 
Kaiser and Closs,+ modified by the above 
statement concerning the diffusion coeffi- 
cient. 

(b) The incoherent contribution, calcu- 
lated by theories such as those of Booker and 
Gordon,t Villars and Weisskopf,§ Gallet, || 
Batchelor,** and Silverman,{t due allow- 
ance being made for the existence of a mini- 
mum eddy-size as described in 2). 

The upshot is that the coherent contribu- 
tion can exceed the incoherent contribution 
for only about half a second. After half a 
second behavior of the echo is controlled by 
the incoherent contribution. Thus the theory 
of Kaiser and Clossf does not give the pre- 
dominant contribution to the echo after 
about half a second and so cannot constitute 
an explanation of long-duration metero- 
echoes 

7) At times large compared with half a 
second the echo decreases in amplitude 
inversely proportional to the cube of the 
time elapsed since the formation of the 
trail. After about 40 seconds the amplitude 
decrease becomes inversely proportional to 
only the first power of time elapsed since 
formation of the trail, but a correction for 
recombination is then necessary. The de- 
crease in the amplitude of the echo after 
about half a second is controlled by the 
incoherent contribution to the echo and is 
very slow compared with the decrease of 
the coherent contribution. It is the slow 
decrease of the incoherent contribution 
arising from the effect of atmospheric turbu- 


* Lovell and Clegg, Proc. Phys. Soc. Lond., vol. 60, 
p. 491; 1948. 

} Kaiser and Closs, Phil. Mag., vol. 43, p. 1; 1952. 

1H. G. Booker and W. E. Gordon, “A theory of 

radio scattering in the troposphere,” Proc. IRE, vol. 
38, pp. 401-412; April, 1950. 
_ §F. Villars and V. F. Weisskopf, “On the scatter- 
ing of radio waves by turbulent fluctuations of the 
atmosphere,” Proc. IRE, vol. 43, pp. 1232-1239; 
October, 1955. 

]| R. M. Gallet, “Aerodynamical mechanisms pro- 
ducing electronic density fluctuations in turbulent 
ionized layers,” Proc. IRE, vol. 43, pp. 1240-1252; 
Octoker, 1955. 
ages Batchelor, Cornell Univ. Tech. Rep. No. 26, 

tt Silverman, J. Appl. Phys., submitted for publi- 
cation. 
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lence on the trail that is the true explanation 
of long-duration meteor-echoes. This ex- 
planation does not require the enormously 
high trail-densities postulated by Kaiser 
and Closs. 

8) The wavelength-dependence of long- 
duration meteor-echoes is closely related to 
the spectrum of turbulence, which is there- 
fore capable of more or less direct measure- 
ment by radar technique. The part of the 
spectrum that can conveniently be measured 
in this way is the part vitally affected by 
viscosity and not well understood at the 
present time. 

9) Meteor echoes that show little or no 
coherent contribution (such as the F type 
echoes of McKinley and Millman*) arise 
from trails for which the foot of the perpen- 
dicular from the radar is not sufficiently 
near to the point of maximum trail-density. 
This diminishes the coherent echo but leaves 
the incoherent echo unaffected. 

10) During the course of eddy-diffusion 
of a meteor trail the irregularities of electron- 
density are likely to become somewhat 
elongated along the earth’s magnetic field. 
It may be therefore that long-duration me- 
teor-echoes are more easily detected in the 
vhf band if viewed perpendicular to the 
earth’s magnetic field. 

An Experimental Study of Atmospheric 
Turbulence in the Lower E-Region Using 
Meteor Echoes of Long Duration}—R. 
Cohen, School of Electrical Engineering, 
Cornell University—A theory of long dura- 
tion meteor echoes has been presented by 
Booker,t based upon the idea that, a few 
seconds following formation of the trail, 
incoherent scattering caused by atmospheric 
turbulence controls the behavior of the 
radio echo. With a view toward confirming 
this theory experiments have been under- 
taken using meteoric ionization to study 
ionospheric turbulence. CW _ transmitters 
and receivers having identical dipole antenna 
systems at frequencies of about 17, 30, and 
50 mc/sec were installed at sites separated 
by 31 km of hilly terrain, so as to suppress 
the ground wave. High speed recordings on 
dual-channel paper tape were taken simul- 
taneously for pairs among the three fre- 
quencies, both during the winter meteor 
showers of November and December, 1955, 
and at times thereafter when only sporadic 
meteors were present. 

Results of an analysis of the meteor 
events of interest show that, on all frequen- 
cies, the decrease in the amplitude of long 
duration echoes after they begin to decay 
is in accordance with the Booker theory, 
field-strength being inversely proportional 
to the third power of the time subsequent to 
trail formation. The wavelength dependence 
of the irregularly fading echoes is also in- 
vestigated, and some information is derived 
concerning the spectrum of atmospheric 
turbulence in the viscosity range. 

An associated experiment was attempted 
earlier to obtain echoes from the ambient 
ionization irregularities produced by atmos- 
pheric turbulence. A powerful radar system 


* D. W. R. McKinley and P. M. Millman, “A phe- 
nomenological theory of radar echoes from meteors,” 
Proc. IRE, vol. 37, pp. 364-375; April, 1949. 

t This research was supported by a U. S. Signal 
Corps grant under Contract DA36-039-sc-56748 and 
by the National Science Foundation. 

H. G. Booker, see elsewhere in abstracts of papers. 


was employed, using a paraboloidal antenna 


one-hundred feet in diameter beaming 


vertically upward at a frequency of 27.85 


mc/sec in conjunction with a 200 kw pulse 
transmitter. No echoes of this sort were 
obtained during repeated attempts in 1954, 
nor in early 1955, when, with the collabora- 
tion of K. L. Bowles, a 30 db improvement 
in signal to noise ratio was achieved by use 
of post-detector integration techniques. 
The Formation of Sporadic E Ionization 
and the Recently Discovered Low Latitude 
Aspect Sensitive Ionization Aligned with the 
Earth’s Magnetic Field Lines*—R. L. 
Leadabrand, A. M. Peterson, and O. G. 
Villard, Jr., Stanford University; H. M. 
Swarm, University of Washington—Radio 
echoes due to reflection from aspect sensitive 
ionization aligned with the earth’s magnetic 
field lines are consistently observed at 
Stanford University.t The echoes, corre- 
sponding to oblique reflection from the E- 
and F-regions of the ionosphere, have many 
characteristics similar to auroral echoes, 
although their occurrence is not associated 
with magnetic disturbances. The appearance 
of the H-region aspect sensitive, oblique 
echoes, has been found to be correlated with 
the appearance of night time sporadic-E 
ionization at middle latitudes. The nature 
of the field aligned ionization is such that it 
suggests a production mechanism of charged 
particle bombardment, 


January 


thus offering a 


possible explanation for the production of — 


night time sporadic-E ionization. 

Study and Interpretation of Low Angle 
Fluctuations from the Radio Star Cassiopeia 
as Observed at Ithaca, N. Y.—B. Dueio, 
College of Agriculture and Mechanic Aris, 
University of Puerto Rico—Low angle 
fluctuation data of the radio-star Cassiopeia 
for the period comprised between Septem- 
ber, 1954 to August, 1955 have been com- 
pared with ionospheric sounder data from 
Ottawa, Canada. A remarkable relation 
between the incidence of fluctuations and 
sporadic-£ has been observed for the month 
of December, 1954. The coincidence of Es 
and fluctuations was found, in general, to be 
very good during the midwinter period and 
poor afterwards. The pierce-thru region for 
inospheric layers at a height of 400 km comes 
out approximately 1500 km north of Ithaca. 
In this region the normal sun controlled 
forms of ionization should be a minimum 
during the midwinter period. It is reasonable 
to expect that layers at the 120 km level 
should be most influential in causing fluc- 
tuations during this period. Several fluc- 
tuationless days were recorded during this 
midwinter period and practically none at 
other times. One notable feature of fluctua- 
tions at lower transit is a tendency for fluc- 
tuations to exhibit peaks of amplitude 
reaching, on certain occasions, values from 
two to four times to value of the undisturbed 
signal from the star. The months in which 
this condition was most prevalent were 
April, May, and June. 


* This research was supported jointly by the U. S. 
Army, the Navy, and the Air Force under Contract 
Nonr 251(07) with Stanford Universitv 

t+ A. M. Peterson, O. G. Villard, Jr., R. L. Leada- 
brand, and P. B. Gallagher, “Regularly-observable 
aspect-sensitive radio reflections from ionization 


aligned with the earth’s magnetic field and located - 


within the ionospheric layers at middle latitudes,” 
J. Geophys. Res.; December, 1955, 
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On the Origin of Nocturnal E Ionization 
—M. Dubin, Air Force Cambridge Research 
Center—Recent upper atmosphere rocket 
experiments have produced new evidence of 
importance in understanding the mecha- 


nisms responsible for the existence of the ° 


night-time E layer. An Aerobee rocket fired 
by the navy after midnight on July 8, 1955 
obtained mass spectra of the ion content of 
the atmosphere in the range of altitudes 
from 98 to 120 km; only positive ions of 
molecular nitrogen were detected. These 
results are contrary to an hypothesis pro- 
posed by Nicolet for nocturnal £ ionization 
and are quite difficult to explain on the basis 
of the physical reactions expected for the E 
_ region. 
An ionization process resulting from 
direct collisions of meteoric particles with 
atmospheric gases is suggested as a possible 
mechanism for explaining this anomaly. 
Such a process is of fundamental im- 
portance in meteor physics. Its plausibility 
is discussed. 
A second Aerobee rocket, fired by the 
Air Force at twilight on October 12, 1955, 
‘released a quantity of atomic sodium over 
a range of altitudes from 85 to 113 km. 
_ The failure to detect an increase in the inten- 
_ sity of emission of sodium D lines during the 
night is consistent with the hypothesis of 
nocturnal £ ionization produced by colli- 
sions of meteoric particles. 
| Evidence of a Relationship Between 
_ Back-Scatter from Field-Aligned Ionization 
in the F-Layer, and Fluctuations in the 
_ 5577A [OI] Airglow*—O. G. Villard, Jr. and 
Sidney Stein, Stanford University—It has 
been found that radar echoes may be ob- 
tained from ionization lying within the E 
and F layers of the ionosphere, and behaving 
as if it consisted of scattering columns 
aligned with the earth’s magnetic field. f 
| The echoes, while generally strongest in 
the hours around midnight, fluctuate consid- 
erably in intensity from time-to-time and 
from night-to-night. The strongest reflection 
is obtained when the line-of-sight from a 
- transmitter meets a field line at perpendicu- 
Jar incidence at an altitude roughly corre- 
- sponding to the ion density maxima of the 
Land F layers. 
Although this requirement restricts 
considerably the area from which echoes 
may be received at any given geographical 
location, it is nevertheless possible—in the 
“case of the F-layer—to determine whether 
activity exists within a sector of roughly 
+30 degrees centered.on geomagnetic north. 
- This sector is considerably wider in the case 
_ of E-layer echoes. 
-_-In an effort to determine whether a rela- 
tionship exists between these echoes and 
fluctuations in the 5577A [OI] airglow, a 
scatter-sounder has been operated at the 
Upper Air Research Observatory, Sacra- 
mento Peak, New Mexico, in conjunction 
with the light measurements of E. A. 
Manring and H. B. Pettit. Several nights, 
during which simultaneous records were 
‘made, have been examined in. detail. 
A reasonable agreement between F-layer 
radio echoes and light fluctuations was 


* This work was supported jointly by the Army, 
_ Navy, and the Air Force under contract with Stanford 


_ University. 
: ae yt M. Peterson ef al., J. Geophys. Res., vol. 60, 
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found, suggesting a strong connection be- 
tween the two effects. Certain of the diurnal 
features of the green airglow emission and 
the F-region backscatter were found to be 
similar.* 

H. F. Radar Echoes with Unusual Char- 
acteristics|—G. C. Rumi, School of Elec- 
trical Engineering, Cornell University— 
Using a high power 27.85 mc/sec radar many 
echoes were observed at Ithaca, New York, 
during the fall of 1955. 

In addition to echoes which have char- 
acteristics normally associated with echoes 
from aurora or meteor trails, there were 
many with unusual characteristics. 

These characteristics of the echoes are: 


1) They are discrete and generally have 
durations less than 0.5 second. 

2) They show no preferred range. The 
maximum range observed was around 1000 
km. 

3) They rise from noise level to maxi- 
mum value in two repetition periods of the 
radar or 40 milliseconds. Calculations of the 
velocity required to produce the first Fresnel 
Zone of a column of ionization (deduced 
from the rise time of the echo and its range) 
give values in some cases greater than 100 
km/sec. 

4) They decay very rapidly, in some 
cases dropping from maximum amplitude 
(at least five times noise level) to less than 
the noise level in 40 milliseconds. 

5) They generally occurred for two 
hours around midnight, but did not occur 
every night. During the months of Septem- 
ber, October, and November they occurred 
on over half the nights. Very few were 
observed during December. As many as 
four hundred echoes in one hour were seen. 
No correlation with known meteor showers 
was observed. 


It does not appear that these echoes can 
be explained on the basis of present theories 
of echoes from meteor trails. It is possible 
that they may be reflections from atmos- 
pheric discharges. 

A feature of the experimental program 
was the continuous recording of the A scope 
presentation on magnetic tape. This method 
of recording made it possible to measure at 
a later time the details of those very short 
echoes. 

The Propagation of Long Waves Near 
100 KC/S Over Distances of the Order 
800 KM{—FE. R. Schmerling, Ionosphere 
Research Laboratory, Pennsylvania State 
University—Observations made by record- 
ing the cw signals radiated from four trans- 
mitters of the Danish Decca Navigator 
chain at frequencies near 100 ke and dis- 
tances of the order 800 km reveal that the 
summer records on the three lower frequen- 
cies may be consistently interpreted in terms 
of a simple mirror model for the ionospheric 
reflecting region. Quasi-cylcic amplitude 
changes near sunrise and sunset appear to 
be produced by interference between the 


* M. Nicolet, Phys. Rev., vol. 93, p. 633; 1954. 

} The research reported in this paper was sup- 
ported by U. S. Signal Corps Contract DA36-039-sc- 
56748 and by the National Science Foundation. 

+ The preparation of this paper has been sponsored 
by the Geophysics Research Directorate of the Air 
Force Cambridge Research Center, Air Research and 
Development Command under Contract AF19(604)- 
1304, 
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ground and once-reflected sky waves. The 
times and amplitudes of these features 
enable the reflection heights and reflection 
coefficients to be determined. 

The results are best fitted by a phase 
change of 180 degrees on reflection, and 
heights in the range 60-75 km. At the lowest 
frequency, 71 kc, the morning and evening 
reflection coefficients decrease steadily from 
about 0.5 at night to 0.05 during the day. At 
85 kc and 114 kc the reflection coefficients go 
through a pronounced minimum immedi- 
ately before ground sunrise, but increase 
steadily after sunset. The sky-wave behavior 
shows a progressive change with increasing 
frequency, culminating in the highly irregu- 
lar behavior observed at 128 kc, which is not 
susceptible to interpretation by this model. 
Polarization measurements were not satis- 
factory, but’ reveal that the sky-wave is 
neither closely circularly nor linearly polar- 
ized near sunrise and sunset. 

The author acknowledges the receipt of 
a maintenance award from the Department 
of Scientific and Industrial Research in 
England during the period covered by the 
above work. The research was conducted in 
the Radio Group of the Cavendish Labora- 
tory, Cambridge University, Cambridge, 
England. 

Characteristics of Ionospherically Re- 
flected, Vertically Incident Radio Waves at 
75 KC/S*—R. E. Houston, Jr., Lonosphere 
Research Laboratory, Pennsylvania State 
University—Using a pulsed one quarter 
megawatt 75 kc transmitter, measurements 
of group height, change in phase height, 
absorption, and polarization are being made. 
Some preliminary results of these measure- 
ments are presented and compared with 
similar observations on 150 kc. 

For the winter months, group height 
records show an average height of around 
95 km at night with a mean diurnal variation 
of about 5 km. 

The phase height data are mainly con- 
cerned with diurnal variations, which, during 
the winter months, are of the order of 11 km. 
Tentative conclusions from the general 
shape of the envelope of winter months 
“averages” are drawn. The characteristic 
rapid drop near ground sunrise and sharp 
rise about ground sunset is evident. 

The absorption measurements are also 
primarily concerned with diurnal variations. 
A mean value of —log p for the winter 
months indicates a value of about 2.7 nepers 
at noon and one neper at midnight. 

Observed parameters for the polarization 
are given. These are compared with theoret- 
ical deductions presented in another paper 
at these meetings. 

The Polarization of Vertically Incident 
Radio Waves at 75 KC/Sj{—J. J. Gibbons, 
G. S. Levy, and S. R. Butler, Ionosphere 
Research Laboratory, Pennsylvania State 

University—The polarization of 75 kc radio 
waves reflected at vertical incidence from 
the ionosphere has been computed using the 


* The preparation of this paper has been sponsored 
by the Geophysics Research Directorate of the Air 
Force Cambridge Research Center, Air Research and 
Development Command under Contract AF19(604)- 
1304. 

+ The preparation of this paper has been sponsored 
by the Geophysics Research Directorate of the Air 
Force Cambridge Research Center, Air Research and 
Development Command under Contract AF19(604)- 
1304. 
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midnight model deduced by Parkinson.* 
This model was obtained by applying the 
Mitra} recombination coefficient to a sunset 
model based on various experimental data. 

The computations are carried out, treat- 
ing the coupling as a perturbation, by the 
method of variation of parameters. The 
results are compared with the 75 kc experi- 
mental data so far available at this labora- 
tory. 

No echo has been consistently observed 
which would correspond to what was inter- 
preted at 150 kc! as a coupling echo. The 
computed results are in agreement with this 
observation. 

Some Features of VLF Propagation 
Deduced from Aircraft Flight Data—J. L. 
Heritage and S. Weisbrod, Smyth Research 
Associates, and J. E. Bickel, U. S. . Navy 
Electronics | Laboratory—Some _ general 
properties of long distance daytime and 
night-time vlf signal vs distance curves are 
considered. In some cases, the influence of 
changing distance can be distinguished from 
the effects of ionospheric reflection proper- 
ties changing with time. On certain flights, 
several frequencies were recorded simul- 
taneously. A daytime and night-time set of 
such multifrequency signal vs distance curves 
are analyzed for apparent height of reflec- 
tion. The steep incidence daytime reflection 
height differs considerably at the extremes 
of the frequencies studied (16.6. kc and 40 
kc). The night-time apparent reflection 
height appears to be frequency sensitive as 
well as being sensitive to time and incidence 
angle variation at a single frequency. 

Measurement of Atmospheric Radio 
Noise Moments—Forrest F. Fulton, Jr. and 
William H. Ahlbeck, National Bureau of 
Standards—Direct measurements of the 
first, second, and logarithmic moments of 
atmospheric radio noise envelope voltages 
at a number of frequencies will be presented. 
The relationship between measurement of 
the moments and measurement of the 
cumulative probability distribution will be 
discussed. 

Variations in the Statistical Character of 
Atmospheric Noise—A. D. Watt, National 
Bureau of Standards—Measured amplitude- 
and-time distributions of the envelope of 
atmospheric noise for various frequencies, 
bandwidths, times, and geographic locations 
will be presented. The manner in which 
these various factors effect the resulting 
distributions will be discussed, and examples 
of the effects of variations in these factors 
will be shown. 

Audio Frequency Atmospheric 10-900 
Cycles Per Second—Jules Aarons, Air 
Force Cambridge Research Center—The audio 
frequency electromagnetic spectrum in the 
range 10-900 cps was surveyed over a two 
month period, Summer 1955. A loop and 
vertical antenna were alternately switched 
to a narrow band analyzer (2 to 6 cps). The 
site chosen, Mescalero, New Mexico, was 
relatively free of man-made interference but 
local storms were recorded. 

Results indicate the energy in the band is 
centered in the region 40-120 cps. Heavy 


* R.W. Parkinson, J, Atmos. Terr. Phys., vol. 7, 
p. 203; 1955. 
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attenuation of signals in the region 450-900 
cps takes place during the day. Sunset 
raises the signal level of this high frequency 
portion of the spectrum to that of the lower 
frequency range. Large numbers of pulses 
are also seen during the night. The peak 
intensity level at all frequencies occurs 
around local midnight. Local storms have a 
spectrum similar to daytime levels. 

The data indicates that the night-time 
levels at all frequencies come from great 
distances. The daytime energy is concen- 
trated in the 40-120 cycle band and this 
portion of the band appears to come from 
distant atmospherics but the 450-900 cycle 
energy is relatively local in origin. 

During one period of several hours a 
large increase of narrow band energy was 


seen at 33 cycles per second. The possibilities" 


of this being radiation at the gyro frequency 
of the sodium ion is discussed. 

The Sferic Characteristics of Thunder- 
storms—Herbert L. Jones, Oklahoma A. & 
M. College—In order to obtain a more pre- 
cise location of a given thunderstorm center 
it is considered necessary to substantially 
increase the present knowledge of the sferic 
nature of thunderstorms. Consequently the 
research program for the tornado season of 
1956. at the Oklahoma A. & M. Tornado 
Laboratory has been designed to provide a 
substantial increase in the recorded data for 
all types of thunderstorms, including those 
that may contain tornadoes. 

The number of strokes per second com- 
ing from a thunderstorm center varies over 
a wide range from one second to another. 
The data from a number of storms of various 
types are correlated in an attempt to demon- 
strate that individual storm centers do 
exist, although each storm center may be 
a part of an over-all group. Comparisons 
are made between the data obtained from 
moving film and the data as recorded by the 
automatic stroke counter. 

The Resonant Properties of Ring Cir- 
cuits—F. J. Tischer, Huntsville, Ala.— 
The ring circuit* isa new type of resonant 
circuit for microwave frequencies. It con- 
sists of a waveguide section with the ends 
connected to form a ring and a coupling 
element by which the ring guide is coupled 
to a main guide. 

Three different wave modes can be 
excited in the ring guide: unidirectional 
waves, bidirectional waves of equal ampli- 
tude, and bidirectional waves of unequal 
amplitude. The type of the excited mode 
depends on the coupling element. The corre- 
sponding coupling conditions are directional, 
nondirectional, and semidirectional coupling. 
Introduction of discontinuities in the 
directionally coupled ring guide causes a 
wave pattern similar to that obtained for 
semidirectional coupling. 

The circuit data and relations for the 
frequency response are presented for the 
different wave modes. The Q values of the 
ring guide in general and for rectangular 
cross section are derived and discussed. 

The Transfer Matrix in Microwave 
Circuits, with Particular Reference to 
Resonant Cavities;—Leo Young, Westing- 

F. J. Tischer, Swedish Patent No, 152,491; Au- 
ae 26, 1952. 
t This paper was part of a thesis submitted for the 


M.S. degree at the Johns Hopkins University, Balti- 
more, Md. 


house Electric Corb.—A wave picture is set 
up for microwave circuits. The circuit 
parameters are the elements of transfer 
matrices. It is demonstrated how the bell 
havior of a cavity can be predicted in terms 
of directly measurable parameters. Such an 
analysis can describe resonant cavities in| 
the way that circuit theory describes tuned 
circuits containing L, C, and R. It is be- 
lieved that many of the results obtained are 
new, and some were perhaps unsuspected. 
It is hoped that this approach will prove | 
helpful and will make for a clearer pies | 
standing of the subject. 

Exact expressions for the Q and logarith- 
mic decrement o of a transmission line 
cavity are derived in terms of these measur- | 
able parameters. Expressions are also ob- 
tained for resonance amplification; band- 
width; and resonant length or frequency 
pulling by a mismatched load. i 

Certain basic differences between a 
cavity and an L-C-R circuit are pointed out. 

Exact Synthesis of Waveguide Band- 
pass Filters Based on Prescribed Insertion 
Loss Functions—Henry J. Riblet, Micro-— 
wave Development Labs., Inc.—This paper 
gives a synthesis procedure for the design 
of waveguide filters of arbitrary bandwidth | 
consisting of a cascade of equal length 
impedance transformers. It is shown that 
necessary conditions on the insertion loss 
function of such a filter are sufficient for its 
physical realizability as a cascade of imped-- 
ance transformations. Optimum insertion 
loss functions are proven to imply symmet- 
rical filter configurations. This theory pro- 
vides a theoretically exact prototype for 
the design of broadband direct coupled 
waveguide filters consisting of a cascade of 
suitable spaced inductive loads in a uniform 
waveguide. Other applications are noted. 

Aperture-Coupled Filters—F. Shnurer 
and J. B. Travis, General Electric Company, 
Advanced Electronics Center at Cornell’ 
University—Rigid requirements for a band-- 
pass filter having low insertion loss together ° 
with a very high off-band attenuation has. 
led to a novel method of coupling filter sec- 
tions. Using this technique, it has been 
possible to design a four-section filter having > 
a bandwidth of 20 mc at K band with an 
insertion loss less than 0.3 db. | 

A discussion of the method of design is; 
presented together with its relation to con-- 
ventional filter design found in the litera-- 
ture. Experimental results obtained with. 
several designs are given. Also suggestions} 
for improving performance and extending: 
results to other frequency bands are in-: 
cluded. 

Microwave Multiplexers in Strip-Line— ° 
Howard C. Turnage and Robert B. Wilds, , 
Melpar, Inc.—Size, weight, flexibility, and 
ease of fabrication have made strip trans-- 
mission line particularly adaptable for reali-- 
zation of multiplexer systems in the uhf’ 
range. Methods and results of the use of | 
strip-line in coupling adjacent broadband | 
filters are described in this paper. 

The problem of passively coupling two or > 
more adjacent filters of direct coupled 
cavity type to a single source is investigated. 
The driving point impedance of this type? 
filter is examined both theoretically and | 
experimentally, and the effect on passive 
coupling considered. A coupling procedure 
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‘is described which, without the use of 
padding or of lossy elements, permits the 
loss at the crossover point between adjacent 
coupled filters to be held between three 
and five decibels above the points of 
‘minimum passband insertion loss. Experi- 
mental results with coupled stripline filters 
are used to verify this procedure. 

On the Analysis of Symmetrical Wave- 
guide Junctions—Raymond S. Potter, Na- 
val Research Laboratory—The theory of finite 
“groups, when applied to the group of sym- 
“metry field matrices which characterize the 
propagating modes and structure of a par- 
ticular waveguide junction, has been shown 
by Dicke, Kerns, and Auld to be a valuable 
technique for determining the optimum 
matching conditions together with the loca- 
tion of the impedance matching elements 
which effect the optimum matching condi- 
tions. 
It will be shown that the technique is 
particularly useful in establishing the phys- 
ical realizability and optimum performance 
_of a three or more port junction. It will also 
_be shown that the analytical details of the 
_ technique can be more easily applied by the 
microwave engineer if the following implica- 
“tions of the original papers are highlighted: 

1) The evenness or oddness of the modal 
"symmetry can be determined from either the 
electric or the magnetic field components 
but is most easily determined from a com- 
ponent which is either always parallel or 
always normal to the particular structural 
symmetry plane. 
2) The symmetrical interchange of 
terminals of a waveguide junction requires 
that the junction be lossless and that the 
distance from the geometrical center to the 
terminals of identical cross section wave- 
guide be md,/2 wavelengths where is any 
positive integer. 
_ 3) The determination of a set of normal 
_ modes of a waveguide junction is dependent 
“upon the multiplicity of the roots of the 
generator matrix characteristic equation. 
_ 4) The normal modes of a waveguide 
junction are not unique but the junction’s 
optimum impedance matching conditions 
“are unique. 
_. The Dynamo Currents in the Ionosphere 
_ Obtained with Spherical Harmonic Analysis 


. 


_and with the Principle of Balance of Power* 
-—_W. Pfister and T. J. Keneshea, Air Force 
_ Cambridge Research Center—Dynamo cur- 
‘rents in the ionosphere have been computed 


* Supported by the Geophysics Research Direc- 
-torate, nae Force Cambridge Research Center, Air 
h and Development Command, under con- 
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current system from the tidal winds. The 
result is in close agreement with the experi- 
mentally observed current system as given 
by Bartels if an amplification factor of 50 
and nearly the same phase for the wind at 
the level of the ionosphere is assumed. 

Lunar and Unusual Solar Effects on the 
Ionosphere*—S. Matsushita, High Altitude 
Observatory, University of Colorado; and 
guest worker at the National Bureau of 
Standards, Boulder, Colorado. (On leave from 
Kyoto University, Japan)—In the equa- 
torial region, Es reflection is abnormally 
intense in the daytime. This equatorial Es 
occasionally shows sudden disappearance 
in the early afternoon. We conclude from 
the study of ionograms during the period 
from 1952 to 1955, that this phenomenon 
occurs in the vicinity of the full and the new 
moons. We also find, supplementing pre- 
vious results of others for Huancayo, that 
lunar stratification of F, is evident on iono- 
grams made at Talara, Guam and other 
stations in the equatorial region. We suggest 
a mechanism to explain these lunar effects 
on Es and Fp, 

Ionospheric variations that result from 
increased solar activity are discussed, using 
ionograms obtained at 10 stations. Magnetic 
variations accompanying these ionospheric 
variations are also considered. 

Solar Control of the Ionosphere—H. 
Friedman, U.S. Naval Research Laboratory 
—X ray and far ultraviolet detectors have 
been carried to heights as great as 185 kms 
in a series of ten rocket experiments covering 
the past seven years. On the basis of these 
tests it is possible to attribute D-region 
ionization to solar Lyman alpha at 1216A 
and most of E-region to X rays from 10A 
to 100A. Longer wavelength X rays and 
ultraviolet between 100A and 1000A ionize 
the F region. In the Schumann region from 
1300A to 1750A the solar intensity falls far 
below that to be expected from a 6000 deg 
K black body. As a result there is no sharp 
transition region from O, to O and the dis- 
sociation of molecular oxygen progresses 
rather slowly with altitude. The O2 concen- 
tration in F) region remains high enough to 
control the recombination coefficient by 
means of charge exchange with atomic 
oxygen ions. 

A clear correlation has been observed 
between the intensity of ionizing radiations 
from the sun and the activity of the solar 
corona. Small rocket techniques are now 
available which permit firings coincident 
with solar flares and radio fadeout. A series 
of such firings will be initiated this summer 
with the purpose of identifying the flare 
radiations leading to Sudden Ionospheric 
Disturbances. 

The D and Lower E-Region—J. C. 
Seddon, Naval Research Laboratory—A 
re-examination of old rocket data records 
has revealed the fact that the peculiar but 
regular variations in the ellipticity of the 
radiation received from the V-2 rocket can 
readily be explained if the rocket is in un- 
charged regions. In September, 1949 flight, 
these regular variations ended abruptly at 
75 km, whereupon the variations were 


* Supported by the Geophysics Research Direc- 
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irregular up to 90 km. Sudden changes can 
be correlated with the beat frequencies ob- 
served in the usual manner for altitudes 
above 84 km. No differential absorption is 
observed between the ordinary and extra- 
ordinary components up to 90 km, and the 
total absorption is not particularly notice- 
able. Above 92 km, however, the differential 
absorption is very evident, and at 98 km the 
total absorption becomes high. Additional 
data were obtained from two other rocket 
flights. On one of these flights some ioniza- 
tion was detected beginning at 68 km. The 
conclusions reached are that the D region 
begins abruptly in the neighborhood of 70 
km, but that absorption at 4 mc does not 
become severe until the rocket is in the lower 
edge of the E region where the electron 
density is about 10° per cc. 

This study has resulted in a proposed 
method for measuring D-layer densities and 
absorption using rockets. The method is 
briefly discussed. 

The Electron-Density-Height Profiles in 
Region F of the Ionosphere*—E. R. Schmer- 
ling, Ionosphere Research Laboratory, Penn- 
sylvania State University—Methods for re- 
ducing standard h’-f records to electron- 
density-height profiles are briefly discussed. 
A method due to Kelsot has been used at the 
Cavendish Laboratory in England to obtain 
these profiles from a large number of records 
chosen from several observatories at sum- 
mer, equinox, and winter months for 
various phases of the sunspot cycle. This is 
more fully discussed by Schmerling and 
Thomas.{ The information thus made 
available enables the electron production 
and loss processes in the ionosphere to be 
determined as a function of height, and 
theories of the formation and behavior of 
the F, and F, layers to be examined in terms 
of the observed facts. 

Analysis of the night time behavior in 
such a way that the effects of movements 
are minimized show that the loss coefficient 
decreases approximately exponentially with 
height. Both quadratic (recombination) and 
linear (attachment) laws can fit these re- 
sults, with some bias in favor of the latter. 
It is shown how this can lead to the forma- 
tion of both F, and F; from the same ionizing 
agency, in accord with the hypothesis of 
Bradbury.§ The day time behavior is ex- 
amined in terms of such a model, and seen 
to give consistent values of loss coefficient if 
the linear decay law is taken. Detailed con- 
siderations show qualitative agreement with 
the charge transfer mechanism proposed on 
theoretical grounds by Bates and Massey. || 
The scale heights for electron production 
and loss are about 35 km, and the datum 
level for z=0 in the production term is 
about 200 km. 

Calculation of the Distribution of the 
Electron Density in the Ionosphere—J. M. 
Kelso, Ramo-Wooldridge Corp.—A method 


* This research program was supported by a grant 
from the Department of Scientific and Industrial Re- 
search in England and was conducted in the Radio 
Group of the Cavendish Laboratory, Cambridge Uni- 
versity, Cambridge, England. 

+ J. M. Kelso, J. Geophys. Res., vol. 57, p. 3; 1952. 

¢ E. R. Schmerling and J. O. Thomas, Phil. Trans. 
Roy. Soc., in press, 

%§ N. E. Headbacys J. Terr. Mag. Atmos, Elect., vol. 
43, p. 55; 1938. 

|| D. R. Bates and H. S. W. Massey, Proc. Roy. 
Soc., A., vol. 192, p. 1; 1948. 
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is given for calculating the vertical distribu- 
tion of electrons in an ionosphere in the 
presence of the earth’s magnetic field. The 
data required are obtained from experi- 
mental records of group height as a function 
of frequency. As in all past work of this 
type, only layers for which the electron 
distribution is a monotonic function of 
height can be treated directly. 

This procedure is intended for the use of 
workers who do not have an electronic calcu- 
lator at their disposal. The results are ob- 
tained by comparing the observed group 
heights with those obtained from approxi- 
mate distributions. Various examples ob- 
tained from theoretical distributions are 
used to show the abilities and limitations 
of the method. 

Antenna Smoothing in Two Dimen- 
sions—R. N. Bracewell, Stanford Univer- 
sity—The discussion of antenna smoothing 
(Bracewell and Roberts, Australian Journal 
of Physics, vol. 7, p. 615, 1954) has been 
extended to two dimensions. When the 
antenna has a fan beam, interesting phenom- 
ena arise from the fact that extra information 
is obtainable in each celestial direction by 
spinning the beam through all position 
angles. The problem of reconstructing the 
true distribution from the observations 
means overcoming not only the blurring 
effect of averaging over the immediate neigh- 
borhood, but the further effect of confusion 
with distant parts of the distribution which 
happen to lie in the fan beam. 

Analysis of data taken with fan, or 
strip, beams is likely to remain of lasting 
importance in radio astronomy since the 
largest pencil beams will be susceptible of in- 
corporation as elements in linear arrays. 

Flux Measurements of Discrete Radio 
Sources at Frequencies Below 30 Mega- 
cycles—H. W. Wells, Department of Ter- 
restrial Magnetism, Carnegie Institution of 
Washington—F ollowing the preliminary ob- 
servations of discrete radio sources at 12.5 
and 15.5 me reported at Dublin in 1955, 
efforts have been made to measure the flux 
of certain radio sources in “absolute” terms 
at frequencies below 30 mc. 

Principal sources of error in such meas- 
urements are: 1) effective antenna area, 
2) measurement of equivalent antenna 
temperature. Steps taken to minimize the 
probable errors will be described. These 
include the use of simple dipoles, the meas- 
urement of antenna efficiency, the inter- 
comparison of noise diodes with thermal 
sources, and the elimination of “saturation” 
or “non-linearity” effects in the receiver. 

Measurements of Virgo and Taurus A 
at 26.75 mc show intensities approximately 
equal at 5310-%w. m™ (c/s). At 18.5 
mc the intensity of Virgo is 150X10-* w. m~? 
(c/s) 

The instrumental improvements strongly 
indicate that values reported for Cassiopeia 
A at Dublin (1955) for 12.5 and 15.5 mc 
(220 and 240 10-* w. m~ (c/s) respec- 
tively) should be nearly doubled but must 
await experimental verification during the 
summer of 1956. It is also anticipated that 
relative amplitudes of Cygnus A and Cas- 
siopeia A at frequencies below 20 mc may be 
resolved at the same time. 
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A Model for Non-Thermal Radio Source 
Spectra—N. G. Roman and F. T. Haddock, 
Naval Research Laboratory—A model is 
presented to explain the observed radio 
spectrum of Cassiopeia A on the assumption 
that the underlying non-thermal emission 
process has an intrinsic spectrum which 
follows the law, S(v)«v~¢. With only minor 
adjustments the same model can explain 
several rather different source spectra. 

Depolarization of Solar Radio Bursts— 
M. H. Cohen, Cornell University—T. 
Hatanaka has given a theory for the de- 
polarization of radio waves in an ionized 
magnetized medium.* The depolarization isa 
result of a dispersion in ellipse orientation 
angles because of differential Faraday rota- 
tion within the receiver pass band. Polariza- 
tion measurements then give an upper 
limit to the integral of longitudinal magnetic 
field times electron density along the ray 
path. It is shown that Hatanaka’s meas- 
urements of solar bursts are not inconsistent 
with the assumption of dipole-type magnetic 
fields in the corona, with a field strength of 
one gauss at the pole. Possible measurements 
to determine dispersion are discussed. 

Radio Observation of the Lunar Occul- 
tation of Mi—B. F. Burke and K. L. 
Franklin, Department of Terrestrial Magne- 
tism, Carnegie Institution of Washington— 
The February 21, 1956 occultation of the 
crab nebula, Mi, was observed at a fre- 
quency of 22.2 mc. A simple phase-switching 
interferometer was used, composed of two 
eight-dipole arrays, at a spacing of 20 wave- 
lengths. While the interferometer pattern 
was such that brightness measurements 
could not be made continuously, it was 
hoped that information could be obtained 
about both the radio brightness distribution 
of the crab nebula and the possible existence 
of a lunar ionosphere. Severe scintillations 
prevented quantitative measurements of the 
source brightness, but the records obtained 
yield data providing a sensitive test for the 
presence of an ionosphere. Strong refractive 
effects would be noticed at a low frequency 
such as 22 mc, if appreciable ionization 
existed. The observations showed no ap- 
preciable refractive effects, the crab nebula 
returning to greater than half intensity no 
more than three minutes after reappearance 
from behind the sunlit limb, with no ob- 
servable initial enhancement. The upper 
limit of electron density thus established 
depends upon the model used, but making 
use of Link’s calculation} an upper limit of 
108 el. cm™ is indicated. This upper limit is 
100 times less than the previous limit 
of Elsmore and Whitfield} from their meas- 
urement of the occultation of 1C443. 

Radio Observations of Jupiter—K. L. 
Franklin and B. F. Burke, Department of 
Terrestrial Magnetism, Carnegie Institution 
of Washington—Progress in observing Jupi- 
ter is reported, including the active coopera- 
tion of the BAA, Lowell Observatory and 
R. S. Richardson at Mount Wilson. 


1 eos Hatanaka, “ The Faraday effect in the earth’s 
ionosphere with special reference to polarization meas- 
urements of solar radio emission,” Res. Rep. EE 257, 
School of Elec. Eng., Cornell Univ., Ithaca, N. Y.; 
August, 1955. 

+ F. Link, Bull. A str. Inst. Czech., vol. 7, p. 1; 1956. 

{ B. Elsmore and G. R. Whitfield, Nature, vol. 176, 
p. 457; 1955. 
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Since November 1, 1955, the Department 


of Terrestrial Magnetism has observed 
Jupiter at 22 mc almost daily for about seven 
hours a day. A comparison of longitudes of 


certain prominent features with the longi- _ 


tudes of the central meridian during an 
active period shows the radio events rotating 
with nearly the system II period. A correla- 


tion between the presence of the Red Spot — 
and occurrence of radio storms is mentioned — 


with. the caution that identification is un- 
certain and circumstantial. The white 
region to which C. A. Shain (Nature, 176, 
856, 1955) attributes the 1950-1951 activity 
cannot now account for much of the noise 
observed this season. It may be significant 
that Shain reported receiving radiation in 
1950-1951 during 135° of rotation of Jupiter, 
while the DTM data show a characteristic 
rotation angle of the order of 50°. 

Data at two other frequencies, 27 mc 
and 18 mc, available through the courtesy of 
H. W. Wells, indicate that the Jupiter radia- 
tion received is not part of a continuum. 
Among the three frequencies used at DTM, 
there is no correlation between the occur- 
rence of bursts, and only a general agree- 
ment between the times of prolonged 
disturbances. The location of the source of 
these events is predominantly between 280°, 
and 60°, on all frequencies used. 

Since January, 1956, the DTM inter- 
ferometer has been used to observe circular 
polarization, if present. Many records have 
been obtained indicating a rather high de- 
gree of right-hand, circular polarization, 
nearly 100 per cent in some cases. One 
event exhibits some of both the right-hand 
and left-hand senses, using the radio con- 
vention of polarization description. 

Losses in Dielectric Image Lines—D. D. 
King and S. P. Schlesinger, The Johns 
Hopkins University—The dipole mode in a 
dielectric rod permits an image system in 


which half the dielectric and its surrounding | 


field are replaced by a metal sheet. If the 
field is allowed to extend many wavelengths 
outside the rod, the resulting line has very 
low losses. The contribution of the image 
surface to line loss is calculated, and shown 
to be generally less than the dielectric loss. 
Radiation from obstacles along the line is 
also discussed: in closed single-mode wave- 
guides they are useful for matching purposes. 
Although matching elements are easily con- 
structed for the image line, radiation loss 
proves difficult to control. 

Single Slab Circular Polarization Surface 
Wave Structure*—Robert C. Hansen, 
Hughes Aircraft Company—A single ground- 
ed dielectric slab can support either TM or 
TE modes, but cannot propagate both with 
the same velocity. This paper concerns a 
modification of the single slab which enables 
either polarization to propagate with the 
same velocity. Such a structure could 
transmit a circularly polarized wave, and 
would be useful in transmission, feeder, and 
antenna applications. 

The structure consists of a grounded 
dielectric slab with parallel metal plates 
imbedded in the dielectric, normal to and in 


* The work described in this paper was done under 
Air Force Cambridge Research Center C 
ARIS GODE er Contract No. 
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contact with the ground plane. The plates do 
not reach the top of the slab. Propagation 
is along the plates, whereas corrugated 
surfaces propagate across the vanes, For 
small plate thickness, the TE field is un- 
disturbed; hence, the entire slab thickness 
controls the velocity. The TM field, how- 
ever, has an electric field component parallel 
to the plates, which is shorted out by the 
plates; thus, only the thickness of slab 
above the plates controls this mode, and the 
two modes can be independently controlled. 
Since the plates are not a perfect short 
circuit, a boundary tube analysis is given 
which finds the higher mode amplitudes, and 
the variation of effective short circuit with 
| parameters. This analysis sets up a sum of 
modes in each region, and then solves the 
resulting sets of simultaneous transcendental 
“equations by a contour integration-residue 
theory technique. The theory is illustrated 

_ by a specific example. 
_ Network Computations in Multimode 
Waveguide—Leopold B. Felsen, Microwave 
Research Institute, Polytechnic Institute of 
Brooklyn—Propagation phenomena in a 
waveguide propagating N modes and con- 
taining lumped discontinuities can be de- 
‘scribed in terms of the behavior (on N 
transmission lines coupled by lumped net- 
works) of voltage-current (impedance based), 
incident-reflected waves (scattering basis), 
or a combination thereof (mixed basis). Such 
behavior is conveniently analyzed in terms 
_ of transfer descriptions which directly relate 
wave characteristics at one point of the 
system with those at another. Alternative 
transfer descriptions in the above-mentioned 
bases are considered from a unified view- 
point, their individual mutual relationship 
is described, and conditions imposed by such 
network properties as reciprocity, conserva- 
tion of energy, symmetry, etc., are formu- 
lated. A table of alternative transfer repre- 
sentations for various specific microwave 
structures is presented. As an example, the 
problem of multimode propagation through 
two transverse discontinuities is considered 
in detail and evaluated explicitly for the case 
of small and large discontinuity structures. 
The former case is of interest to the com- 
pensating problem, while the latter consti- 

tutes a cavity problem. 
Evaluation of Discontinuities in Multi- 
mode Circular Waveguide—L. B. Felsen 
_and W. K. Kahn, Microwave Research In- 
' stitute, Polytechnic Institute of Brooklyn— 
A general formulation for the determination 
of the network parameters of arbitrary aper- 
ture and obstacle discontinuities in multi- 
mode waveguide has been applied to the 
“approximate evaluation, in a straightfor- 
ward manner, of the scattering coefficients 
of small obstacles and apertures in oversized 
circular waveguide. Emphasis has been 
placed on transmission in the TEo mode in 
a waveguide assumed to propagate all 
“modes up to, but excluding, TE. Two 
types of discontinuities have been investi- 
gated in detail: (a) angularly symmetric or 
pseudo-symmetric transverse apertures and 
obstacles, and (b) nonangularly symmetric 
structures. Category (a) contains discon- 
tinuities which do not couple the TEs mode 
to any other propagating mode, and com- 


prises centered circular apertures and disks 
and symmetrical arrangements of sym- 
metrical apertures or obstacles in the wave- 
guide cross section. Category (b) includes 
noncentered or asymmetrically located aper- 
tures or obstacles whose coupling into other 
modes has been computed. 

Accurate and comprehensive measure- 
ments have been made via a cavity tech- 
nique on the discontinuity structures in 
category (a) and are compared with pre- 
dicted theoretical values. An extension of 
the cavity measurement technique to deter- 
mine TEy-TMn mode coupling is described. 

Control of Spurious Modes in Multimode 
Waveguides by Use of Foam Dielectric 
Inserts—Samuel P. Morgan, Bell Tele- 
phone Laboratories, Inc-—When multimode 
waveguides are used in communications 
systems, unwanted propagating modes may 
be generated where the guide changes in 
size, shape, or direction. If the amplitude and 
phase of the spurious mode(s) can be deter- 
mined, it is sometimes possible to insert into 
the guide properly shaped pieces of low- 
dielectric-constant material which interact 
with the desired transmission mode in such 
a way as to cancel the undesired mode(s). 
Two examples are described: 1) The can- 
cellation of higher circular electric modes 
produced by a tapered section joining two 
round guides of different diameters which 
carry the TE, mode; 2) the use of a di- 
electric compensator in a curved section of 
round guide to permit the broadband trans- 
mission of the TE, mode through the bend 
without undesirable mode conversions. 

Helix Waveguide—S. P. Morgan, J. A. 
Young, Bell Telephone Laboratories, Inc.— 
Helix waveguide, composed of tightly wound 
turns of insulated copper wire covered with 
a lossy jacket, shows great promise for use 
as a communication medium. The properties 
of this type of waveguide have been investi- 
gated using the sheath helix model. Modes 
whose wall currents follow the highly con- 
ducting helix have very low attenuation 
constants which are essentially the same as 
for copper pipe. The other modes have very 
large attenuation constants which are de- 
termined by the electrical properties of the 
jacket. The circular electric mode important 
for long distance communication has low 
loss for zero pitch helices. Numerical results 
for the propagation constants of some of the 
normal modes in zero pitch helix waveguide 
as a function of the jacket parameters have 
been obtained using high speed digital com- 
puting machines. 

Measurement of Service Fields for VHF 
Broadcasting—Robert S. Kirby, National 
Bureau of Standards—Current practice in 
determining service fields of vhf broadcast 
transmitters involves making mobile field 
strength recording surveys along generally 
radial routes from the transmitter. This 
practice leads to somewhat dubious results 
inasmuch as the measurements are made 
along roadbeds using low antennas, and 
only a small amount of the data obtained is 
used in making an estimate of a specific field- 
strength iso-probability contour. 

A new method of measurement is pro- 
posed and analyzed. This method involves 
making field strength observations at dis- 
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crete locations along arcs or complete circles 
centered on the transmitter. Maximum use 
is made of the observations as estimators of 
the population parameters. By sampling at 
discrete points it becomes feasible to ob- 
serve the fields at points more representative 
of potential receiver locations with the 
proper receiving antenna height. The sam- 
pling method has a further advantage of 
separating out time variations from spatial 
variations. An example of the determination 
of an actual television service contour is 
given. 

A Survey of Microwave Near Field 
Measuring Techniques—J. H. Richmond 
and T. E. Tice, Ohio State University— 
Various techniques for measuring the near 
fields of a microwave antenna system and 
the near-field distortion produced by a 
radome are discussed. These include the 
use of a small horn, a small open-ended 
waveguide loaded with dielectric, a dipole, 
a short, thin, linear conducting scatterer, 
a linear scatterer whose scattered energy is 
modulated at an audio rate to help separate 
it from the unmodulated incident energy, 
automatic phase plotters, and a plotter for 
recording time-quadrature components 
which provide information equivalent to 
phase and amplitude measurements. The 
relative advantages and disadvantages of 
these techniques are discussed. These tech- 
niques are considered with special emphasis 
on the problem of measuring the distortion 
due to dielectric obstructions in the near 
field of an antenna. Test results with various 
techniques are described and compared. 

A 25,000 Megacycle Receiver Employing 
a Rotary Frequency Shifter—R. L. Cosgriff, 
R. G. Kouyoumjian, T. E. Tice, D. F. 
Yaw, Ohio State University—The construc- 
tion and analysis of a simple yet sensitive 
25,000-mc measuring system are described. 
It employs a superheterodyne receiver with 
an intermediate frequency of 210 cycles and 
a bandwidth of 4 cycles. A single source of 
radio-frequency power is used and a con- 
tinuously rotating waveguide phase shifter 
is used as a frequency shifter. A small por- 
tion of the power from the source is used as 
a reference signal or “local oscillator” and 
the remaining signal is shifted in frequency 
and used as the test signal. This provides 
the equivalent of a local oscillator with a 
stability of one-fourth of a cycle in 25X10? 
cycles. 

The sensitivity gained through the use of 
the narrow IF bandwidth is offset by higher 
crystal mixer noise at the low intermediate 
frequency. Thus the sensitivity of the re- 
ceiver is comparable to that of a good super- 
heterodyne receiver of more conventional 
design. It is believed that the rotary type is 
less complex and less subject to maintenance 
difficulties where great frequency stability 
is essential. It has a linear dynamic range 
greater than 80 db. It is particularly useful 
for cw radar reflection studies and for near- 
field measurements. The advantages and 
limitations of the system are discussed. 

Sensitivity of Microwave Detectors— 
R. L. Cosgriff, Ohio State University—Re- 
cently two new types of detectors have come 
into use in the microwave field. In both cases 
either a crystal or bolometer is excited by 
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two signals originating from a common 
source. One is a fixed amplitude signal and 
the other is the signal to be measured. In the 
case of the coherent detector the signal to be 
measured is modulated and the detector 
output is proportional to the inphase or 
quadrature component of this input signal. 
The second type detector is essentially a 
low-if-frequency superheterodyne in that 
the frequency of one of the two input signals 
to the detector is shifted by a fixed amount 
by a phase shifter. 

If crystals are employed optimum sensi- 
tivity in the case of the low-if-frequency de- 
tectors results when the fixed signal power 
P, causes the noise power in the receiver 
output to be 4.7 db larger than the noise 
when the crystal is unexcited. In the opti- 
mum case the sensitivity is given by 

2 
Pom = 1.21 a8 


(1) 


where P,, is the sensitivity of the crystal 
and receiver using the crystal as a square 
low device and P,;,, is the input signal power 
which causes the desired receiver output 
power to be equal to the noise power. 

An equation similar to (1) results for the 
sensitivity of these detectors using bolom- 
eters. In the case of the bolometer the 
optimum power due to the fixed amplitude 
signal is equal the power absorbed by the 
crystal due to the dc current. Using em- 
pirical relationships for the change of re- 
sistance with applied power, the sensitivity 
of the bolometer detector is given by 


IP 


Pym = 0.81 (2) 


iT 

where P?,, and P, have the same meaning as 
in (1) and 2P, is equal to the power due to 
the de current when P2,, is measured. Using 
(2) one finds that the bolometer should re- 
sult in detectors of the type herein con- 
sidered which are considerably more sensi- 
tive than that realized using crystal detec- 
tors. So far laboratory experiments have not 
verified this conclusion in that measured 
sensitivities using crystal and bolometer 
units are nearly the same. 

Line-of-Sight Wave Propagation in a 
Randomly Inhomogeneous Medium—Bob 
M. Fannin, Unwersity of Texas—Theo- 
retical calculations have been made, using 
the single-scattering approximation, for 
propagation in a randomly inhomogeneous 
medium in which the deviations of refractive 
index from the mean are small. The scatter- 
ing cross-section concept generally em- 
ployed evolves from the single-scattering 
approximation when the additional assump- 
tion is made that the “atmospheric blobs” 
are sufficiently small compared with the 
range and wavelength that rays to the trans- 
mitter or receiver from the various points in 
a volume several times as large as the aver- 
age blob size can be taken at parallel. This 
last restriction is not imposed in this devel- 
opment so that the results are equally valid 
for large as well as small blobs. 

The statistical quantities considered are 
the variance, correlation function, and 
power spectrum for the phase and relative 
amplitude of the field at a point and their 
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difference at two points. The emphasis in 
this paper is in indicating the transition 
from the ray treatment results to the scatter- 
ing cross-section results. 

The correlation function for the refrac- 


tive index is taken to be 


C(r, r) = An? exp { —[U%?+1r—or]?2/1?} 


in which ¢ is vector distance, v is the mean 
wind velocity, and is the time difference. 
This time as well as space dependent form 
for the correlation function is employed so 
that the power spectra can be computed 
from the original formulation. 

Turbulent Mixing Theory Applied to 
Radio Scattering—Richard A. Silverman, 
New York University—Obukhoff’s statis- 
tical theory of turbulent mixing is proposed 
as a replacement for the heuristic theories 
of Gallet and Villars-Weisskopf, and is ap- 
plied to the problem of the scattering of 
radio waves by refractive index fluctuations. 
In the case of ionospheric scattering, order- 
of-magnitude agreement with the observed 
scattered power is obtained if the refractive 
index fluctuations are attributed to electron 
density fluctuations produced by turbulent 
mixing in the lower edge of the £ layer. In 
the case of tropospheric scattering, it appears 
that order-of-magnitude agreement with the 
observed scattered power can be obtained, 
except during the summer months, by at- 
tributing the refractive index fluctuations 
to temperature fluctuations. During the 
summer months and at low scattering 
heights, humidity and its fluctuations are 
expected to play a prominent role. Experi- 
mental and theoretical evidence is cited in 
favor of perennial fractional-degree tem- 
perature fluctuations in the troposphere. 

The Layered Atmosphere and Scatter 
Propagation—W. S. Ament and D. L. Ring- 
walt, Naval Research Laboratory—Indirect 
evidence that tropospheric scatter very often 
arises from distinct elevated horizontal lay- 
ers in the atmosphere is found in 1) the 
radio hole phenomenon, 2) occasional dis- 
appearances of radar echoes as the target 
airplane climbs through the layer, 3) non- 
monotonic (wallowing) dependence of scat- 
ter field on range (Megaw, Rogers, ef ai.), 
and 4) refractometer, radiosonde, and other 
meteorological observations. Dynamical sta- 
bility of the layer or layers leads apparently 
to the relatively stable fields reported by 
Smyth, Bauer, and others. The Booker- 
Gordon and related theories based on the 
Born approximation are not well adapted to 
explain such large meteorological effects on 
radio fields as 1) and 2); alternative theo- 
retical attacks are suggested in outline. A 
combined radio field and meteorological 
measuring program, guided by the foregoing 
layer concept, is described, and early results 
presented. 

Radio Studies of Atmospheric Turbu- 
lence*—J. W. Herbstreit, K. A. Norton, 
Philip L. Rice, R. B. Muchmore,t M. C. 
Thompson, and Roger Gallet, National 
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Bureau of Standards—A summary is pre-— 
sented in this paper of progress made re-_ 
cently at the National Bureau of Standards, 
Boulder Laboratories, in understanding the 
nature of atmospheric turbulence in the 
troposphere. These studies are motivated by - 
attempts to solve two important engineering ~ 
problems: 1) the design of radio delay cir- 
cuits depending upon the forward scatter of 
radio waves to points far beyond the radio 
horizon; 2) the determination of the limit- 
ing accuracy of a microwave radio direc-— 
tion finding system. Physical reasons are 
given for preferring a particular mathe- 
matical form: pK,(p)* for the correlation 
function describing the atmospheric turbu- 
lence, and experimental radio data are given 
for propagation paths both well beyond and 
well within the radio horizon which estab- 
lish the correctness of the physical reasoning. 
A third independent source of evidence sub- 
stantiating the theory is the direct measure- 
ment of the fluctuations of the refractive 
index of the atmosphere by means of a 
Birnbaum refractometer. 

A New Technique for the Study of 
Scatter Propagation in the Troposphere— 
W. J. Heikkila, J. H. Chapman, and J. E. 
Hogarth, Radio Physics Laboratory, De- 
fence Research Board, Canada—A _ radio 
spectrometer is described which measures 
the broadening of a radio line due to propa- 
gation in the lower atmosphere. The side- 
bands due to this broadening can overlap the 
information bands in a communications 
system, and have-the characteristics of noise. 
These sidebands have been named “propa- 
gation noise.” It is shown that propagation 
noise power density varies with f, the fre- 
quency difference from the carrier, as 
k?/f? for values of f in the range 0.05 cps to 
20 cps at a carrier frequency of 500 mc. 
Here k is independent of f. The technique 
described permits observation of scattering 
of radio waves over short paths along which . 
meteorological conditions are likely to be 
uniform, and readily measured. 

Troposphere Scattering of Microwaves— 
C. A. Potter, U. S. Navy Electronics Lab- 
oratory—Characteristics of X-band and L- 
band scattered signals were measured in the 
Arizona desert in 1955. Beam-swinging and 
antenna aperture comparison were per- 
formed at ranges of 46, 103, and 184 miles. 
Measurements of refractive index fluctua- 
tion at a point along the path were taken 
using temperature sensing elements carried 
in a tethered balloon. Power spectra of the 
scattered signals and of refractive index 
were obtained by punched-card techniques. 
An approach has been made toward formu- 
lation of a model of the tropospheric scatter- 
ing mechanism as a multiple-scattering proc- 
ess. 

Measurements of Signal Levels at UHF 
and SHF Propagated by the Troposphere 
over Paths 100 to 618 Miles in Lengtht— 
James H. Chisholm and James F. Roche, 
Lincoln Laboratory, Massachusetts Institute 


* Ki(p) is the modified Bessel function of the sec- 
ond kind. 

t The research reported in this document was sup- 
ported jointly by the Army, Navy, and Air Force un- 
aes contract with the Massachusetts Institute of Tech- 
nology. 
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of Technology—Experimental measurements 
at uhf over paths 94, 188, 350, and 618 
miles in length have been made utilizing 
highly directive paraboloidal antenna sys- 
tems. Simultaneous measurements at shf 
were made over the same paths out to 350 
miles utilizing the same antennas. 
_ Rates of attenuation vs distance ob- 
tained from these experiments have been 
analyzed to determine the effect of seasonal 
variations and frequency. 

Measurements of the angular scattering 


for the uhf path, 618 miles in length, were 


determined by rotating the 60-foot diameter 
paraboloidal transmitting antenna and re- 


cording the resulting signal received on two 


antennas, one having a 28-foot diameter and 
the other having a 60-foot diameter. 
Measurements of the effective gain of 


' various combinations of transmitting and 


receiving antenna apertures over these paths 
are described. 

The results obtained at uhf over the 618 
mile path are compared with values calcu- 
lated from current theoretical models of 


j 


_ tropospheric scattering. 


a 


A New Whistler Dispersion Theory*— 
R. A. Helliwell, T. F. Bell, and R. L. Smith, 
Radio Propagation Laboratory, Stanford 
University—Expressions are derived for the 
group velocity and attenuation rate in the 
longitudinal extraordinary mode of propa- 
gation for frequencies below the gyro-fre- 
quency. Detailed. graphs of refractive index 


_ and the above quantities are shown. 


The theory predicts a maximum in the 
group velocity at a frequency less than or 
equal to one-fourth of the gyro-frequency. 


_ This behavior is not exhibited by the Eckers- 


ley approximation, a special case of the 
theory. The region of validity of the graphs 


is discussed. Examples are given of their ap- 


plication to the study of whistlers and re- 


lated low frequency phenomena. 
The Application of Nose Whistlers to the 


Study of the Outer Ionospherej—R. L. 


Smith, Radio Propagation Laboratory, Stan- 
ford University—Assuming that nose whis- 
tlerst follow lines of the earth’s magnetic 
field and that the group velocity is described 


by the appropriate dispersion law, we can 
‘express the time delay as a function of fre- 


quency and ionization along the path. The 
results of calculations using different models 
of variation of ionization with height are 
compared with the data from nose whistler 
spectrograms. 

For a constant density model, the best 


- fit to the experimental data yields an elec- 


tron density of 800/cc. However, this model 
is found to be inconsistent with certain 
features of the experimental data. It is 
therefore necessary to consider more com- 
plicated models. The results of this study are 
compared with those obtained by other 
methods. 


* The research in this paper was sponsored by the 
Electronics Research Directorate of the Air Force 
Cambridge Research Center. 

} The research in this paper was sponsored by the 
Electronics Research Directorate of the Air Force 
Cambridge Research Center. 

tR. A. Helliwell, J. H. Crary, J. H. Pope, and 
R. L. Smith, “The nose whistler—a new high latitude 
phenomenon,” J. Geophys. Res., vol. 61; March, 1956. 
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Radio Echoes from Auroral Ionization 
Detected at Relatively Low Geomagnetic 
Latitudes*—R. L. Leadabrand, A. M. 
Peterson, Stanford University—Radio echoes 
due to reflection from auroral ionization are 
consistently seen at the relatively low geo- 
magnetic latitude of Stanford University. 
These echoes were observed using low power 
radars at frequencies between 6 and 30 mc. 
The echoes occur at ranges between 1400 
and 4700 km to the north of Stanford. The 
heights of reflection are between 300 and 
1200 km above the surface of the earth. The 
echoes occurring at great heights may pos- 
sibly be the result of reflection from the pri- 
mary auroral particles well outside the 
earth’s ionosphere. The paths which the 
auroral signals travel over the relatively 
enormous distance from Stanford to the 
auroral zone are in most cases greatly in- 
fluenced by the normal ionospheric layers. 
The echoes are correlated with periods of 
high geomagnetic activity but are found to 
occur most frequently during daylight 
hours. Typical duration times, on the days 
when the echoes are found to occur, lie 
between 1 minute and 3 hours. The diurnal, 
seasonal, and annual variations in the oc- 
currence frequencies are available from 3 
years of experimental observations. 

Experiments on Whistlers and Asso- 
ciated Atmospherics{—J. H. Crary and 
R. A. Helliwell, Stanford University—Some 
recent results of experiments on whistlers 
and associated atmospherics are described. 
Stanford whistlers are correlated with im- 
pulsive atmospherics recorded on the U.S.S. 
Atka while she was near Stanford’s geo- 
magnetic conjugate point. Six apparent cor- 
relations were obtained on December 27, 
1954, of which only one was expected on 
the basis of chance alone. Applying the 
Eckersley dispersion law the time of origin 
of each whistler was calculated. The differ- 
ences between these times and the actual 
times of occurrence of the corresponding 
tweeks on the Atka average 0.07 second 
with a standard deviation of 0.24 second. 
Since the average delay of the whistlers was 
about one second, it is concluded that these 
whistlers were in fact produced by lightning 
discharges in the southern hemisphere, 
thus giving support to Storey’s theory of the 
whistler path. 

The observation of “short” whistlers 
with frequency components extending up 
to at least 25 kilocycles is reported. The 
results show the practicability of conducting 
experiments on the whistler mode of propa- 
gation using signals from vlf stations or 
other man-made generators. 

A comparison is made of the relative 
amplitudes of whistlers received on two 
crossed loops in vertical planes and on a 
vertical monopole antenna. Although most 


* This research was supported jointly by the U. S. 
Army, the Navy, and the Air Force under Contract 
Nonr 251(07) and DA-04-200-ORD-181 with Stanford 
University. ’ 

+ This work was supported in part by the Electron- 
ics Research Directorate of the Air Force Cambridge 
Research Center and in part by the National Science 
Foundation. The observations on the U.S.S. Atka 
were made by Amory H. Waite, the official Signal 
Corps observer, with the cooperation of the CRPL 
of the National Bureau of Standards, the Signal Corps, 
and the Navy. 
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whistlers were heard with roughly equal 
amplitude in the three antennas, there were 
significant differences in some cases. 

On the Dependence of Whistler Disper- 
sion upon the Geomagnetic Latitude of the 
Generating Spheric—M. G. Morgan, H.W. 
Curtis, Dartmouth College; H. E. Dinger, 
Naval Research Laboratory; A. W. Sullivan, 
University of Florida—Spherics fixes ob- 
tained along the east coast of North America 
by the Air Weather Service of the U. S. 
Air Force are identified with individual 
whistlers observed at one or more locations. 
The dispersion of these whistlers is deter- 
mined from spectrograms and compared 
with the geomagnetic latitude of the spher- 
ics. 

Other Contributions—M. M. Newman, 
Lightning and Transient Research Institute, 
and others—(No abstract). 

Atomic and Molecular Resonance De- 
vices—H. Plotkin, Signal Corps Engineering 
Laboratory—The use of molecules and reso- 
nances in the microwave region as frequency 
references and as highly selective amplifiers 
will be discussed. The various systems that 
have been devised for these purposes may be 
classified according to several criteria: 
those in which the referenced molecule 
enters the measuring field in the form of a 
beam vs those in which the molecules are 
part of the gas; systems in which the mole- 
cules themselves radiate the useful precise- 
frequency signal vs those in which the ex- 
ternal source is controlled by the narrow 
molecular response; and finally, systems in 
which the response is detected by counting 
selected particles vs those in which absorp- 
tion of emission of radiation from the mole- 
cule is detected. The relative merits of these 
methods will be discussed from viewpoints of 
precision signal to noise and practicability. 

Atomic and Molecular Frequency Stand- 
ards for Distance Measuring—Peter An- 
tonucci, Rome Air Development Center— 
This paper will present the aspects that 


‘must be considered when an atomic or 


molecular frequency standard is being used 
for making distance measurements. It will 
also compare the advantages gained by using 
the atomic and molecular frequency stand- 
ards of those with high-precision crystal. 

The paper will cover measurements over 
long and short periods of time and will bring 
out the factors which contribute to the errors 
of both these types of measurements. It will 
also present one application of this different 
measuring system to the Navarho Naviga- 
tion System. 

Maser—James P. Gordon, Bell Tele- 
phone Laboratories, Inc.—An apparatus 
called the Maser has been developed which 
allows amplification of microwave power 
through induced quantum transitions in a 
beam of unstable ammonia molecules. 
Theoretically and practically the device 
allows extremely low noise but also ex- 
tremely narrow band amplification of micro- 
wave signals at the transition frequencies of 
the molecules. With sufficient regeneration 
inside a resonant cavity, stable oscillation 
can be produced, again at the frequencies 
of the molecular resonances. Long time 
stability approaching one part in 10!° should 
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be obtainable from a maser oscillator util- 
izing ammonia as the source of microwave 
energy. Stable amplification of perhaps 10 
db in a bandwidth of several kilocycles has 
been obtained from presently constructed 
apparatus. Some experimental details will 
be discussed; also effects of electric and 
magnetic fields on the oscillation frequen- 
cies. 

A Frequency Reduction Technique for 
Maser Oscillators—Walter H. Higa, Jet 
Propulsion Laboratory, California Institute 
of Technology—Practical applications of the 
maser will require a frequency divider to 
reduce the signal frequency from the K 
band to a region where amplification is 
readily achieved. The method proposed 
here utilizes a dual cavity maser which 
simultaneously generates frequencies of ap- 
proximately 24 kme (3, 3 line of NH3) and 
25 kmc (6, 6 line of NH3); subsequent hetero- 
dyning of these two signals will produce a 
difference frequency of approximately 1 kme. 
Stability requirements on the local oscil- 
lator used for beating the two output fre- 
quencies will be discussed. Advantages and 
disadvantages of the method will be dis- 


cussed, and comparison with standard tech- 
niques will be made. 

Gas Cell Type Frequency Standards and 
Special Techniques for Linewidth-Reduc- 
tion and Signal:Noise Increase—T. R. 
Carver, Princeton, N. J.—It is desirable in 
utilizing atomic resonances as frequency 
standards of absolute accuracy to obtain 
very narrow lines and therefore avoid pull- 
ing effects of observation equipment. One 
approach to this problem will be described 
which utilizes the microwave hyperfine 
transition of alkali metal vapors, in par- 
ticular, Rb’? at 6834.685 mc/sec. Doppler 
width is reduced by collision with nonmag- 
netic buffer gas atoms. To further reduce 
line width caused by exchange collisions 
of metal atoms, the technique of optical 
pumping will be described. The possibility 
of the use of the resulting device as a molec- 
ular oscillator will be discussed. 

The Atomichron, an Atomic Frequency 
Standard—R. T. Daly, National Company, 
Znc.—Progress has been made toward re- 
ducing the atomic beam frequency standard 
to a practical, transportable instrument. 
Both breadboard and engineering models 
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have achieved a frequency stability of c 
parts in 10° parts for indefinite periods; 
reproducibility of one part in 10° parts. The 
device consists of a servo controlled quartz 
crystal oscillator at 5 mc, frequency multi-_ 
plier and synthesizer delivering a signal to 
the atomic beam tube to excite the atomic 
resonance, and a single integrator servo 
mechanism to control the quartz crystal 
oscillator. With an atomic resonance “Q” 
of 50 million and a servo velocity constant of 
15 it has been possible to-achieve the stated 
results. ‘ 

Four principal sources of error are found 
to be: 


1) Ambient magnetic field. 

2) Phase shifts in the exciting cavity 
fields through which the atomic beam 
passes. 

3) Even harmonic distortion in the 
“dithering” of the radio frequency 
signal applied to excite the atomic 
beam and sense the servo correction 
required. 

4) Noise accompanying the error siga 
produced in the atomic beam tuba 
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Measured Rain Attenuation of 4.3 
Millimeter Wavelength Radio Signals— 
C. W. Tolbert and J. R. Gerhardt, Electrical 
Engineering Research Laboratory, The Uni- 
versity of Texas—A series of one-way signal 
attenuation measurements through rain 
were made at 4.3 millimeters wavelength 
over a 1000-foot path at various intervals 
during the period from November, 1955 
throu gh April, 1956. Coordinated rainfall 
rates and drop size distributions were meas- 
ured for correlation with the path trans- 
mission characteristics. The radio data 
were recorded continuously for periods of 
several minutes using either a 4.3 magne- 
tron transmitter with crystal video receiver 
or a 4.3 mm reflex klystron and a super- 
heterodyne receiver. The rain data were 
taken at discrete intervals using both 
tipping bucket and specially designed 
continuous wire rain gauges and dye-coated 
filter paper devices. In general it was shown 
that predictions of signal attenuations based 
on measured drop size distributions gave 
results which were consistent with the 
radio data but that attenuations based on 
rainfall rates alone, assuming the Laws and 
Parsons relation between rainfall rates and 
drop size distributions, could give rise to 
significant errors for the more intense 
rainfalls, 


Comparison of Predictions of Vector 
Model of Microwave Reflection from the 
Ocean with Experimental Results—C. I. 
Beard, Applied Physics Laboratory, The 
Johns Hopkins University, and F. E. 
Brooks, Jr., Electrical Engineering Re- 
search Laboratory, The University of Texas— 
The vector model of microwave reflection 
from the ocean* has been extended to 
predict total signal fluctuations at minima 
in the interference pattern, as well as 
maxima, and to predict the shapes of the 
probability distributions as a function of 
hW/. For these predictions one requires 
h, VW, and ® for the roughness parameter, 
hW/x, and the polarization of the radiation. 
A knowledge of the antenna pattern is of 
course required. The treatment applies 
to line-of-sight propagation. 

A comparison of the theory to experi- 
mental results obtained by the Electrical 
Engineering Research Laboratory of The 
University of Texas in 1955 at the Gulf of 
Mexico is given. 

Characteristics of Sea Clutter at HF|— 
R. P. Ingalls and M. L. Stone, Lincoln 


* C. I. Beard, I. Katz, and L. M. Spetner, “Phe- 
nomenological vector model of microwave reflection 
from the ocean,” IRE Trans., vol. AP-4, pp. 162-167; 
April, 1956. 

_, | The research in this document was supported 
jointly by the Army, Navy, and Air Force under con- 
tract with the Mass, Inst. of Tech., Cambridge, Mass. 


Laboratory, Massachusetts Institute of Tech- 
nology—The characteristics of sea returns 
at hf have been the subject of a series of 
measurements. The initial experiments at 
18 and 24 megacycles per second indicated 
that the Doppler spectrum of the sea return 
contained a very narrow peak close to the 
carrier frequency. A similar result has been 
obtained at a lower frequency by Crombie 
who also proposed a theoretical model of 
the clutter generating mechanism.* 

This model postulated that most of the 
clutter return was from sea waves whose 
wavelength was equal to a half wavelength 
or multiple of the radio frequency. From 
hydrodynamic considerations, the velocity 
of the sea waves is proportional to the 
square root of the wavelength. The Doppler 
shift associated with a given carrier fre- 
quency is therefore proportional to the 
square root of the carrier frequency. The 
Doppler shift of the narrow peaks in the 
spectrum of the sea return can be derived 
from these considerations. 

A series of Doppler power spectrum and 
backscattering cross-section measurements 
have been made at 18 and 24 megacycles 
using coherent pulsed radar techniques and 
a narrow band spectrum analyzer. The 


at D. D. Crombie, Nature, vol. 175, p. 681; April 16, 
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results supported Crombie’s theoretical 
model of the sea clutter at these frequencies. 

The following results have been ob- 

tained: 

1) The back scattering cross section is 
on the order of 10-4 square meters 
for a square meter of sea surface. 

2) The Doppler spectrum is composed 
of a peak at the carrier frequency 
and two narrow sidebands shifted by 
the amount predicted. 

3) The bandwidth of the Doppler 
shifted sidebands is on the order of 
10 eps. 

4) The exact distribution of the clutter 
power within these spectrum peaks 
is a function of sea state. 

Topics in the Design of Antennas for 

Scatter*—John Granlund, Lincoln Labora- 


tory, Massachusetts Institute of Technology— 
Unlike the signal received over a line-of- 


sight path, scatter signals arrive at the 


receiving site from a continuum of directions 
with intensities that may be described by a 


| directional pattern similar to an antenna 


pattern. This paper shows how the mean 


_ signal power available at the terminals of a 


receiving antenna may be expressed in 


terms of the antenna pattern and of a 


pattern of incoming power density. Methods 
of measuring the power density pattern at 
the receiving site are discussed. Designs 
maximizing the available power are ob- 
tained for two rather general types of an- 
tenna when they are illuminated by arbi- 
trary power density patterns. Numerical 
results, obtained for an assumed Gaussian- 
shaped power density pattern, suggest that 
only a very small increase in available 
power may be obtained by readjusting the 
pattern of an antenna which was initially 
adjusted to have maximum plane wave 
gain in the direction of maximum power 
dens ty. 

A Jarre array of small antennas may be 
subject ‘o “gain loss,” but if the connections 
between array elements are allowed to vary 
in time at the fading rate, the array will not 


exhibit “gain loss.” Appropriate electronic 


Circuitry for the interconnections is dis- 


cussed. 


_ HF Field Strength Measurements over 
Sea Water and Sea Icej—Stephen J. 
Fricker and William T. Quinn, Jr., Lincoln 
Laboratory, Massachusetts Institute of Tech- 


nology—Measurements of field strength of 


“vertically polarized 18 mc waves have been 


made 1) over sea water off the Massa- 

chusetts coast, and 2) over sea water and 

ice in the vicinity of Thule, Greenland. 
The measurements in 1) were made to 


‘ranges of 100-300 miles, at altitudes of 


600-2000 feet. The method used was to 
transmit from a ground station and receive 
on a calibrated receiver mounted in a U.S. 
Navy blimp. In general, the results agreed 
with the theoretical curves computed on a 
4/3 earth basis for 2 =80, e=5 mhos/meter. 
Between 50 to 150 miles the field often 
appeared to be a few db below the predicted 
value, while beyond 200 miles a scatter type 


* The research in this document was supported 
jointly by the Army, Navy, and Air Force under con- 
tract with the Mass. Inst. of Tech., Cambridge, Mass. 

+ The research in this document was supported 
jointly by the Army, Navy and Air Force under con- 
tract with the Mass. Inst. of Tech., Cambridge, Mass. 
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field was evident, giving values in excess 
of the computed levels. 

When sea ice is formed, the attenuation 
rate may be expected to increase if the sea 
is shielded appreciably. A decrease in the 
conductivity of the sea water also would 
give greater attenuation. Measurements 
were made with a beacon-equipped Navy 
P2V-5F airplane, with the group equipment 
at the U. S. Coast Guard Cape Atholl 
Station. Curves were obtained out to 150 
miles, mainly at 5000 feet altitude, under 
conditions ranging from zero to maximum 
ice thickness (4 to 5 feet). The curves 
showed little ice effect, but did have at- 
tenuation rates greater than those predicted 
for a conductivity of 5 mhos/meter. Theo- 
retical curves for smaller conductivity 
values were compared with the measured 
curves, and appear to indicate a lower 
conductivity value for the sea in these 
regions. 

The Effect of Atmospheric Noise on 
Time-Division Multiplex Teletype*—A. W. 
Sullivan, Engineering and Industrial Ex- 
periment Station, University of Florida, and 
R. F. Brown, Convair, Fort Worth, Texas— 
An experimental study was made of the 
correlation between the cumulative proba- 
bility distribution of atmospheric noise and 
the error-signal distribution occurring in a 
four-channel time-division multiplex tele- 
type system using frequency-shift modula- 
tion. Noise measurements were made at 
six different predetection bandwidths simul- 
taneously from which six probability 
distributions were obtained. To a first order 
approximation these distributions follow 
the logarithmic-normal probability law and 
it was found that the error-signal distribu- 
tion followed the same general law. 

The teletype equipment consisted of the 
AN/FGC-5 Transmitting and Receiving 
Terminal Groups together with the CV/ 
TRA-31 series Converter. Every effort was 
made to duplicate normal operating condi- 
tions encountered in the usual radio- 
teletype link. 

Empirical curves are presented which 
show a high degree of correlation between 
the measures of atmospheric noise and the 
performance of the system. 

Worldwide Lightning Fields and Mag- 
netic Pulsations in the 1 to 150 C/S Band— 
Philip A. Goldberg, University of Oregon— 
Investigations of geoelectromagnetic ac- 
tivity in the 1 to 150 cps band establish the 
presence of two different phenomena. 
Between 30 and 150 cps a continuously 
fluctuating electromagnetic field with burst- 
like structure is identified as due to lightning. 
Waveform details and features of a distinc- 


tive diurnal variation show that 1) such. 


fields propagate with only slight attenua- 
tion, and 2) the entire worldwide distribution 
of lightning activity contributes strongly to 
the rms field at a given location. The 
attenuation rate isabout 1.4 db/1000 km for 
daytime paths of 5000 and 15,000 km at 
100 cps. An ionosphere conductivity of 
4>10-§ mho-met is indicated. Corre- 
sponding penetration depths of 25 km 
suggest that principally upper D and 


* The research reported in this paper_was spon- 
sored by the AF Cambridge Res. Ctr., Cambridge, 
Mass., under Contract No. AF 19(604)-876. 
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lowest E ionosphere regions support propa- 
gation at 100 cps. Between 1 and 5 cps a 
different class of phenomena is evident from 
an abrupt increase in spectral intensities to 
values 50 times greater than in the rest of 
the band. The indication is that “rapid” 
0.01 to 0.1 cps magnetograph pulsations 
attributed to ionospheric currents have de- 
tectable detail up to 5 cps. At a transition 
frequency between 5 and 30 cps the two 
phenomena have comparable magnitudes. 

Results from the Tornado Season of 
1956—Herbert L. Jones, Oklahoma A. & M. 
College—For the first time in the history of 
sferic research, it is believed, there has been 
obtained simultaneous recordings of visual 
lightning strokes and the associated sferics. 
The high-frequency direction finder record- 
ings show a series of narrow elliptical 
patterns that occurred at the exact times of 
the several surges recorded for a stroke re- 
corded by the picture camera. The signifi- 
cance of these results will be discussed. 

Several tornadic-type storms were 
tracked past the immediate vicinity of the 
Tornado Laboratory. Some _ interesting 
relationships were noticed in the simul- 
taneous results from the low and high 
frequency finders. 

Performance of Radio Systems in the 
Presence of Atmospheric Noise—A. D. 
Watt and E. L. Maxwell, National Bureau 
of Standards, Boulder, Colo——The perform- 
ance of several types of radio systems in the 
presence of various types of atmospheric 
noise and thermal noise will be compared 
with the measured statistical distribution 
of the noise envelope. The effects of the 
character of the noise as well as the receiver 
characteristics upon the resulting errors 
will be discussed and illustrated by typical 
examples. 

Estimates of External Radio Noise 
Levels—R. T. Disney, National Bureau of 
Standards, Boulder, Colo.—A recent compila- 
tion of available noise date from a number 
of sources has been made. Using this in- 
formation, propagation factors, and a 
knowledge of world-wide thunderstorm 
activity, a complete new set of expected 
radio noise levels has been prepared for 
presentation to CCIR. The methods of 
handling the data and the considerations 
given a number of factors that entered into 
the preparation of these predictions will be 
discussed. The types of radio noise con- 
sidered in this report are atmospheric, 
galactic, and manmade. 

Motion of Sporadic-E Patches De- 
termined from High Frequency Backscatter 
Records—Clayton Clark and Allen M. 
Peterson, Radio Propagation Laboratory, 
Stanford University—New evidence of the 
motion of “‘sporadic-E” ionization has been 
obtained at Stanford University from 
records of ionospheric sounding equipment 
which displays ground (or sea) backscatter 
as mirrored in ionospheric layers or reflect- 
ing clouds. Sporadic-E patches of relatively 
limited geographical extent (order of 10,000 
square kilometers) often appear on the 
records of this apparatus, and their growth 
and motion can in some cases be followed. 
Whether this motion is due to physical 
translation of the ionized material (as by 
winds) or to some other cause such as 
motion of an ionizing agency is not known; 
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An “Unusual” Solar-Terrestrial Rela- 
tionship—Kurt Toman, GRD, Air Force 
Cambridge Research Center—Daily values of — 
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however, it is of interest to compare ob- 


sisting of a three-element Yagi rotatable in 
servations made by this relatively new 


azimuth and capable of being tilted so as 
to direct its major lobe upwards as well as 


technique with earlier ones made by other 
means. 

Detailed observation of EF, clouds or 
patches showed that the number which 
can be clearly distinguished as separate 
events is approximately 2700 in the three- 
year period. Duration of the individual 
patches varied from a few minutes to a 
maximum of 10.5 hours, with a mean value 
of 3 hours. Every patch was examined for 
indications of motion. If during a period of 
one-half hour a given patch did not dissolve 
or become mingled with other activity so 
that it could no longer be studied as a unit, 
it was chosen for plotting. The centroid of 
the patch, defined as the mean range and 
the mean angular position in azimuth, was 
plotted until the patch either moved out of 
range or was otherwise lost. A total of some 
264 such tracks were studied and speed and 
direction information derived. 

Results indicate speeds between 50 and 
1000 km/hr with a strong peak near 250 
km/hr. Directions of motion observed were 
predominantly westward but cases occurred 
in other directions also. Diurnal and seasonal 
variations of speeds, directions and geo- 
graphic distributions are presented. 

Supporting evidence obtained from the 
vertical incidence sounder is_ presented 
along with a discussion of possible causitive 
mechanisms involved. 

Lunar Tidal Variations in the Sporadic- 
E Layer of the Ionosphere at Stanford, 
California*—H. Myron Swarm, Linfield 
Research Institute, McMinnville, Oregon, 
and R. A. Helliwell, Radio Propagation 
Laboratory, Stanford University—Statistical 
studies of the virtual height of the sporadic- 
E ionospheric layer at Stanford, Calif. have 
shown the existence of a semidiurnal lunar 
tidal variation. 

Six months’ data in 1951 and two 
months’ data in 1953 were analyzed using 
a digital computer. Maximum amplitude 
of the semidiurnal lunar variation was 
found to be about 0.6 km with the maxi- 
mum occurring about 6 hours after local 
transit. Consistent results were obtained 
with both sets of data. 

These data are compared with other 
published semidiurnal #, and E-region 
tidal data. 

Some Characteristics of Equatorial F- 
Region Scattering Deduced from Soundings 
Made Aboard a Moving Shipt—oO. G. 
Villard, Jr. and P, B. Gallagher, Radzo 
Propagation Laboratory, Stanford Univer- 
sity—A 17-megacycle scatter-sounder was 
operated aboard a military transport vessel 
during a voyage from California to the 
Marshall Islands (geomagnetic latitude 
approximately 3° north) and return, March 
5-30, 1956. The equipment had a peak 
power output of one kilowatt and a pulse 
length variable from 200 to 2000 micro- 
seconds. A beam antenna was used, con- 


* This research was sponsored by the Electronics 
Research Directorate of the AF Cambridge Res. Ctr., 
Cambridge, Mass. 

t This work was supported jointly by the U. S. 
Army, Navy, and Air Force under contract with 
Stanford Uniy., Stanford, Calif. 


along the horizon. 

During the evening hours, at geomag- 
netic latitudes less than 15 degrees, a strong 
echo was obtained from ionization believed 
to be the F-region scatter observed by 
Booker and Wells at Huancayo, Peru, and 
first reported in 1938. The echo was present 
at times when the fo/2 was as lowas 11 or 12 
megacycles. The measurements suggest 
1) that the ionization is not, in general; 
field-aligned; 2) that it is in the form of a 
horizontal layer, and 3) that its time of 
appearance is a function of the geomagnetic 
latitude of the observing station. 

Whistler and Dawn Chorus Occurrence 
above the Auroral Zone—H. W. Curtis and 
M. G. Morgan, Dartmouth College—Ob- 
servations were made in June and July, 
1956, at Thule and Sondrestron, Greenland, 
and at Frobisher Bay, Baffin Island. Com- 
parisons on these measurements with data 
from Knob Lake, Quebec (in the auroral 
zone) and from the U.S. East Coast network 
of Whistler recording stations indicates that 
Dawn Chorus extends far north of the 
auroral zone and of latitudes at which 
Whistlers are only faintly detectable; but 
not to the geomagnetic pole. 

Nose Whistler Observations at Seattle* 
—R. L. Smith and R. A. Helliwell, Radio 
Propagation Laboratory, Stanford Univer- 
sity—A new type of whistler called the 
“nose” whistler was discovered recently at 
College, Alaska (geomagnetic latitude 65°), 
and a theory of its origin was given.f Obser- 
vations using special equipment were made 
at Seattle, Washington (geomagnetic lati- 
tude 53°), during March and April, 1956, to 
check the theory. Several examples of nose 
whistlers were found, for which the nose 
frequencies were about 15 kc, a value closely 
in accord with the theory. Each record 
shows an associated whistler component of 
the ‘‘classical’” (z.e., no nose observable) 
type arriving slightly ahead of the nose 
whistler. In one case a simultaneous record- 
ing was obtained at Stanford (geomagnetic 
latitude 44°) and showed only the classical 
component of the whistler. 

These results support the hypothesis 
that classical whistlers are simply the lower 
frequency components of nose whistlers 
and that the nose frequency is determined 
primarily by the electron gyrofrequency at 
the top of the path. They provide new 
evidence that whistler pairs result from the 
concentration of whistler energy at different 
geomagnetic latitudes. It is shown that’nose 
whistler data capable of giving much more 
detailed information on the distribution of 
charge along the ray path than can be ex- 
tracted from classical whistlers. 

The cooperation and assistance of R. F. 
Chase and H. M. Swarm in connection with 
field work are gratefully acknowledged. 


* This work was supported in part by the Elec- 
tronics Res. Directorate of the AF Cambridge Res, 
Ctr. and in part through an IGY Natl. Sci. Founda- 
tion Grant. 

tJ. H, Crary, J. H. Pope, and R. L. Smith, “The 
‘nose’ whistler—a new high-latitude phenomenon,” 
J. of Geophys. Res., vol. 61, pp. 139-142; 1956. 


the final Zurich sunspot number (Z) and the 
planetary K-index (2K) were correlated. — 
The number of selected pairs was essentially — 
constant. The studies were extended over 
the last sunspot cycle. Positive and negative — 
correlation coefficients were obtained. The 
former are prevalent during the period of © 
sunspot maximum. During sunspot mini. 
mum limited intervals of-a negative corre 
lation between Z and 2 K, became apparent. 
The negative correlation was found to be 
significant as the correlogram revealed the 
solar rotational period of 28% days. 

One interval of negative correlation 
between Z and 2K, was investigated in 
more detail. 

This analysis may bring us closer to a_ 
physical interpretation of solar-terrestrial 
relationships than correlation studies ex- 
tended over long periods are likely to 
provide us with. 

On the Interpretation of Long- e 
Radio Echoes from Auroral Ionization*— 
Sidney Stein and O. G. Villard, Jr., Stan- 
ford University—Ever since the inception 
of continuous scatter-sounder recordings at 
Stanford University, long-range radio echoes 
from the auroral zone have been detected.7 
These long-range echoes are attributable to 
reflections from ionization associated with 
the aurora.f 

Long-range propagation paths from 
Stanford into the auroral zone via the 
E layer and F layer were investigated to 
determine the loci of perpendicular inter- 
section between the ray paths and the 
terrestrial magnetic field lines. Range 
histograms for auroral-zone echoes were 
obtained for the different radio frequencies 
of operation. Comparisons were made 
between the experimental histograms and 
the ranges predicted by the propagation 
modes that occur at each frequency, in 
order to determine the altitudes of reflection. 

Through analysis of scatter-sounder PPI 
recordings of individual long-range auroral- 
zone echoes, the propagation mode can 
frequently be deduced. The altitude of 
perpendicular intersection of the ray path 
with the magnetic field at the range of the 
auroral-zone echo was determined for many 
cases. 

A conclusion from this study is: long- 
range auroral-zone echoes result from long- 
range propagation into the auroral region 
with reflection from ionization situated at 
E-region heights. This result is in accord 
with the investigations of auroral echoes 
performed by other experimenters at high 
latitudes. 

Diurnal Variations of Signal Level and 
Scattering Heights for VHF Propagation— 
Albert D. Wheelon, The Ramo-Wooldridge 


* This work was supported jointly by the U. S. 
Army, Navy, and Air Force under contract with 
Stanford Univ., Stanford, Calif. 

} A. M. Peterson and R. L. Leadabrand, “Long- 
range radio echoes from auroral ionization,” J. of 
Geophys. Res., vol. 59, p. 306; 1954, 

t R, L. Leadabrand, “Radio Echoes from Auroral 
Ionization Detected at Relatively Low Geomagnetic 
Latitudes,” Tech, Rep. No, 98, Radio Propagation 
Lab., Stanford Univ., Stanford, Calif.; 1955. 
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Corporation—The scattering of vhf radio 
waves in the ionospheric E layer is identified 
with turbulent fluctuations of the electron 
plasma. The theory of gradient mixing is 
applied to the afternoon and early evening 
periods, for which solar control is thought 
to dominate meteoric contributions. The 
scattering cross section for this process 
depends on ionospheric conditions only 
through the ambient electron 
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density-height profile N(h). The variation of 
field strength scattered from a given height 
is thus related to diurnal variations in the D 
and £ layers. 

Using available estimates for electron 
density and recombination coefficients in 
the lower ionosphere, it is found that the 
afternoon decay of signal strength and 
simultaneous increase of scattering height 
can be understood. The observation of two 
scattering levels on short paths and the lack 
of a midday maximum on very long paths 
e also predictable. The signal behavior on 
hf and vhf scatter during sudden ionospheric 
disturbances can be correlated with this 
model, as can the diurnal variation of the 
power ratio of 50 and 108 mc signals. A 
brief discussion of the meteoric component 
is also presented. 

_ Observations of Forward Scattering of 
43.5 MC/S Radio Waves from Meteor 
Trails Over a 690-KM from Palo Alto, 
California to San Diego, California—T. J. 
Keary and H. J. Wirth, U.S. Navy Elec- 
tronics Laboratory, San Diego, Calif—Since 
the summer of 1955 the Stanford University 
Radio Propagation Laboratory has operated 
at Palo Alto, California a 43.5 mc radio- 
transmitter with output power of a few 
hundred watts broadly directed toward San 
Diego by a 3-element Yagi antenna. At the 
San Diego terminal of the 690-km path, 
the Navy Electronics Laboratory has moni- 
tored the RPL transmissions, using a similar 
3-element Yagi antenna connected to con- 
ventional receiving and recording equip- 
ment. 

_ Signal spikes observed to erupt inter- 
mittently above the noise level are inter- 
preted as being produced by forward 
scattering of the transmitted radiation by 
ionized trails of meteors. Analysis of the 
records reveals the following: 

1) Rates of occurrence of signal spikes 
are about four times as high in early morn- 
ing (0600) as in the late afternoon (1800). 

2) Intervals between signal spikes havea 
Poisson distribution as expected from sta- 
tistical considerations. 

_ 3) Distribution of durations of expo- 
nentially decaying signal spikes at 1/e times 
peak amplitudes shows a maximum at 0.2 
sec, a value considerably shorter than 
originally anticipated. 

4) Distribution of amplitudes indicates 
that the number of echoes N having am- 
plitude greater than A is given approx- 
imately by N—1/A™. There is some evi- 
dence that exponent m has a diurnal varia- 
tion, being higher in early morning hours 
than in late afternoon hours. 
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The Results of Some Rocket Experi- 
ments for Electron Density Distribution— 
James C. Ulwick, Jonospheric Physics 
Laboratory, Geophysics Research Directorate, 
Air Force Cambridge Research Center—The 
rocket experiments are based on the meas- 
urements of the delay of a pulsed signal as 
function of the position of the rocket. The 
analysis has been made for the smooth 
horizontally stratified ionosphere using the 
IRM 704 electronic computer. 

The data from three rocket flights are 
presented. They are limited to E-region 
heights. Preliminary results of the same 
flights have been reported before, A*com- 
parison of the electron density curves 
obtained for the same ionosphere at different 
frequencies, different ground stations, and 
different legs of the rocket trajectory allows 
to estimate the accuracy of the results and 
to judge the influence of local irregularities. 

Measurements with Voice Transmis- 
sions by Ionospheric Scatter on 38.6 MC— 
I. H. Gerks, Collins Radio Co., and R. M. 
Wundt, Propagation Laboratory, Air Force 
Cambridge Research Center—This paper 
describes some results of an experimental 
program aimed at the investigation of 
propagation characteristics and modulation 
techniques particularly for voice trans- 
missions by ionospheric scatter in the vhf 
range. ‘ 

An experimental link using a frequency 
of 38.6 mc has been set up by Air Force 
Cambridge Research Center and Collins 
Radio Company between Cedar Rapids, 
Iowa, and Scituate, Mass. Versatile equip- 
ment has been designed providing for 
transmission and reception of voice signals 
by am, fm, and single-sideband modulation, 
and of frequency-shift telegraphy signals. 
On SSB two voice channels are available. 
SSB transmissions are made with suppressed 
carrier which is reclaimied at the receiver in 
order to maintain the exact relationship of 
the different frequencies in the sideband. 
Dual space diversity is used at the receiver 
and a diversity combiner of the ratio 
squarer type is used giving an improvement 
of 3 db over the switching type combiner. 
Voice transmissions with SSB and fm are 
being compared during 24-hour periods and 
signal strength and signal-to-noise ratios 
are measured at the same time. The effect 
of space diversity on SSB transmission is 
investigated. Tape recordings of typical 
voice transmissions will be demonstrated. 
Measurements of phase coherence in a 
narrow radio-frequency band with a width 
of 0.8 ke to 3.2 kc are being made using 
SSB modulation, and with a bandwidth up 
to 20 ke with the AM suppressed carrier 
method, 

Bandwidth Limitations of the Ionosphere 
for Through Transmission—R. B. Much- 
more and A. D. Wheelon, GMRD, The 
Ramo-Wooldridge Corporation—It is known 
that long-distance scatter propagation via 
the ionosphere has a bandwidth limitation 
produced by the random scattering process. 
It is shown here that there is a similar 
limitation for line-of-sight transmission 
through the ionosphere but that allowable 
bandwidth for coherent transmission is, in 
general. much greater for through trans- 
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mission than for beyond line-of-sight scatter. 
Expressions are derived for the bandwidth 
of the medium for both near and far zone 
limits. The near zone bandwidth is inde- 
pendent of the parameters of the medium; 
the far zone bandwidth is a function of the 
height and depth of the ionosphere, the 
fluctuation scale length, and the wave- 
length. The theoretically derived results are 
compared with the results on radio star 
scintillation obtained by Burrows and 
Little. 

On Meteor Echoes from Underdense 
Trails at Very High Frequencies*—Morton 
Loewenthal, Lincoln Laboratory, Massa- 
chusetts Institute of Technology—The be- 
havior of underdense meteor echoes is 
investigated in the frequency region where 
the time for the meteor to produce the 
reflecting trail is of the same order of mag- 
nitude or smaller than the decay time given 
for trails in which the finiteness of the 
meteor velocity is ignored. The theory in- 
volves the properties of Fresnel integrals 
or error functions of complex arguments. 
Results were obtained by programming the 
computation on the Whirlwind II Computer 
and from these computations it is possible 
to determine the effects of diffusion. The 
results clearly indicate the transition from 
the infinite velocity extreme to the case of 
severe diffusion both of which can be 
handled by elementary methods. In addi- 
tion to results reported, early data will be 
presented on the turning points, maximum 
and minimum, in the presence of diffusion, 
and also the effects of diffusion on the 
duration and frequency spectra of the 
echoes. 

Measurements in an Aircraft of 50-Mc 
Field Strength Along a 1500-Mile Path}t— 
William G. Abel, Lincoln Laboratory, 
Massachusetts Institute of Technology— 
Variations in the strength of signals from a 
high-power cw transmitter at El Campo, 
Texas were measured in an aircraft flying 
between El Campo and Round Hill, Mass. 
Usable signals were received continuously 
from the transmitter site to distances some- 
what in excess of 1000 miles. Measurements 
were made both along the great circle path 
and off-path and at several different 
altitudes, 

Changes in the fading rate and rate of 
attenuation of the received signal were 
observed as the aircraft was flown succes- 
sively through the line-of-sight field, diffrac- 
tion field, tropospheric scatter field, and 
ionospheric scatter field. The change from 
one propagation mode to another was 
smooth without abrupt changes in field 
strength level and with a gradual increase 
in fading rate as the transition region was 
traversed. 

Average rates of field-strength attenua- 
tion for the several propagation modes were 
determined from these measurements. 

Discussion—What are the most easily 
measured characteristics of terrestrial radio 


* The research in this document was supported 
jointly by the Army, Navy, and Air Force under con- 
tract with the Mass, Inst. of Tech., Cambridge, Mass. 

{ The research in this document_was supported 
jointly by the Army, Navy, and Air Force under con- 
“ract with the Mass. Inst. of Tech., Cambridge, Mass. 
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noise from which the interference to 
different types of communication systems 
can be determined?p—CRPL Boulder Lab- 
oratories, University of Florida, and others. 

The Role of Stratospheric Scattering in 
Radio Communication—H. G. Booker and 
W. E. Gordon, Cornell University—On the 
mixing-in-gradient hypothesis of incoherent 
scattering of radio waves in a dry atmos- 
phere the intensity of the irregularities in 
dielectric constant depends on the excess 
of the temperature gradient above that 
appropriate to an adiabatic atmosphere. In 
going from the upper troposphere to the 
stratosphere, there is a significant increase 
in this gradient-excess and consequently a 
significant increase in the intensity of 
irregularities in dielectric constant. The 
decrease in intensity with increase of height 
measured by Crain* in the troposphere does 
not, therefore, indicate reliably the intensity 
to be expected above the tropopause. 

Calculations have been made concerning 
the effect of stratospheric, as distinct from 
tropospheric, scattering. Stratospheric scat- 
tering is expected to predominate over 
tropospheric scattering at ranges greater 
than about 700 km. At a range of 1000 km 
the transmission-loss due to stratospheric 
scattering agrees reasonably well with 
observations reported by Norton, Rice, and 
Vogler,t and by Chisholm and Roche.} The 
effect of stratospheric scattering at a fre- 
quency of 180 mc is such that the minimum 
signal observed at this frequency over the 
path from Cedar Rapids, Iowa to Sterling, 
Va. could conceivably have been strato- 
spheric in origin, with ionospheric scattering 
being predominant at certain times, for 
example, during SID’s. 

A Study of Propagation Conditions at 
Vero Beach, Florida—C. A. Hines, Wright 
Air Development Center—This paper pre- 


* C, M. Crain, “Survey of airborne microwave re- 
fractometer measurements,” Proc. IRE, vol. 43, pp. 
1405-1411; October, 1955. 

+ K. A. Norton, P. L. Rice, and L. E. Vogler, “The 
use of angular distance in estimating transmission 
loss and fading range for propagation through a 
turbulent atmosphere over irregular terrain,” PRoc. 
IRE, vol. 43, pp. 1488-1526; October, 1955. 

t Chisholm and Rice, URSI meeting, Washington, 
D. C.; May, 1956. 
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sents a summary of the results of a study 
of the degraded propagation environment 
of the eastern coast of Florida. The data 
were taken on May 22-25, 1956. Signal 
intensity measurements were made at 
3300 mc in level flights at various altitudes 
from 1000 to 10,000 feet. Extensive re- 
fractive index data were obtained in the 
form of vertical profiles, high-altitude 
microfluctuations, and near-the-water mi- 
crofluctuation. During the course of the 
tests, signal strength measurements showed 
“standard” propagation on May 22 and 
25. On May 23 and 24, the data show short- 
term fades, radio holes, and beyond-the- 
horizon signals of such intensity (only a few 
db below free-space) as to exclude the 
probability of a high-altitude scatter 
mechanism being a major contributing 
factor. A near-the-surface mechanism such 
as “low quality ducting” is indicated. 

Overwater Refractive Index Measure- 
ments from the Sea Surface to 15,000 
Feet—C. A. Hines, Wright Air Development 
Center, and C. M. Crain, The University of 
Texas—This paper describes the results of 
refractive index measurements made from 
near the surface of the sea to altitudes of 
15,000 feet off the East Coast of Florida. 
The low altitude measurements were ob- 
tained with microwave refractometer 
mounted on an adjustable height boom on 
a boat and the other measurements, both 
fluctuations and profiles, were made using 
airplane carried refractometers. The meas- 
urements were made by the Propagation 
Section of WADC concurrently with a 
series of air-to-ground 3000-mc propagation 
measurements described in a companion 
paper by Hines. Particular emphasis is 
given to the boat measurements where 
rapid fluctuations greater than 20 N units 
were common at altitudes of 30 feet above 
the surface. These measurements and 
similar measurements made by the Uni- 
versity of Texas from a drilling platform in 
the Gulf of Mexico illustrate the extreme 
nonhomogeneity of the refractive index 
structure common at low altitudes near 
sources of water vapor. 

Recent Observations of Thin and Hori- 
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zontally Stratified Elevated Dielectric Layers 
in the Troposphere with Implications for 
Short Wave Tropospheric Propagation Be 
yond the Horizon*—J. R. Bauer, J. Hy 
Meyer, J. T. Prohaska and F. A. Wilson, 
Lincoln Laboratory, Massachusetts Institute 
of Technology—Recent airborne measure 
ments of gross refractive index profiles off 
the troposphere and the fine structures off 
elevated layers are reported. Many of the: 
observed layers were stratified over distances 
in excess of two hundred miles and are 
shown to follow the curvature of the earthr 
to a remarkable degree. Because moisture: 
and temperature measurements were con- 
ducted simultaneously with the refractive 
index measurements, some relationships 
regarding the nature of the rapid changes 
in the composition of the atmosphere 
across elevated layers are reported. While 
most of the layers described are of the well- 
known subsidence (shelf) type, the existence: 
of extremely thin step-function-like layers; 
with very sharp upper and lower edges is 
also established. Relatively strong elevated 
layers found in the spring are compare 
with extremely weak ones observed in ve 
dry winter air at sub-zero temperatures. ~ 

The possible role of these thin, hori- 
zontally stratified layers in the propagation 
of short waves well beyond the horizon is; 
discussed. 

A Note on the Effect of Weather Fronts: 
on VHF and UHF Transmission Beyond the; 
Horizon—D. R. Hay, J. W. B. Day and 
L. A. Maynard, Defence Research Board, 
Radio Physics Laboratory, Ottawa, Ont., 
Canada—The effect of weather fronts o 
vhf and uhf signals transmitted beyond the 
horizon is being studied on two experimental 
paths. A preliminary analysis indicates that 
the passage of a weather front through the 
transmission path is accompanied by aj 
marked increase in signal fading rate. Meas- 
urements on the signal amplitude distribu-. 
tion and frequency spectrum during the 
frontal passage are being carried out as arm 
extension of the experimental program. 
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+f: * The research in this document was supported! 
jointly by the Army, Navy, and Air Force under con- 
tract with the Mass. Inst. of Tech., Cambridge, Mass.. 
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- Carlos M. Angulo (S’50—A’52—M’52) was 
n in Pinto (Madrid), Spain, in 1921. He 
eived the degree of Ingeniero de Tele- 
comunicacion from 
the Escuela Oficial 
de Telecomunicacion 
in Madrid, in 1946; 
the M.E.E. degree 
in . communication 
engineering in 1951, 
and the D.E.E. de- 
gree in electrophys- 
ics in 1955, both 
from the Polytechnic 
Institute of Brook- 
lyn, New York. 

| From 1946 to 
1948, Dr. Angulo worked as an assistant 
technical director of Transradio Espanola 
S.A. in Madrid, engaging in radio telegraphy 
and radio telephony. In 1947 he became a re- 
Search associate of the Spanish Council of 

cientific Research in Madrid, working in 
electrcacoustics. Dr. Angulo joined the 
Polytechnic Institute of Brooklyn as a re- 
earch associate in 1949 and as instructor of 
electrical engineering in 1950. His research 
during this period was in microwaves. He 
became an assistant professor of engineering 
Brown University, Providence, R. I., in 
1952 and associate professor in 1955, where 
he is at present doing research in antennas 
ind propagation while teaching. 
During the summer of 1956, Dr. Angulo 
as a visiting research associate professor at 
the Control Systems Laboratory of the Uni- 
versity of Illinois, working in propagation 

roblems. 
~ He is a member of Tau Beta Pi, Sigma 
<i, and the American Association for the 
i\dvancement of Science. 
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’ Fora photograph and biography of Bob 
M. Fannin, see page 672 of the October, 
1956 issue of IRE TRANSACTIONS ON ANTEN- 
IAS AND PROPAGATION. 
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For a photograph and biography of 
pold B. Felsen, see page 96 of the Janu- 
lary, 1956 issue of TRANSACTIONS OF THE 
PGAP. Dr. Felsen’s position at the Poly- 
technic Institute of Brooklyn has been 
‘changed to that of Research Associate Pro- 
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John Searcy Hollis (S’49-A’50-M’S55) 
was born in Collier, Ga., on November 6, 
918. Mr. Hollis was employed by Warner 
Zobins Air Service Command from 1942 to 
944, where he headed an aircraft radio 
aintenance school and was later general 
oreman of the aircraft radio and radar 
maintenance shops. After service in the 
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United States Navy in 1944 and 1945, he 
studied at the Georgia Institute of Technol- 
ogy, receiving the B.E.E. degree with high- 
est honor in 1950 and 
the M.S.E.E. degree 
in 1956. 

Mr. Hollis joined 
the staff of the Engi- 
neering Experiment 
Station at Georgia 
Tech in 1948, where 
he is now a special re- 
search engineer in the 
Radar Development 
Branch and is direct- 
ing programs on spe- 
cialized scanning tech- 
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niques. 

Mr. Hollis isa member of Eta Kappa Nu, 
Tau Beta Pi, and Phi Kappa Phi, and is an 
associate member of Sigma Xi. 


F. Sheppard Holt was born in Washing- 
ton, D.C., July 12, 1920. He received the 
A.B. degree from Kenyon College in 1941. 
From 1942 to 1943 he 
was a research as- 
sociate in the Theo- 
retical Group, M.I.T. 
Radiation Labora- 
tory, and from 1943 
to 1946 he held a 
commission in the 
U.S. Navy. He at- 
tended the Graduate 
School at M.I.T. 
from 1946 .to. 1950 
concurrently serving 
as an Instructor in 
the M.I.T. mathematics department. Since 
receiving the Ph.D. in applied mathematics 
in 1950, he has worked as a mathematician 
in the Antenna Laboratory of the Air Force 
Cambridge Research Center. He now holds 
the position of assistant professor in mathe- 
matics at Tufts University and works part 
time for the Air Force Cambridge Research 
Center, 
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Kenneth H. Jehn was born in Paterson, 
N. J., on April 10, 1917. He received the B.S. 
degree from Rutgers University in 1942 and 
the M.S. degree in 
meteorology from 
New York Univer- 
sity in 1949, During 
World War II, he 
served as a weather 
officer in the Army 
Air Forces, including 
one year as instruc- 
tor of meteorology at 
New York Univer- 


1946, Mr. Jehn joined 
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sity. In September- 


the staff of the Electrical Engineering Re- 
search Laboratory at The University of 
Texas as a research meteorologist, where he 
has been engaged in research in microme- 
teorology, radio meteorology, and radio 
climatology. During this time he also de- 
veloped the present academic program in 
meteorology, first as instructor and now as 
assistant professor of meteorology and nomi- 
nal head of the meteorology program in the 
Department of Aeronautical Engineering at 
The University of Texas. 

Mr. Jehn is a professional member of the 
American Meteorological Society, and a 
member of the American Association for the 
Advancement of Science, the Ecological So- 
ciety of America, Phi Beta Kappa, and Sig- 
ma Xi. 


Edward I. King (S’55—A’56) was born on 
July 10, 1932, in Pittsburgh, Pa. He was 
graduated from the University of Florida in 
1955 with the degree 
of Bachelor of Elec- 
trical Engineering. 
While at the Univer- 
sity of Florida he 
worked part-time with 
the Atmospheric Noise 
ResearchLaboratory. 
Upon graduation he 
joined the staff of 
Bell Telephone Lab- 


oratories in the elec- 
E. I. KING 


tronic switching de- 

velopment _ depart- 
ment. He is now on active duty with the 
U.S. Navy. 


Mr. King is a member of Phi Eta Sigma 
and Phi Kappa Phi. 


Maurice W. Long (S’47-A’51-SM’5S) 
was born on April 20, 1925, in Madisonville, 
Ky. Mr. Long spent 1943 to 1946 in the U.S. 
Navy. He received 
the B.E.E. degree 
from the Georgia 
Institute of Tech- 
nology in 1946 and 
the M.S.E.E. degree 
from the University 
of Kentucky in 1948. 
The next two years 
were spent in gradu- 
ate studies at the 
University of Ken- 
tucky and Columbia 
University. 

Mr. Long was employed for part of 1946 
and 1947 and the summer of 1948 as a re- 
search assistant at the Georgia Institute of 
Technology. From 1947 to 1949 he was an 
instructor of electrical engineering at the 
University of Kentucky. Since 1950 he has 
been at the Engineering Experiment Station 
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of the Georgia Institute of Technology where 
he is presently head of the Radar Develop- 
ment Branch. 

Mr. Long is a member of Sigma Pi Sigma 
and Sigma Xi. 
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Alex Mayer was born in Romania and 
entered the United States in 1930. He re- 
ceived the B.S. degree in physics from Col- 
lege of the City of 
New York in 1943, 
and the M.S. and 
Ph.D. degrees in 
physics from New 
York University in 
1950 and 1954, re- 
spectively. From 
1944 to 1946 he 
served in the armed 
forces first as sound- 
range and radio re- 
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tor in the Physics Department at N.Y.U., 
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fields of electromagnetic diffraction theory 
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in the Microwave Group of the M/R Divi- 
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tute of Technology in 
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the Ph.D. degree 
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sylvania State College. There he held the 
position of research assistant in the elec- 
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the staff of the electrical engineering de- 
partment of the Pennsylvania State College. 
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the Naval Research Laboratory, Washing- 
ton, D. C., where he is a consultant in the 
Search Radar Branch, Radar Division, en- 
gaged in studies of wave propagation phe- 
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from Tohoku University, Sendai, Japan in 
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there for five years, 
receiving the degree 
of Doctor of Engi- 
neering in 1954, 

Since 1949 he has 
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trical Communica- 
tions} Department of 
the Tohoku Univer- 
sity. In 1954 he left 
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to enter the Antenna Laboratory of The Ohio 
State University as a research associate. 
After 20 months of research work in the 
United States he returned to the Tohoku 
University in 1956, 

Dr. Mushiake has designed various tv 
receiving antennas in Japan, and he is one 
of the co-authors of the book “Yagi-Uda An- 
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December 15, 1918. He received the B.S. 
degree in electrical engineering from the 
Illinois Institute of 
Technology in 1943, 
and the M.S. degree 
from the University 
of Maryland in 1948, 
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_ His work has been 
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electrical engineering, 
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Arthur A. Oliner (M’47-SM’52) was born 
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lege in 1941, and the Ph.D. degree in physie 
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of Scientific Researck 
and Development 
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~~ Since 1946, Dr 
Oliner has been with 
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search Institute of 
the Polytechnic In- 
stitute of Brooklyn, 
where he has been engaged in research in a: 
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summer of 1952 at the Microwave Labora— 
tory of Hughes Aircraft Company, Culvert 
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courses in physics and electrical engineering, 
and is a Research Associate Professor at the: 
Institute. | 
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of the IRE Committee on Antennas an 
Waveguides, and the Administrative Com— 
mittee of the Professional Group on Micro— 
wave Theory and Techniques. 
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engineering from th 
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he was a research an 
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Stanford. From 1941 to 1948 he was em 
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Electron Tube Laboratory. 
Dr. Sensiper received a World War IT 
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B.S. degree in physics and chemistry from 
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Massachusetts Institute of Technology in 
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the Research Labora- 
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M.I.T. Since that 
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working on micro- 
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‘eceived the B.E.E. degree in 1947, and the 
} M.S.E. degree in elec- 
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1950, both from the 
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Since 1948 he has been 
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of Florida and has 
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search projectsdealing 
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atmospheric radio 
noise problems. He is 
now an associate pro- 
essor of electrical engineering. 
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Atmospherics. He is a member of the USA 
National Committee and chairman of Com- 
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perimental high fre- 
quency shore and 


Contributors 


shipboard direction finders. Mr. Travers is 
an associate member of the Research Soci- 
ety of America and is a registered profes- 
sional engineer, 


2, 
“e 


Osamu Tukizi was born in Takamatu, 
Japan, on December 17, 1915. He received 
the B.S. degree in physics from the Univer- 
sity of Kytsya in 
1944, 

Upon graduation, 
from the University 
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the Physical Insti- 
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1949 as the Electrical 
Communication Lab- 
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O. Tuxiz1 has been engaged 
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received the B.S. degree in 1947 from the 
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York, the A.M. de- 
gree in 1948 from Co- 
lumbia University, 
and the Ph.D. degree 
in 1950 from New 
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tute of Mathematical Sciences (Division of 
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University from 1950 to 1953. He also 
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since 1953, and is also a lecturer in mathe- 
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terests in physics have been acoustics, elec- 
tromagnetic theory, and multiple scattering 
of waves. 
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Department of CCNY, includes develop- 
ment of acoustic guidance devices for the 
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Dr. Twersky is a fellow of the American 
Physical Society, a member of the New York 
Academy of Sciences, the Acoustical Society 
of America, AAAS, FAS, RESA, National 
Commission II URSI, and a past member of 
the West Coast IRE Committee on Antennas 
and Waveguides. 
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received the Bachelor of Engineering degree 
from Vanderbilt Uni- 
versity, Nashville, 
Tenn., in 1950 and 
the Master of Science 
degree from The Ohio 
State University, Co- 
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1951, 

Since 1951 he has 
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ciate at the Antenna 
Laboratory of The 
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He is a member of Tau Beta Pi and Sig- 
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Jui Lin Yen (S’53-A’54) was born in 
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received the B.S. degree in electrical engi- 
neering from Chao 
Tung University, 
China in 1948. In 
1950 he received the 
M.A.S. degree and in 
1953 the Ph.D. de- 
gree in engineering 
physics from Univer- 
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In 1953 Dr. Yen 
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THE GABRIEL LABORATORIES, Div. of the Gabriel Co., 135 Crescent Road, Needham Heights 94, Ma 
Research and Development of Antenna Equipment for Government and Industry. 
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WHEELER LABORATORIES, INC., 122 Cutter Mill Road, Great Neck, New York 
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